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PEEFACE. 

THE object of the present treatise is to introduce the 
mathematical student to some of the earlier and easier 
branches of Phoronomy, the purely geometrical science of 
motion, and of Kinetics, the science which deals with the 
action of forces in producing motion, or changes of motion, in 
a body or system of bodies. 

In the chapter allotted to Phoronomy, I have deduced 
the expressions for velocities and accelerations, as far as 
possible, from the definitions and axioms of the subject. 

In the applications to Kinetics, or, in other words, in the 
combination of these expressions with the Laws of Motion, 
for the determination of the motion of a particle or of a 
system, I have adopted the same plan of operations. 

I have assumed, and made free use of, the methods of 
Analysis, for the performance and simplification of the 
requisite calculations. 

The methods employed, and the order of thought which 
is followed, are those which during my experience as a 
teacher I have found to be most effective in the elucidation 
and development of the ideas of Phoronomy and Kinetics. 



IV PREFACE. 

The majority of students do not easily or rapidly absorb 
general ideas, and they are most effectively assisted by the 
gradual development of a subject through simple cases, and 
illustrative examples. 

With this view I have endeavoured to explain the 
application of the Laws of Motion to the determination Of 
the motion of a particle and of systems of particles, com- 
mencing with easy cases, and leading up to a few of the 
interesting and important cases of the motions of bodies and 
of systems of bodies. 

My especial object has been to illustrate the direct appli- 
cation of the Laws of Motion, and thereby to produce a 
treatise of an elementary character, but of Educational 
utility to the student who is commencing the study of 
theoretical Kinetics. 

For the present edition many alterations and additions 
have been made. 

In particular the chapter on the motion of a particle in 
three dimensions has been considerably expanded, and two 
new chapters have been added, one on disturbed elliptic 
motion and the other on the Lagrange equations. 

Chapters XV and XVI are an expansion and rearrange-, 
ment of chapter XIV of the first edition. 

In a letter which was published in Natwre on March 17, 
1892, I gave my reasons, philological and historical, for 
employing the word Phoronomy instead of the word Kine- 
matics. 

As a matter of philology the word Phoronomy represents 
the ideas of pure motion, without regard to causation, more 
correctly than the word Kinematics, 
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As a matter of history the word was first used by Her- 
mann, whose treatise, Phoronomia, was published in 1716 at 
Amsterdam. Hermann however employed the word to re- 
present the general science of motion, including the action 
of forces. 

The word Cindmatique was introduced by Ampere, to re- 
present the purely geometrical science of motion, in the Essai 
sur la Philpsophie des Sciences, which was published in 1838. 

In 1818, twenty years earlier, Wronski, in his Systfeme 
architectonique absolu de I'Encyclop^die du savoir humain, 
classed the purely geometrical science of motion under the 
name Phoronomy, with the remark, " ne pas confondre avec 
la M^canique dans laquelle entre de plus la consideration de 
forces." 

The word has been employed in the same sense by Kant, 
and also by Mobius, Grassmann, Budde, and other mathe- 
matical writers. 

I am very much indebted to Mr A. W. Flux, Fellow of 
St John's College, for kind and valuable assistance in the 
correction of manuscripts and proof sheets. 

I venture to hope thsit the explanations and illustrations 
of the text, and the numerous examples appended to the 
several chapters, will be of assistance to the student in 
mastering the elementary ideas of the subject, and pave the 
way for the consideration of the higher branches and the 
more difficult problems of the great science of Dynamics. 

W. H. BESANT. 

June, 1893. 



CONTENTS. 



CHAPTER I. 

ABTIOLES FAQE 

1 Introductory 1, 2 

CHAPTER II. 

2 Differential Equations 3 — 6 

CHAPTER III. 

3—34 Phoronomy 7—39 

Examples 39—46 

CHAPTER IV. 

35—68 Laws of Motion 38-61 

CHAPTER V. 

59—80 Eeotilinear Motion 62—80 

Examples 81—93 

CHAPTER VI. 

81 — 96 Accelerations Parallel to Co-ordinate Axes . . 94 — 107 

Examples . . . C 107—115 

CHAPTER VII. 

97 — 135 Eadial and Transversal Accelerations . . . 116 — 148 

Examples 148 — 166 

CHAPTER VIII, 

136 — 165 Tangential and Normal Accelerations . . , 167—189 

' Examples , , 189—205 



viii CONTENTS. 

CHAPTER IX. 

AHTIOLES PAGE 

156—163 Disturbed ElUptio Motion 206—213 

CHAPTER X. 

164—190 Motion of a Particle in Three Dimensions . . 214—239 

Examples 240-248 

CHAPTER XL 

191—203 The Hodograph and the Brachistoohrone . . . 249—261 

Examples 261—266 

CHAPTER XII. 

204—211 Motion of Two Particles acting on each other . . 267 — 272 

Examples 273—275 

CHAPTER XIII. 

212—238 Energy and Momentum 276—299 

Examples 299—310 

CHAPTER XIV. 

239—265 Equations of Motion 311—344 

Examples 344—358 

CHAPTER XV. 

266 — 284 Motion of a System in Three Dimensions. . . 359—383 

Examples 384 — 391 

CHAPTER XVI. 

285 — 307 Motion of a Top, Motion under no forces, Motion 

of roUing Disc, Euler's Equations . , . 392 412 

Examples 413 421 

CHAPTER XVII. 

308 — 315 The Lagrange Equations 422 443 

Examples 443—448 
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CHAPTER L 

1. The problems usually discussed under this head are 
those which relate to the geometrical connections between 
given motions, or given kinds of motion, and those which 
relate to the action of forces, and the motions and changes of 
motion produced by forces. 

The former belong to pure science, and deal with the 
geometry of motion, a branch of mathematics to which the 
name Kinematics was applied by Ampere. 

We shall however employ the word Phoronomy to repre- 
sent the purely geometrical science of motion in the abstract. 

Strictly speaking the word Dynamics includes Statics, 
the discussion of the equilibrium or balancing of forces, and 
Kinetics, the discussion of the effects of forces on the motion 
of bodies. 

Mechanism, including such problems as result from con- 
sidering trains of wheel- work or any connected machinery, is 
really a branch of Phoronomy. 

Some writers employ the word Kinematics to represent 
what is commonly called Mechanism. 

To Kinetics belong the consideration of the forces setting 
such machinery in motion, or keeping it in motion, the 
problems of Physical Astronomy, and others of important 
practical application. 

We shall commence by a development of the formulae of 
Phoronomy, and afterwards proceed to consider the applica- 

B. D. 1 
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tion of the formulae, and of the Laws of Motion, or Laws of 
Force, to the determination of the motion of a particle, and 
of a system of particles, produced by the action of given 
forces, or, conversely, of the forces required to produce given 
motions. The idea of a particle, or of a material point, 
capable of being set in motion, or of having its motion 
afifected, by the action of force, is a mathematical abstraction 
leading to the simplest forms of Kinetics. The determina- 
tion of the motions of the bodies constituting the Solar 
System belongs to this class in virtue of the facts that the 
Planetary Bodies are nearly spherical in form, and that their 
dimensions are very small in comparison with their distances 
from each other and from the Sun. 

Moreover the mathematical idea of a solid body is that of 
a system of particles, and the discussion of the motion of a 
single particle therefore naturally precedes the discussion of 
the motion of a body or system of particles. 

It will be seen that Newton's Laws of Motion connect the 
action of a force on a particle with the accelerations produced, 
and lead to the formation of differential equations, the 
integration of which gives the solution of the problem of 
determining the motion. 

It will appear further that' Newton's Laws are sufficient 
for the determination of the motion of a system of particles 
or bodies, whether rigidly connected or not, and lead, in a 
similar manner, to systems of differential equations containing 
in their solution the motions of the body, or of the various 
bodies of the system. 



CHAPTER II. 

DIFFERENTIAL EQUATIONS. 

2. There are certain differential equations which occur 
so frequently in the discussion of questions in Kinetics, that 
we think it worth while, for convenience of reference, to give 
a brief solution of them. 

dij 

(1) The equation, -^ + yf' {x) = F{x), is at once solved 

by the, integrating factor 

leading to j/e-^'^i = \f{x) ef^<^ dx + 0. 

For example, if ■^+ ■ =tan^a!, the factor is tan^a;, 

CbOO SlXi 3C 

and therefore 

y tan \x = 2 tan ^x — x + G, 

(2) S + ''^2' = ^- 
Multiply by -r- and integrate, then 



^^£)=^-'^''-y'^ 



dx 11 
or T- = + - ■ 



dy ~ n i\Iq^ — «a ' 
, ". 2/ = c cos {nx + a), 
or 2/ = -4 cos nx + 5sin nx. 

1—2 
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(3) S-"'2' = ^- 
As before, 

(f)'=nHf + c') or p=±^^J=.; 
\dxj v^ ^ / dy n>Jyi + c* 

y + Vy' + c" 
.-. iix = \og^ ^ , 

from which we obtain 

which may also be written in the form 

y=G cosb 0) + B sinh x. 

(4) The equation -t4 ± w'y =ax + h is reduced to one 
of the two preceding by assuming 

_ ax-\-h 

, d^y _dz _ dz _. d.z^ 

dc(?~ dx~^ dy~^' dy ' 
and the equation becomes, putting v for ^", 

I + 2/(2/)^ = 22^ (y), 

which is of the form (1). 

(6) Observing that the symbols x, x are employed to 
represent the time-fluxes of x, the solution of the equation, 

X — 2co cos ax + oy'x = 0, 

will be x = Ae''' + £€"*, 

where \ and /j, are the roots of the equation, 

m' — 2ma) cos a + w^ = ; 

so that it can be written in the form, 

X = e"* "» " [A cos (wt sin a) + B sin (cot sin a)}. 
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(7) X — 2a)x cosh a + to" = 0. 

The solution isx = A. exp (cote°) + B . exp {a>te~°-), or, since 
6" = cosh a + sinha, and e~" = cosh a — sinha, 
X = ^t<^'^'^ {C cosh {cot sinh a) + D sinh {at sinh a)}. 

The solution of this equation is effected by the calculus 
of operations, leading to 

D representing the operation -j- , and the expression affecting 

x'' being expanded in ascending powers of D. 

The complementary function A^ + Be^" must be added, 
a and yS being the roots of the equation 

If the roots of this equation are imaginary and of the 
form a ± /9V1> the complementary function takes the form 

e"^ {A cos ^(c + B sin y9a;). 

(9) ^-ny = cosra!. 

The calculus of operations, or the variation of parameters, 
gives as the integral, 

cos no 1 . Ti - 
ij = — — — „ +Ae'^ + Be-""'. 

(10) -T^ + n'l/ = cos ra;. 

The solution is 

cos rx , _ . 

V = -r -„ + A cos na; + i> sm nx. 

" v? — r^ 
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If n = r, then, writing the solution in the form 

cos r-a; — cos «» . _ • 

y = h A cos nx + H sin nx, 

and finding the limiting value of the fraction when n = r, 
we obtain 

•!/ = K— sin nx-\- A cos nx + B sin iix. 
" 2ft 

This leads to 

UP-aB + h ,j^ T\ , i\ cosrx 

the complementary function of course being added ; 

(6 — O cos rx + ar sin rx . „ t, n^ 
■■■ y = ' (b-r^T + aV' + ^^■^ + -6^^ 

a and /3 being the roots of the equation, 
m? + am + b = 0. 
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PHORONOMY. 

3. Definition. The velocity of a moving point, when 
uniform, is measured by the number of units of length passed 
over in the unit of time. 

If the velocity be not uniform, it is measured at any 
instant by the space which would be passed over in the unit 
of time if the velocity were to remain the same as it is at 
that instant. 

To express this idea mathematically, let s be the space, 
that is, the number of units of length passed over by the 
moving point in the time t, and s + & the space passed over 
in the time t + U, so that Ss is the space passed over in the 
time ht, and, if Si be so small that the velocity is not sensibly 

changed in the time ht, the limiting value of the expression -g- , 

that is, -7- , is the measure of the velocity. 

Or we may argue as follows, If v be the velocity at the 
time t and v+hv &t the time t + ht, then Ss lies between vU 
and (d + hv) Zt, and therefore ultimately, 

ds 
' = df 

Ss 
Or we may say that j: is the average velocity during the 
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ds 
time Bt, and therefore that, at the time t, -^ is the actual 

velocity. 

4. If the velocity of a moving point be variable, it is said 
to have positive acceleration, if the velocity be increasing, 
and negative acceleration, or retardation, if the velocity be 
decreasing. 

If the rate of increase of the velocity be uniform the 
acceleration is measured by the increase of the velocity in 
the unit of time, and, if variable, it is measured at any 
instant by what would be the increase of velocity in the 
unit of time if the rate of increase were to remain what it is 
at the instant in question. 

Mathematically, if v be the velocity at the time t, and 
v+ Bv at the time t + Bt, the measure of the acceleration, 

in the direction of motion, is -r- . 

at 

Or, if/ be the acceleration at the time t, and /+ 8/ at the 
time t + Bt, Bv lies between /Si and (/+ Bf) Bt, and therefore 
ultimately, 

._ dv 

Or again, -^ is the average acceleration during the time 
Bt, and therefore -v- is, at the time t, the actual acceleration. 

5. The composition Mid decomposition of velocities and 
accelerations. 

Supposing a moving point to possess, or to have 
impressed upon it, two velocities in different directions, 
there arises the question ; what is the resulting motion ? 

To solve this kinematical question, we must invent 
machinery to represent coexistent velocities. 

Imagine then a point to move uniformly along a straight 
line while the line is carried parallel to itself at a uniform 
rate. The point will then have two coexistent velocities. 
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Let EF be the moving line, and, while the point P moves 
from E to F, let the line move from AB to CD. Then PE 
is to EA as the velocity of the point along the line is to the 
velocity of the line, that is, as CD to J. C; 

Therefore APD is a straight line, and the point P moves 
uniformly from A to D, 



B Z. 




AD therefore represents the resultant velocity in magni- 
tude and direction. 

' This proposition is called the Parallelogram of velocities. 

In the same way, if a point have two coexistent accelera- 
tions, taking AB and AG to represent the velocities added 
per unit of time, or which would be added per unit of time, 
due to the accelerations at the instant in question, it follows 
that AD represents the resultant velocity superposed, or 
which would be superposed, per unit of time. 

This is the Parallelogram of accelerations. 

Conversely, any velocity or acceleration, represented by a 
line AD, can be decomposed into two velocities or accelera- 
tions, AB, AG, in any assigned directions. 

6. Change of units in the measures of velocities and 
accelerations. 

If V be the measure of a velocity, the meaning is that v 
units of length are passed over in the unit of time. 

If a feet and t seconds be the units, and if v' be the 
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measure of the same velocity when a' feet and t' seconds are 
units, it follows that 

av _ aV 

for each expression represents the velocity in feet per second. 

If / be the measure of an acceleration when a feet and 
t seconds are units, the meaning is that 
the velocity per t seconds added in t seconds =fa in feet ; 

.*, velocity per second added in t seconds ='^; 
.'. velocity per second added in one second="^ . 

V 

If /' be the measure of the same acceleration when a' 

fn' 
feet and i' seconds are units, it follows that-'-TT^ is the measure 

of the same acceleration referred to a foot and a second, and 

7. Angular velocity and angular acceleration. 

If a straight line turn round in a plane it is said to have 
angular velocity, and if this angular velocity be variable it is 
said to have angular acceleration. 

If 6 be the inclination, at the time t, of the moving line 

to any fixed line in the plane, then, exactly as in Articles (3) 

d9 
and (4), the angular velocity is -tt or ^, and the angular 

acceleration is -5— , or 8, 

It must be observed that this is quite independent of any 
raotion of translation which the line may have, and simply 
measures the rate of turning round. 

When we speak of the angular velocity of a point P, 
moving in a plane, about a fixed point in the plane, we 
really mean the angular velocity of the straight line OP. 
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If the velocity and direction of motion of P be given, a 
simple expression can be obtained for its angular velocity 
about a fixed point 0. 

For if OP = r, and if j) be the perpendicular from on 
the direction of motion of the point, and v its velocity, the 
angular velocity is equal to the resolved part of the velocity 
perpendicular to OP divided by OP, and therefore 

« pv 

r 'T 

An expression may also be given for the angular velocity 
of the direction of motion. 

If <j> be the inclination to any fixed line in the plane of 
motion of the normal to the path of the moving point, the 
angular velocity of the tangent at the point 

_d(f) _d(}) ds _v 
dt ds dt~ p' 
where p is the radius of curvature, at the point, of the path. 

8. Expressions for accelerations. 

If x, y are the coordinates, at the time t, of a point 
moving in a plane, referred to a pair of fixed rectangular 
axes in the plane, x and y are the distances of the point from 
the axes of y and x. 

The velocity parallel to x is the rate of increase of the 
distance from the axis of y, and, as in Art. (3), is represented 

by -TT , or by x, emplojring fluxional notation. 

Similarly -^, or y, is the expression for the velocity 
parallel to the axis of y. 

If these velocities are u and v, the accelerations parallel to 

the axes are, by the same reasoning as in Art. (4), -t- and -j-, 

d^x d^v 
or u and ii ; that is, they are -j— and -j^ , or x and y. .; 
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We shall in all cases limit the use of the symbols A, x to 
the case in which the time is the independent variable. 

9. It must be very carefully observed that the velocity 
of a point in any direction is the rate of change of the 
distance in that direction, and is equal to the limit of the 
change of distance divided by the change of time, when that 
change is indefinitely small. 

And similarly, the acceleration in any direction is the rate 
of change of the velocity in that direction, and is equal to 
the limit of the change of velocity divided by the change of 
time, when that change is indefinitely small. 

10. Radial and transversal velocities and accelerations. 




Let r, 6 be the polar co-ordinates of a moving point, 
and u, V the radial and transversal velocities, that is, the 
velocities in direction of OP and perpendicular to OP. 

P being the position of the point at the time t, and P' at 
the time t + St, and if OP' = r + Sr, 

,. .^ .OF cosSe- OP dr . 
„ = hinxtof g^ = ^ = r. 

, ,. ., , OP' sin S^ rd9 ^ 

and V = limit oi -y- = -j- = ra. 

ot dt 
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li u + Bu, v + Bv, be the velocities at P' in direction of 
and perpendicular to OP', acceleration in direction OP 

1- -i. j.(w + Bu)cosS9 — (v + Bv)sinB6-u 

= limit 01 ^^ ^- — 

ot 

_ du dd 
~dt~'"di 
dH- fdey .. . 

acceleration perpendicular to OP 

_y -x f(v + Bv) cos Bd + (u + Bu) sin B9 — V 

Bt 

dt'^^dt ^dP^ dtdt 



= re + 2re 



r dt\ dtj ■ 



It should be noticed that, if r = 0, that is, if the moving 
point is passing through the origin, these expressions are 

r and 2r^. 

11. The expressions for radial and transversal accelera- 
tions may otherwise be obtained in the following manner. 

Since a; = r cos 0, and y = r sin 0, we obtain 

x = (r- rd") cos d - (r0 + 2r0) sin 0, 

y = (r - r0') sin + (rO + 2rd) cos 9. 

Hence radial acceleration 

= ib cos + ysin0 = r — r6', 

and transversal acceleration 

= ycos0 — oism0 = r0+2rd. 

12. Case of uniform motion in a circle. 

If r and 6 are both constant, and if ^ = ttf, the transversal 
acceleration vanishes, and the radial acceleration = — w'r ; 
that is, the resultant acceleration is directed to the centre of 
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the circle and is equal to the radius multiplied by the square 
of the angular velocity. 

13. Velocities and accelerations referred to two axes, at 
right angles to each other, moving in a plane aiout the origin. 




Taking Ox, Oy as the position of the axes at the time t, 
and Ox', Oy' at the time t + U, let x = ON, y = PN, mark the 
position of the moving point P at the time t, and x + hx= ON', 
and y + hy = P'N', at the time t + U. Then u, v being the 
velocities parallel to x and y at the time t, 

.. .. .NL j.OL-ON 
« = limitof-g^ = Lt— g^— . 

Now OL = Projection on Ox of the broken line ON'P' 
= (x + Bx) cos Be-{y + By) sin 8^, if xOx = B9 ; 



u = 



dx 



de 

■yTf 



Similarly 

_ - Projection on Oy of ON'P' - PN 
Bt 
T (a; + Bx) sin Bd + {y + By) cos B6 — y 

= ^* Bt '- 

_dy d6 
~ dt^'^df 
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If u + Bu, v+Sv be the velocities of P parallel to a/ 
andy', 

acceleration parallel to Ox 

-r.(u + Sm) cos S6 — (v+ Bv) sin S6 — u 
= Lt —j^ ^ , 



+ ^^ = ;7S-^(^) -yT7S + 2:£^,, 



d?9 



dyd0 
dtdi' 



_dM dd_d'x_ fdd' 

~ dt'^^di~dt^~^[di 

and acceleration parallel to Oy 

T,(u + Bu) sin Bd + (v + Bv) cos B0 — v 

= ^* Bt ' 

_dv d9 _d^y (dd\^ d'd dxdd 
~dt^''di~dt''~y[di) '^"dt^'^^Tt'dt' 
In fluxional notation, the velocities are 
X — yd, and y + xd; 
and the accelerations are 

u — vd and v + ud, 
or x-y'd- xB^ - 2yd, and y + xd-y6'' + 2xl). 

14. The expressions obtained in the preceding article 
may be otherwise obtained in the following manner. 

Let be the inclination, at the time t, of Ox to a fixed 
line OX, and let u, v be the component velocities of P, at the 




16 PHORONOMY. 

time t, parallel to Ox and Sy. Then, PM being the perpen- 
dicular let fall on OX, ucosd-vsm6= velocity parallel to OX 

= d;cos6 — ysmd — (xsm6 + y cos 6) &, 
u sin 6 + vcQS0 = velocity perpendicular to OX 

= £c sin ^ + ^ cos + (a; cos 5 - 2/ sin 6) 6. 

Eliminating v and u separately, we obtain 

u = X— yd, and v = y + x6. 

Similarly, if/ and /' are the accelerations of P, at the 
time t, parallel to Ox and Oy, 

y cos 6 —f sin 9 = -J (velocity parallel to OX) 

= 3" (m cos O — VBin 6) 
= u cos 8 — i) sin 6 — (u sin 9 + v cos 9) 9. 
/sin 9 +f COB 9 = -J- (velocity perpendicular to OX) 

= -T:(u8in9 + v cos 9) 

= usm9 + v cos 9 + (u cos — v sin 9) 6, 
and therefore, eliminating/' and /separately, we obtain 
/= u — v9 and /' = v + u9. 

15. Tangential and normal accelerations of a point 
moving in a plane curve. 

If V be the velocity at P of a point moving in a curve, r 

and if s be the arc OP of the curve measured from some ^ 

fixed point 0, ^ 

ds ■ 

' = df 



TANGENTIAL AND NORMAL ACCELERATIONS. 

The tangential acceleration at P 

_ y (^; + St)) cos h^—v_dv_ d?s 
~ It dt~dt'' 
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and the normal acceleration 

-r,{v + S«) sin S^ _ vdi^ _ vd(f> ds _ «' 
~ 8t dt ds ' dt~ p' 

if p be the radius of curvature at P. 

If the motion of the point be uniform motion in a circle, 
V and p are constant, and, if w be the angular velocity, v = ap. 
The tangential acceleration is then zero, and the normal 
acceleration, measured inwards, is equal to (o'p, as in 
Art. (12). 

16. Or we may employ the following method. 

If P is the moving point, and if PT, the tangent to its 
path, is inclined at the angle 6 to Ox, 

due 



cos = ^r and sin ^ = ^ . 
ds ds 



B. D. 
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The component accelerations parallel to x and y being 

X and y, 

dx dii 
the tangential acceleration =x -=- + y -^ . 

dx _dx ds _ .. _dx .. d'x .^ 

dt~ ds' dt' " ds ds'^ ' ' 



and similarly 



dy .. d'y .„ 
" ds ds^ 




T 

Hence, observing that 



and therefore 
it follows that 



doc d'x dy d'y _ 
'dsd^'ds'ds''~ ' 

tangential acceleration = s. 



Also, normal acceleration inwards = y t — x-f 

~ [ds d^ dsd^\~p' 

17. 2Vte Principles of Relative velocities and Relative 
accelerations. 

If P be a moving point. A, B, G,... other moving points 
and a fixed point, the velocity of P in any direction is the 
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sum of the velocities, in the same direction, of P relative to 
A,oi A relative to B, of B relative to 0, and so on, and of 
the last moving point relative to 0. 

For, if u be the velocity of P in the direction considered, 
i<i, Mj,...w„ of the moving points in the same direction, 

M = (m - Ml) + (Ml - Mj) + + (m^i - Un) + M„ , 

which establishes the statement. 

The same principle is equally true of accelerations, 
„ du d , \ . d , ,, , dun 

^°' di = dt^''-''^^+dt^'^-'^^ + +W 

that is the acceleration of P is the sum of the relative 
accelerations. 

18. By aid of the foregoing principles the expressions of 
Art. (13) are at once obtained. 

For, taking the figure of Art. 14, 

u = velocity of P parallel to Ox 

= velocity of P relative to i\7' + velocity of iV" 

= -y0+d;, 

and so i) = velocity of P parallel to Oy 

= velocity of P relative to iV+ velocity of iV 

= y + x0. 

Again, the acceleration of iV in the direction Ox 

= x-xd\ 

and that of P relative to iV in the same direction 

= -{ye + 2ye); 

therefore the acceleration of P in the direction Ox 

= x-x6'-ye- lyQ; 

and similarly the acceleration of P in the direction Oy 

= y-y&' + xe + 2xe. 

19. We can also obtain the expressions for the accelera- 
tions in the following manner. 

2—2 
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The velocities of a moving point, at any time t, parallel to 
two moving directions Ox, Oy, can be represented by 

u = ON, v = QN, 




and the accelerations parallel to x and y will be the rates of 
change of u and v in these directions and will therefore be 

u — vd and v + ud. 
Observing that 

u = x — y6 and v = y + x0, 
we obtain the expressions given at the end of the last article. 

20. Component velocities and component accelerations of 
a moving point referred to two axes turning round the origin 
in any given manner. 
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Let 6 and ^ be the inclinations, at any instant, of Ox and 
Oy to some fixed line OX in the plane, and represent by oo 
the angle xOy ot ^ — 6. 

The velocity of P relative to N is compounded of y in the 
direction NP and y^ perpendicular to JSfP, and the latter, 
by the triangle of velocities EPN, decomposes into 

— yj> cosec a parallel to x, 
and y^ cot co parallel to y. 

The velocity of N in direction Ox is ic, and perpendicular 
to Ox is x6. 

The latter, by the triangle of velocities ONF, decomposes 
into — xQ cot ft), and xd cosec a, 

parallel to x and y. 

Hence, the velocity of P being compounded of its 
velocity with regard to N, and of the velocity of N, the 
components parallel to x and y are respectively 

X — x6 cot CO —yj> cosec a>, 

y + xd cosec m + y^ cot a. 

In exactly the same manner the component accelerations 
are at once seen to be 

X — xff' — (x0 + 2x6) cot ft) — (y^ + 2y^) cosec a>, 

y — y^^ + (xd + 2i!^) cosec m + (y^ + 2y<|)) cot &». 

21. The foregoing expressions can be obtained in a 
different manner. 

Thus, if u and v be the component velocities parallel to 
Ox and Oy, 

u cos 5 + « cos <^ = velocity parallel to OX 

= -r,{xcos& + y cos (^), 

M sin ^ + « sin (^ = velocity perpendicular to OX 

= --T2(xsm0 + y sin (^), 
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and ii/,f are the component accelerations, 

/cos +f cos = ^ (x cosd + y cos cp), 

d" 
/sin +/' sin (^ = -^ (so sind + y sin <^). 

These equations give the expressions for u, v, / /' which 
are obtained in the previous article. 

22. Particular illustrations of the use of the principle of 
relative velocities and relative accelerations. 

(1) A point P describes an equiangular spiral with 
uniform angular velocity round 0, and a point Q describes an 
equal spiral with the same angular velocity round P; it is 
required to find the path of Q. 

G 

K 




If a is the angle of the spiral, we have r — ae^^o'", and 
s = sec a . r = j"^ cosec a, 
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SO that, if fiOP be the velocity of P, in the direction PT, 
fj-PQ is the velocity of Q relative to P in the direction QF, 
the angles OPT, PQF being equal and constant. 

Hence fj,OQ is the actual velocity of Q. 

Further if QE, QF represent the component velocities in 
direction and magnitude, the resulting velocity of Q is 
represented hy QG the diagonal of the parallelogram, and 
the angle OQG = PQG - PQO = PQF + FQG - EQQ = PQF; 
hence it follows that the path of Q is an equal spiral. 

(2) A circle rolls uniformly inside a circle of double its 
radius ; it is required to find the acceleration of any carried 
point. 

If P be the carried point on the radius CB, and if OB 
produced meet the circle in A, it follows, since the angle 
QCB = 2G0B, that the arcs QA, QB are equal. 

Therefore ^ is a fixed point and B moves along the line 
AOA'. 

Since OG, OB make equal angles with OA it follows that 
the angular velocities of the lines OG, GP are equal. 

Hence, if to be this angular velocity, the acceleration of G 
is in the direction GO and = ay" . GO, and the acceleration of 
P relative to (7 is in the direction PC and = co^ . PG\ 




therefore, by the triangle of accelerations, the resulting 
acceleration of P is in the dii-ection PO and = m^ . PO. 



24 



PHOKONOMY. 



(3) A circle rolls on a straight line; it is required to 
find the acceleration of the point of the circle in contact with 
the line. 

If 6 be the angle through which the circle has rolled 
from any assigned position, and a the radius of the circle, ad 
is the linear space traversed by the centre G and therefore ad 
is the acceleration of the centre. 

The accelerations of the point of contact P, relative to the 
centre are aff' in direction PG, and aO parallel to the line and 
in the direction opposite to that of the motion. 

Compounding these with the acceleration of G, it results 
that the acceleration of P is in direction PG and is equal to 
a&^, or to a&)^ if w be the angular velocity. 

This result may otherwise be obtained as follows : 

Let X and y be the coordinates of the point initially in 
contact; then 

x = a8 — asm 9, and y = a—a cos 6, 
from which x = ad — a (cos 6 .6 — am 6 . 6'), 

y = a{6me.e + cose.e% 
and, putting 6=0, x=0, and y = a6'. 




CIRCLE ROLLING ON A CIRCLE. 
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We hence infer that if p be the radius of curvature, at the 
point of contact, of any curve rolling on a straight line, the 
acceleration of the point of the curve in contact with the line 
is co^p in the direction perpendicular to the line. 

Or we can give a proof directly from the definition of 
acceleration. 

Let the curve PQ roll on a straight line, the point P 
rising from the point A, the dotted line representing its path. 

When at A, P has no velocity, and when Q is the point 
of contact, and is therefore the instantaneous centre, the 
velocity of P is w . PQ perpendicular to PQ. 

Taking PQ as an infinitesimal arc, and E as the centre of 
curvature, the velocities of P parallel and perpendicular to 
the line are w . PQ sin S(9 and « . PQ cos 80, if PJEQ = 286. 

Hence, if St be the time, the accelerations are the limits of 

mPQ ^ and wPQ —j- — , and, as PQ = pSd, the first of 

these ultimately vanishes, and the second = m^p. 

(4) A circle of radius b rolls on a circle of radius a ; it 
is required to determine the acceleration of the point of 
contact. 
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Taking the arc BP equal to the arc AP, and a> as the 
angular velocity, 

6) = ((j> + 0) = — 1 — 6, 

and the accelerations of P relative to G, in the direction PG 
and perpendicular to it, are 

ho)^ and ha. 

The accelerations of G, in the direction GO and perpen- 
dicular to it, are 

(a + h) 6' and (a + b) 6, 

■ and bm. 



a + b 

Compounding these with the relative accelerations of P, 

it results that the acceleration of P is in the direction PG 

and is equal to 

ab , 

rm". 

a + b 

Replacing a and b by radii of curvature this expression 
gives the acceleration of the point of contact of any curve 
rolling on a fixed curve. 

23. If the position of a moving point P be defined 
by the length r of the tangent PQ to a given curve, and the 
deflection <f> of the tangent, 

the acceleration parallel to PQ relative to Q = r — r<j>\ 

and that of Q in the same direction = s, if the arc OQ—s, 

.', acceleration of P in the direction QP = r — r^' + s, 
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and, similarly, acceleration perpendicular to PQ 

= r^ + 2r^ + -, 

if p be the radius of curvature at Q. 

24. A point moves on a given curve, while the curve turns 
round a fixed point in its plane : it is required to find 
expressions for the accelerations of the point. 




If OP = r, the accelerations of the point P of the curve 
are ay'r and rw in the direction PO and perpendicular to PO. 

If the moving point be passing over the point P its 
accelerations are those of P compounded with its accele- 
rations relative to P. 

These relative accelerations are due to the angular 
motion of PT and to the motion on the curve, and, in 
the respective directions of the tangent PT and the normal 
at P, are, if s be the arc AP measured from a given point A 
of the curve, 

s and 2(Bs + - . 
P' 
in accordance with the observation of Art. (10). 
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If we take 6 to represent the angle AOP, -j- and -^ 
ai-e the cosine and sine of the supplement of the angle OPT, 

Hence it follows that the accelerations of the point moving 
on the curve, in the directions of the tangent and normal to 
the curve, that is, in the direction PT and perpendicular to 
it, are respectively, 

dr . . de 



and 



as ds 

p ds ds 



25. These results can also be obtained by help of the 
formulse of Art, 13. 




Taking OA and the line Oy perpendicular to it as axes of 
X and y, the accelerations of the moving point which is 
passing over the point P of the curve, in the directions Ox 
and Oy, are, 

ii — yas — xay' — 2y(o and y + xd> — yw^ + 2«(a. 

Multiplying the first of these expressions by -j- and the 

second by-^, and adding them together, we obtain the 
acceleration in the direction PT, and this becomes 
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..dx dy ( dy dx\ , dr ^ . f . dy dx\ 

''d^+yi-^''['i-^d^)-'^''d^+H^i-ns)- 

Now ^ = |i, y = ^s, 

.. dic .. d^x ., , .. dy .. d^y .. 
ds ds^ ^ ds ds" ' 

and by making use of these relations, the acceleration tan- 
gential to the revolving curve takes the form, 

ds ds 

Similarly, the acceleration in direction of the normal at 
P is equal to 

(y + xd) — yco^ + 2x(o) -J^ - (x - yd) - xco" - lym) -j- , 

which becomes 

s^ . dr „ „dd „ . 
-+a>r-r- + co^r^ -j- + 2fos. 
p ds ds 

It is also an instructive exercise to obtain these ex- 
pressions by taking a consecutive position" P' of the moving 
point on the curve, when twisted through a small angle toBt, 
and actually resolving its velocities, relative to P, in the 
directions PT and perpendicular to it. 

The changes of velocities in these directions, when divided 
by Bt, will in the limit when Bt vanishes, give the rates of 
change, that is, the accelerations in those directions. 



Motion in three Dimensions. 

26. If X, y, z are the coordinates of a moving point at 
the time t, referred to a system of fixed axes at right angles 
to each other, x, y, and z are the distances of the point from 
the planes of yz, zx, and xy. The velocity parallel to x is 
the rate of increase of the distance from the plane yz, and 

therefore, as in Art. (3), is represented by -j- or x. Similarly 

y and i represent the velocities parallel to y and z. 
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If u, V, and w are these velocities, the accelerations pa- 
rallel to the axes are, by the same reasoning as in Art. (4), 

represented hy -37 , tt, and -j- , or m, v, and ib ; that is, they 



df dt' 



dt 



d^'x d^y d^z 



^^di--d«--^-°^^'2''"- 



27. Case of a point moving on the surface of a right 
circular cone. 




FN being perpendicular to the axis, let OP = r, and the 
angle between the moving plane NPO and a fixed plane 
AON =6, and let Q be the projection of P on a plane 
through perpendicular to the axis of the cone. 

Acceleration parallel to ON = — '-j-^ — = -=— cos a (1), 

CLZ Ctt 

acceleration in direction NP — that of Q in direction OQ, 



dtl 



^ d^ . OQ 
dp 

d'r . 
= -I- sm a — r sm a 
dt^ 



OQf^r. by Art. (10), 



(f) 



.(2), 
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and perpendicular to the plane NPO 

1 d f ^ . , d6\ sin a d 
T"dt 



f . ■ ^ dd\ sin a d / , de\ 



r sm aat\ dt 



.(3). 



Multiplying (1) by cos a, (2) by sin a, and adding, we find 
that the acceleration in the direction OP 



d'r . „ 
= __^sin»a 



{^J = r-rsm^ae^ 



Multiplying (1) by sin a, (2) by cos a, and subtracting, the 
acceleration in the direction of the normal PO to the surface 

= r- sin a cos a ( T- 1 = r sm a cos a^l 

28. Case of a point moving on the surface of a sphere. , 

OAG being a fixed plane, and 00 & fixed radius, and PN 
being perpendicular to 00, take <^ as the angle between the 
planes OAG and OPG, and 6 as the angle OOP. 




The accelerations in the directions ON, NP and perpendi- 
cular to the plane OPG are respectively 

J(acos^), g(asin^)-asin^(^y, 

1 d / . . „ ^ d(^\ 



and 



a sin 6 dt 



(«.si...f). 



Multiplying the second of these by cos 6, and the first by 
sin 9, the difference of the products is the acceleration in 
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direction of the tangent at P to the meridian curve CP, and 
is equal to 

ad — a sin 9 cos . ^''. 

Similarly the acceleration in the direction PO is equal to 

a&' + a sin^ 6 . 4>\ 

Also the acceleration perpendicular to the plane OPG is 
equal to 

a sin d<i> + 2a cos . ^6. 

29. Case of a point moving on any surface of revolution. 

Take cylindrical coordinates so that, when P is the posi- 
tion of the moving point, ON = z, PN = r, and d is the angle 
between the fixed plane AOz and the moving plane POz. 



z 


/ ^ 


\.''" 


^\ 'f'-'-j 


\r~~—~JL 


~~ — -^y.^-—/ 


r 


/y7 



Then the accelerations of the point P in the directions 
ON, NP, and perpendicular to the plane POz, are respectively 

s, r - rff', rO + 2f^. 

Hence if i/r is the inclination to Oz of the tangent TP to 
the meridian curve OP, the accelerations in the direction 
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TP, in the direction of the normal PG, and perpendicular to 
the plane POz are respectively 

« cos ■\|f + (r — rd^) sin i^r, 

^ sin i|r — (r — rd^) cos i/r, 

r-0 + 2r^. 

If r=f{z) is the equation of the surface, i/r is given by 
the equation 

tan-«/r = ^=/'(4 

30. In the general case in which the position of a moving 
point at any time is defined by the polar co-ordinates r, 6, (f), 
the accelerations of P in the directions perpendicular to Oz 




in the plane GPA, and perpendicular to that plane, are the 
same as the accelerations of Q, and are therefore 

the former in the direction NP and the latter perpendicular 
to the plane OPA. 

B.D. 3 
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Also the acceleration parallel to Oz 

If p, T, a be the component accelerations Ln the'directions 
OP, FT perpendicular to OP in the plane GPA, and 
perpendicular to that plane, it follows, by resolving the 
above accelerations, that 

p = r-re^- r^' sin» d, 

r = r'd + 2r6 — r^' sin 6 cos d, 

a = r^smd + 2r^ sin 6 + 2r^d cos 0. 

31. Acceler-ations in directions of the tangent, the principal 
normal, and the binormal, of a point moving in a tortuous 
curve. 

If X, y, z be the co-ordinates of the point referred to fixed 
rectangular axes, we have 

dx _d!cds 
dt ~ ds dt' 

, , , d'x d'sdx (dsyd^x 

and therefore dt^-dPds^[dt)d^^' 



dry_d^dy /dsV d?y 
dt^~dt^ds'^\^t) ds^' 

d?z ^d?s dz_ fdsV d?z 
df~df ds \dt) d^' 



Now T- , ^ , -T- are the direction-cosines of the tangent, 
ds ds ds ° ' 

and if p be the radius of absolute curvature, 
d^ d^ d^ 
^ds^' '^d?' ^ds^' 
are the direction-cosines of the principal normal. 

The above equations therefore prove that the resultant 

d^s 
acceleration of the point is compounded of the acceleration -,— 
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1 /ds\'' 
in direction of the tangent and of the acceleration - I tt ) in 

direction of the principal normal. 

It follows at once that there is no acceleration in direction 
of the binormal. 

Or, the direction-cosines of the binormal being 

^\dsd^~dsds^]' ^ \ds d^ ~ ds d?\ ' 

{d^d?y_dy d^| 

^\dsd^ ds dS"} ' 

if we multiply the above equations by these three quantities 
respectively, and add them together, the right-hand member 
vanishes identically. 

These results can also be obtained by the considerations 
that the osculating plane is the plane containing two con- 
secutive tangents, and that the consecutive osculating plane 
is obtained by an infinitesimal twist round the tangent. 

The circles PA, PA' in the accompanying figure, are 
consecutive circles of curvature, the angle between their 
planes, Br}, being the angle of torsion, and the circles being, 
in general, small circles on the sphere of curvature. The 
circles may be in certain cases coincident, or either of them 
may be a great circle. 

If P' be a consecutive point on the circle PA', Se the 
angle of contingence, that is, the angle between the tangents 
at P and P', v the velocity at P, and v + Sv at P', 



3—2 
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the changes of velocity in directions of the tangent PT, the 
principal normal P^,and the binormal are 

(u + Sw) cos 8e — V, (w + S«) sin Se cos Zt), 

and {v + h'v) sin 85 . sin St; ; 

dividing by %t. we obtain in the limit, the expressions 

dv , «' 
T7 and — 
at p 

from the first two, and the ratio of the last expression to Bt 
vanishes in the limit. 

32. We have considered in Art. (7) the angular velocity 
of a straight line moving in a plane ; we shall now find it 
necessary to consider the angular velocity of a rigid system 
of lines and points in space. 

Definition. 

The angular velocity of a rigid system about an axis, 
is the rate of increase of the inclination of a plane fixed 
in the system, passing through the axis, to a plane passing 
through the axis, fixed in space. 



Parallelogram of angular velocities. 

Imagine that a rigid system has two coexistent angular 
velocities w, co' about two axes OA, OB. Construct a 
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parallelogram AOBG such that OA and OB are in the 
ratio of the angular velocities, and take a quantity O such 
that 

OA : OB : OG :: w : a>' : fl. 

If P be any point in the plane AOB, the velocity of P, 
due to the two angular velocities, is equal to 

(oPM+<o'PN, 

perpendicular to the plane. 

Now, OAGB being a parallelogram, we know that 

PL.OG = PM.OA+PN'.OB; 

n.PL = co.PM+co'PN, 

and therefore the velocity of P = XI . PL, which is the velocity 
due to an angular velocity fi about OG. 

The line OG therefore represents the resultant angular 
velocity. 

Hence it follows that angular velocities are subject to the 
parallelogrammic law, and can be compounded and decom- 
posed in the same way as linear velocities. 

In other words, an angular velocity is a vector. 

33. If a rigid system be in motion about a fixed point, 
there is always one line in the system which has no motion 
and about which the system is turning. 

It is clear that the motion of the system is completely 
determined by the motions of any two given lines OP, OQ 
of the system. Now, at any instant, OP must be moving 
in some plane and therefore must be turning round some 
straight line in the plane through OP perpendicular to the 
plane of motion of OP. 

Similarly OQ must be turning round some line in the 
plane through OQ perpendicular to the plane of motion 
of OQ. 

If then OG be the line of intersection of the two planes 
through OP and OQ, perpendicular respectively to their 
planes of motion, the motion of the system is completely 
represented by a state of rotation about OG. 
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Any state of motion of a rigid system about a fixed point 
can therefore be represented by a single angular velocity 
about an axis through the point, or by three coexistent 
angular velocities about three axes through the fixed point. 

And generally any motion of a rigid system in space can 
be represented by the motion of a single point of the system 
combined with a motion of rotation about an axis through 
the point. 

34. Velocities and accelerations of a point referred to 
three moving axes at right angles to each other. 

Let di, d„ 63 represent, at any instant, the angular 
velocities of the system of axes about the axes themselves, 
or rather, about the lines fixed in space with which the axes 
are, at the instant, coincident. 

If u, V, w be the component velocities, 
u = velocity of P relative to ^ + that of K relative to N 
+ that of N relative to 



and similarly 



w = z - xdi + yOj^, 



W 



/O' 



X 



/M 



EXAMPLES. 39 

For the accelerations, 

let OL = u, OM=v, ON=w 

represent the component velocities ; 

then the accelerations parallel to the axes are, on this scale, 

the velocities of P, and are therefore 

u — vds + wdi 

i - wd^ + u6i 

w — u6i + vdi. 

Or, the acceleration of P relative to N, in the direction 
Ox, being u — vO^, and the acceleration of N in the same 
direction being wd^, the acceleration of P parallel to Ox is 
the sum of these two, and the accelerations parallel to Oy 
and Oz are obtained in the same manner. 



EXAMPLES. 

1. Assuming that the earth describes a circle uniformly 
about the sun in a year, that the distance of their centres is 
240 radii of the sun, and that the radius of the sun is 100 
times that of the earth, find the measure of the velocity of 
the vertex of the earth's shadow, taking the sun's radius as 
the unit of length and a year as the unit of time. 

2. If one point move uniformly in a circle, and another 
move with equal velocity in a tangent to the circle, what are 
their relative paths ? 

3. The radius of the earth being 4000 miles, the latitude, 
\, of a place at which a train travelling westward at the rate 
of 1 mile per miaute is at rest in space is given by 

^ . 9 

cos \ = ^^ . 

4. A particle B describes a circle uniformly about the 
fixed point A, and G describes a circle uniformly in the same 
plane about B. Find the motion of G relative to A. 
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5. A circle revolves with uniform velocity about its 
centre. The centre moves with varying velocity along a 
straight line. Find the velocity parallel to this line at any 
instant of a point on the cii'cumference, and deduce the 
acceleration of the centre necessary for this point to be 
always moving at right angles to the line. 

6. A point moves in a curve in such a way that its 
direction of motion changes at a rate varying as the velocity 
directly and the whole space described inversely. Prove 
that the curvature varies inversely as the arc. 

7. A wheel revolves uniformly about its centre C, which 
is fixed, and a particle A moves uniformly in a straight line 
through the centre ; describe the path of a point B in the 
wheel relative to A, (1) when GA is in the plane of the wheel, 
(2) when GA is perpendicular to that plane. 

8. If the resolved parts of the velocity of a moving par- 
ticle perpendicular to its distances from two fixed points are 
constant, and equal to one another, its velocity varies as the 
square root of the product of its distances from these points. 

9. If the acceleration of a falling body be the unit of 
acceleration and a velocity of 60 miles an hour the unit of 
velocity, find the units of length and time. 

10. In two different systems of units an acceleration is 
represented by the same number, while a velocity is 
represented by numbers in the ratio 1 : 3. Compare the 
units of time and space. 

11. Prove that the locus of the points about which the 
angular velocity of a point moving in any manner is, at the 
same instant, the same, is a circle. 

12. If the angular velocity of a particle about a given 
point in its plane of motion be constant, prove that the 
transversal component of its acceleration is proportional to 
the radial component of its velocity. 

13. If the velocities of a point parallel and perpendicular 
to the radius vector are always proportional to each other, 
and likewise the accelerations, its velocity will vary as some 
power of the radius vector. 
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14. If the velocity of a point be resolved into any number 
of components in a plane, its angular velocity about any fixed 
point in the plane is the sum of the angular velocities due to 
the several components. 

15. If the angular velocity « of a particle about the 
origin is constant, and the ' rate of change of acceleration ' is 
directed wholly along the radius vector, prove that 

d^ = *^"- 

16. A point P moves with uniform velocity in a circle ; 
Q is a poiut in the same radius at double the distance from 
the centre, PR is a tangent at P equal to the arc described 
by P from the beginning of the motion ; shew that the 
acceleration of the point R is represented in magnitude and 
direction by RQ. 

17. The tangent at a point P of a parabola meets the 
tangent at the vertex in Y and the axis in T. If Y move 
with uniform velocity, shew that T moves with uniform ac- 
celeration : if T move with uniform velocity, the velocity of 
Y varies inversely as A Y. 

18. If the time is a quadratic function of the length of 
the path of a moving point, prove that the harmonic mean of 
the initial and final velocities is equal to the velocity at the 
middle point of the path, and that the tangential retardation 
is proportional to the cube of the velocity. 

19. Shew that it is possible for a point to move so that 
the velocity at any time shall be proportional to the space 
described from a fixed origin at a time a seconds before, and 
the acceleration at any time shall be proportional to the 
velocity a seconds after, and determine the law of the 
motion. 

20. A point A moves in a straight line, and a second 
point B always moves towards A and keeps at a constant 
distance from it. Find the path of B and shew that its 
velocity is a mean proportional between the velocity of its 
projection on the path of A and the velocity of A. 
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21. A point moves in an ellipse so that the velocity 
varies as the square of the diameter parallel to the direction 
of motion : prove that the resultant acceleration at any 
instant will be in the direction of the line joining the point 
with the middle point of the perpendicular from the centre on 
the tangent at the point. 

22. A point moves in a plane in such a manner that 
its tangential and normal accelerations are always equal, and 

its velocity varies as e*"""';, s being the length of the arc 
of the curve measured from a fixed point ; find the path. 

23. If a curve roll in contact with a straight line with 
uniform velocity, shew that the acceleration of the point in 
contact with the straight line varies inversely as p, but if 
with uniform angular velocity directly a.s p; p being the 
radius of curvature of the curve at the point of contact. 

24. A curve rolls along a straight line, the point of 
contact moving uniformly along the line. Shew that the 
acceleration of the centre of curvature of the rolling curve at 

the point of contact is, at the instant, proportional to - — , 

25. Prove that the angular acceleration of the direction 
of motion of a point moving in a plane is 

V dv v^ dp 
p ds jo" ds ' 

26. The position of a point is given by the perpendiculars 
f, 7} on two fixed lines making an angle a with each other, 
prove that the component velocities in the directions of |, ij 
are respectively 

(f + rj cos a)/sin2 a and (^ + ^ cos aVsin" a. 

27. A point moves with constant linear velocity ma, and 
its angular velocity about the pole is cor/a ; shew that its path 
is a lemniscate or a circle and explain how these solutions are 
related. Shew further that its acceleration is equal to Sco^r. 

28. If the axes Oa> and Oy revolve with uniform angular 
velocity w, and the component velocities of the point (as, y) 
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parallel to the axes be Ajx and Bjy, then the square of the 
distance of the point from the origin will increase uniformly 
with the time. 

29. A point moves in a plane curve and sounds as it 
moves. At a fixed point G in the plane the whole sound 
produced is heard simultaneously. Shew (i) that if the point 
moves uniformly, the curve is an equiangular spiral — (ii) if 
the velocity of the point vary inversely as the distance of G 
from its line of motion, the curve is a reciprocal spiral. 

30. A point moves in the arc of a cycloid so that the 
tangent turns uniformly ; prove that the acceleration of the 
point is constant. 

31. If the axes Ox, Oy revolve with constant angular 
velocity m, and the component velocities of the point {xy) 
parallel to the axes are 

a? —h^a^ — h' 

prove that the point describes relatively to the axes an ellipse 
in the periodic time 

TT a' + b' 

eo ' ab ' 

32. If the motion be referred to two axes one of which 
is fixed, and the other revolves about the origin in such 
a way that the line joining the origin to the particle is 
equally inclined at an angle |^ to the axes, shew that the 
component acceleration parallel to the fixed axis (|) is 

?-(2|^ + ^^)cosec^. 

What is the other component ? 

33. If the radial and transversal accelerations of a 
particle be each proportional to the. velocity in the direction 
of the other, the path of the particle is given by an equation 
of the form 
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34. An equilateral triangle, ABO, turns in its own plane 
round the angular point A, with a constant angular velocity 
CO, and a point P, starting from B, moves along BG with a 
constant velocity v; find the component velocities, and the 
component accelerations, at the time t, of the point in the 
directions AB and AG. 

35. In the case of the motion of an area in its own 
plane, prove that the component accelerations of a point at 
the distance r from the point of contact of the fixed and 
moving centrodes along the tangent and normal to its path 
are 

CG CC 

rio -, 0)° sin 6, and rco^ , w^ cos 9, 

c+c c+c 

where c, c' are the radii of curvature of the centrodes, and 6 
is the inclination of the distance r to the common normal 
of the centrodes*. 

36. If the perpendiculars from a point P on axes Ox, 
Oy of which Ox is fixed, and Oy revolves uniformly, are ^, i; 
respectively, prove that the accelerations of P parallel to the 
axes at the instant when they are perpendicular are 

i/ — 2^as + 7^0)^, and ^ ; 

the angular velocity of Oy being co. 

37. The centre G of an elliptic wire is moved with 
uniform velocity along a fixed line GY in its own plane 
whilst the wire is in contact at P with a fixed line PY 
perpendicular to GY; shew that the acceleration perpen- 
dicular to PF of the point of the curve in contact at 
P <x ar^y-^p-^, where GY=p, and x, y are the co-ordinates 
of P referred to the axes. 

38. A point moves in a plane with an angular velocity 
o), and the plane is turning round the radius vector with an 
angular velocity co' ; prove that the accelerations in the plane 
are r — co^r, and rco -f ^rco, and that the acceleration perpen- 
dicular to the plane is rcoco'. 

39. A point P moves on a straight line OP which is 
made to describe uniformly a right circular cone about an 

• See BouletteB and Glissettes, Art. 60. 
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axis OA, while OA sweeps out uniformly a right circular 
cylinder ; find an expression for the acceleration of the point 
P in the direction OP. 

40. A point P moves so that its velocity is compounded 
of two constant velocities, one of which is in a fixed direction 
and the other is perpendicular to the line joining P to a fixed 
point. Find the orbit described by P. 

41. A plane is moving about an axis perpendicular to it, 
and a point is moving in a given curve traced on the plane ; 
in any position to is the angular velocity of the plane, v the 
velocity of the particle relative to the plane, r its distance 
from the axis, p the perpendicular on the tangent, s the arc 
described along the plane ; prove that the acceleration along 
the tangent to the curve is 



\ds ^ dsj ds ' 



42. The position of a point is determined by the co-or- 
dinates X, r, where r is the distance from the origin of the 
point whose rectangular co-ordinates are x, y ; shew that the 
component accelerations are 

uv , . oeuv 
u-\ — and V — , 

and determine u, v (the component velocities) in terms of x 
and r. 

43. The position of a point is given by the co-ordinates 
X, y, r, where x, y, z, r have their usual signification relative 
to rectangular axes ; shew that the component accelerations 
in the directions of x, y, and r are 

uw . vw , . uwx vwy 
u-\ , v-\ , and w ^ . 

44. A circle of radius a rolls on a fixed circle of the 
same radius. If and G are the centres of the fixed and 
moving circles, prove that the accelerations of a point P of 
the rolling circle along and perpendicular to PG are 

2a (2^2 + 6/ sin - ^ cos 6), and 4a sin | [e sin | - ^"^ cos |] . 
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45. Two points describe the oircumference of an ellipse 
with velocities which are to one another in the ratio of the 
squares on the diameters parallel to their respective directions 
of motion. Prove that the locus of the point of intersection 
of their directions of motion will be an ellipse, confocal with 
the given one. 

46. Ab infinite number of particles are arranged along. 
a curve ; they move normally to the curve with velocities 
which are always proportional to the perpendicular from the 
origin on the tangent to the locus at any instant. Prove 
that they will always lie in a similar curve with the origin 
for a centre of similitude, and that if they move so, as to 
approach the origin, they will reach it together after an 
infinite time. 

47. The velocity of a point moving in a plane is the 
resultant of two velocities v and v' along two radii vectores r 
and r' measured from two fixed points at a distance a apart. 
Prove that the corresponding accelerations are 

48. Two circles are taken, and the motion of a point is 
given by the component velocities, u, u', in the directions of 
two tangents drawn one to each circle. Shew that the 
component accelerations in the same directions are respec- 
tively 

cZm , , /I cos <f)\ , du' , (1 cos <i\ 
_ + „^,^_ _Vij and ^+,.« [l—r]' 

where I, V are the lengths of the tangents, and ^ is their 
mutual inclination. 



CHAPTER IV. 

35. The preceding discussions belong to the domain of 
pure reason ; we have now to introduce the facts of nature, 
and to employ the results we have obtained in the solution 
of actual cases of motion. 

For this purpose the laws enunciated by Newton are 
sufficient, and, once enunciated, the solution of any problem 
concerning the motion of a body or a system reduces itself to 
the integration of differential equations of the second order, 
and the interpretation of the solutions. 

The introduction of the principles of momentum and of 
energy will in many cases enable us to determine the motion 
of a body or a system in a simple manner and without the 
intervention of differential equations of the second order. 

36. A particle of matter is supposed to be a very small 
body, but possessing a sensible mass and capable of being 
acted upon by forces, and, for theoretical purposes, two 
particles are supposed to differ from each other only in the 
case of their having different masses. 

Force is any cause which tends to change the state of rest 
or motion of a particle or a body. The weight of a body for 
instance is the force of the action of gravity upon it, and is 
found experimentally to be proportional to the mass or to the 
quantity of matter in the body. 

Expei-iments cannot be made with particles, such as we 
have imagined, but experiments made with bodies of various 
shapes and sizes lead to the enunciation of, and belief in 
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the laws of motion as applied to a particle, or to a body of 
any kind ; and the results of theoretical calculations, tested 
by experiment, and applied, on a large scale, to the motions 
of Planetary Bodies, have led to a profound conviction, in 
the minds of students of mechanical science, of the truth of 
these laws. 

THE LAWS OF MOTION. 

37. First Law of Motion. , 

Every body continues in its state of rest or of uniform 
motion in a straight line, except in so far as it is compelled 
by forces acting on it to change its state. 

Second Law of Motion. 

Change of motion is proportional to the acting force, and 
is in the direction in which the force is acting. 

Third Law of Motion. 

Action and Reaction are equal and opposite. 

38. With regard to the first of these laws, it is only 
necessary to remark that it is confirmed by the perpetual 
experiences of all ordinary phenomena. 

Any change of motion of a body is seen to be due to the 
action of some force, and the more we can eliminate the 
action of external force the more nearly we find that the 
motion of a body approaches to that of uniform motion in a 
straight line. 

39. The Second Law contains really two distinct state- 
ments. 

The first is the enunciation of the principle of the physical 
independence of forces, namely, that each force produces its 
full efiect in its own direction. 

To illustrate this consider the case of a ball receiving, 
simultaneously, two impulses in difierent directions. Sup- 
posing the velocity due to each individual impulse, when 
applied alone, to be known, then the second law tells us that 
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the ball is at once imbued with two coexistent and given 
velocities in given directions, and the motion of the ball, due 
to the two simultaneous impulses, is immediately determined 
by the parallelogram of velocities. 

The second is the quantitative relation between the 
magnitude of the acting force and the change of motion 
produced. 

Definitions. If m be the mass of a particle and v its 
velocity, the product mv is called its momentum or quantity 
of motion, and the rate of change of momentum is mi) or mf, 
if/ is the acceleration of the particle. 

The assertion of the second law is that the momentum 
produced in some given time is proportional to the mag- 
nitude of the acting force. If a constant force P acting 
on a body of mass m, produce in the unit of time the velocity 
/, mf is the momentum acquired and therefore 

P oc mf, 

and, if we choose the units so that the unit of mass is that in 
which the unit of force produces the unit of acceleration, we 
obtain P = mf. 

This equation really contains all the kinetics of a single 
particle. 

In any case whether the force be constant or variable, 
it is proportional to the momentum which it is capable of 
producing in a given time, or, which is the same thing, to 
the rate of change of momentum, and therefore, in general 

P = mf 

Even if the mass which is acted upon be variable, the 
effect of force upon it is the production of momentum, 
and the measure of the force is the rate of that production, 

so that -^^dt ^™^^' 

or, in other words, force is the time-flux of the momentum. 

40. ImpvXses. We have spoken of an impulse as an 
action producing velocity instantaneously in a given mass, 

B. D. 4 
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and such an action is proportional to the momentum which 
is apparently at once produced by it, so that if Q be the 
measure of an impulse producing a velocity « in a mass m, 

Q = mv. 

There is no real diflFerence between a momentum produced 
gradually and a momentum produced in a very short interval 
of time. 

The application of a powerful time-microscope to the 
latter case would present the appearance of a force gradually 
accumulating momentum, and the final result is that which 
is spoken of as being instantaneously produced. 

If P be the measure of a very large and variable force 
acting for a short time t, and producing the momentum mv, 

then mv = | Pdt. 

Jo 

If in any given case we could find this short time t, then 
the mean value of the measure of the force would be m,v/T. 

The expression ( Pdt, or the time integral of the force, 
■Jo 
is called the impulse of the force, or, briefly, the impulse. If 
the time t be infinitely small, and the force P infinitely large, 
a finite momentum mv may be instantaneously acquired. 

41. In the particular case of the action of gravity, if W 
be the weight of a body, and g the acceleration of a falling 
body, it follows that 

W=mg. 

From this it appears if we take a pound as the unit of mass, 
the weight of a pound is g units of force, so that, g being 
32'2 when a foot and a second are units, the unit of force is 
approximately equal to the weight of half an ounce. This is 
the British absolute unit of force. 

42. Parallelogram of forces. If a particle be acted 
upon by two known forces in given directions, we know from 
the second law that the particle has coexistent, in these 
directions, two known accelerations. 
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The parallelogram of accelerations gives the resultant of 
these two, and therefore it follows that the resultant of the 
forces follows the same law, and the parallelogram of forces 
is at once established. 

43. The avgular momentum of a particle about a fixed 
axis is the moment of its momentum about the axis ; and 
therefore, if v be the component, perpendicular to the axis, of 
the velocity of the particle, p the distance between the axis 
and the line of this velocity, and h the angular momentum, 

h = mvp. 

Now consider the motion of a particle in a plane, and let 
T and N be the acting forces in directions of the tangent and 
normal to its path. 




The time-flux of the angular momentum about the axis 
perpendicular to the plane through the fixed point 

= h = mvp + mvp. 

The first term of this expression, mvp, is equal to Tp 
and represents the moment about the axis of the tangential 
force. 

4—2 
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During an infinitesiinal period of time Bt, the velocity 
has changed to w + Sv, and the direction of motion has 
turned through an angle B(j), and therefore the change of 
momentum iu direction of the normal PZ is m(v + Bv) sin S<f), 
or mvBtf>. 

Now, if OZ be the perpendicular on the normal 

vSp = V . OZ . B(f>, 

and therefore mvSp = mvS^ . OZ. 

But, iV being the normal force I^Bt is the change of 
momentum in direction of PZ, and therefore 

NBt = invB<f>, or N'= 'mv<f> 

and consequently mvp = mv^ . OZ=N . OZ, 

which is the moment of the normal force. 

Hence we obtain 

h = T.OY+N.OZ, 

that is, the time-flux of the angular momentum is equal to 
the moment of the acting forces. 

In the case of motion in a tortuous curve, or in any 
manner in three dimensions, the same result is true if the 
figure represent the projection, on a plane perpendicular to 
the axis, of the path of the particle. 

Other methods may be adopted to obtain this result. 

For instance, we can transform to polar coordinates, by 
observing that pBs = r^B0, each being the double of the area 
of an infinitesimal triangle, so that 

h = mps = mr^d, 
and h = m-^(r'd). 

But we know that - j (r^'d) is the expression for the 

transversal acceleration, and therefore, if Q be the transversal 
force in action, 
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SO that h = Q .r, 

and Qr is the moment of the acting forces. 

If A be the vectorial area, or the area swept over by the 
radius vector, 

A = ^r^0. 
and therefore h = 2mA, 

and, A being the rate at which area is being swept over per 
unit of time, h is the product of a mass and an area, and also, 
being a vector, or directed quantity, it can be represented by 
a straight line, and is subject to the parallelogrammic law. 

44. The third law expresses the fact that if two bodies 
act on each other in any way, either by contact, or through a 
connection by means of strings or rods, or by mutual attrac- 
tion or repulsion, the force which one body exerts on another 
is exactly the same in amount but opposite in direction to 
that which the other body exerts on the one. 

Some important theorems are at once deducible from the 
third law, which are of the greatest utility in the discussion 
of the motion of systems of particles or bodies. 

Take the case of a system of bodies, attracting or repelling 
each other, acting on each other by contact for a finite time, 
or by mutual impulse. In this case any momentum which is 
produced or destroyed in any assigned direction is accom- 
panied by the production or destruction of an equal momen- 
tum in the contrary direction. 

Hence it follows that, if no extraneous forces act on a 
system of bodies, the total momentum of the system in any 
assigned direction remains constant. 

This is the principle of the conservation of linear mo- 
mentum. 

Again the moments of two equal and opposite momenta 
about any straight line fixed in space being equal and 
opposite in direction, it follows that the angular momentum 
about any given axis, which is defined to be the sum of the 
moments of momenta of all the particles of the system, remains 
constant provided that no external forces act on the system. 
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This is the principle of the conservation of angular 
momentum. 

45. One immediate consequence of the preceding results 
is that if no extraneous forces act on a system, its centre 
of inertia is either at rest or moves uniformly in a straight 
line. 

For if ^ be the distance from any fixed plane of the 
centre of inertia 

2 (m) . ^ = S (mx), 

X being the distance from the plane of a particle m. 

This gives 

S (m) . ^ = 2 {mx), 

or 2 (m) . ^ is equal to the total momentum perpendicular to 
the plane, and as this is constant, ^ is constant ; and the 
same thing is true of any other direction. 

46. Again, as any acting force produces momentum in 
its own direction, it follows that the sum of the forces acting 
on a system in any assigned direction is equal to the rate of 
the change, that is to the time-flux, of the total momentum 
of the system in that direction ; and that, for impulsive 
actions, the sum of the impulses in any direction is equal to 
the immediate change, ia that direction, of the momentum of 
the system. 

Further, since the aggregate of the forces which are at 
any instant acting on the particles of a system have for their 
resultant the system of extraneous acting forces, the moments 
of these two systems about any fixed axis are equal. 

But the former are producing changes of angular mo- 
menta, and their moments about the fixed axes are equal to 
the rates of change of the angular momenta of the particles. 

Therefore the sum of the moments, about any fixed axis, 
of the extraneous acting forces is equal to the rate of change, 
that is, to the time-flux, of the angular momentum of the 
system about that axis. 
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For impulsive actions, the sum of the moments of the 
extraneous impulses about any fixed axis is equal to the 
immediate change in the angular momentum of the system 
about that axis. 

47. We now see that the principle of the conservation 
of angular momentum, as stated in Art. (40), should be, more 
generally, given as follows. 

If the extraneous forces, actirig on a system, have no 
moment about a given axis, the angular mom.entum of the 
system about that axis remains unchanged. 

48. These principles of motion, which are derived im- 
mediately from Newton's laws, constitute the whole of the 
Kinetics of a system. 

If Q be the linear momentum of a system in any direction, 
and P the sum of the acting forces in that direction, the 
connecting equation is 

(j=P. 

If H be the angular momentum about any assigned axis, 
fixed in space, and L the sum of the moments of the acting 
forces about that axis, the connecting equation is 

H = L. 

For impulsive actions, the corresponding equations will 
be, if Q', H' be the new values of Q and H, 

K and G being the sums, in the directions considered, of the 
impulses and impulsive couples. 

It will be seen that linear momentum and angular mo- 
mentum are quantities of the nature of vectors ; that is, they 
can be represented by straight lines, and are subject to the 
parallelogrammic law. 

49. A rigid body is considered to be an aggregation of 
particles, or molecules, bound together by the forces of 
internal mutual attractions which are in all cases equal and 
opposite. 

It follows therefore from the preceding articles that the 
linear and angular momenta imparted to a rigid body by any 
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extraneous forces are independent of the shape, size, or 
nature of the body, but depend only on the acting forces ; 
and hence that the motion of the centre of gravity of a body 
is the same as if it were a single particle into which is 
concentrated the mass of the body, and the rotation of 
the body about the centre of gravity is independent of the 
motion of that point, and depends on the moments, about 
axes through it, <5f the acting forces. 

50. We can now state, in general terms, the principles 
embodying the preceding discussions. 

The forces affecting the particles of a body or system of 
any kind, are the extraneous acting forces, and the internal 
forces, due to mutual pressures, or to mutual repulsions or 
attractions, and these systems together are the exact equi- 
valents of the system of time-fluxes of momenta. 

But the system of internal forces, which is made up of 
sets of equal and opposite forces, has no resultant, and there- 
fore it follows that 

The system of time-fluxes of momenta is the exact equiva- 
lent of the system of acting forces. 

The time-fluxes of momenta of the particles of a system 
are sometimes called the effective forces of the particles. 

In exactly the same manner it follows that, when impul- 
sive forces are applied to a body or a system of bodies. 

The system of changes of momenta is the exact equivalent 
of the system of applied impulses. 

The changes of momenta of the particles of a system are 
sometimes called the effective momenta of the particles. 

51. Energy is capacity for doing work, and a system may 
possess energy of motion, or energy of position, or both, the 
former being due to the relative motions of the bodies which 
constitute the system, and the latter to their relative posi- 
tions. 

The energy of motion is called Kinetic energy and is 
measured by the expression ^ 2 {mv^), v being the velocity of 
a bodv. m. of the svstem. 
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a body, m, of the system. 
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As applied to a single particle in a field of force, if P be 
the acting force, P = mv = m -^--j = mv -^ = ^ j- (mv^), 

so that force is measured by the space-flux of the kinetic 
energy. 

The energy of position, or the Potential energy, of a 
system is the work which it is capable of doing in virtue of 
its configuration, that is, the relative position of the bodies 
of the system, or it is the work which it would be necessary 
to expend upon it in moving it from a certain defined con- 
figuration to its present configuration, it being understood 
that the work done by a force is the product of the force by 
the space through which it is exerted. 

Suppose for instance that two equal spherical balls, each 
of mass m and radius a, attract each other with a constant 
force P, and that they are placed at rest with their centres at 
a distance 2c. 

If the zero configuration be when they are in contact, the 
work P (2c — 2a) must have been done to separate them. 
This is the initial potential energy of the system of the two 
balls, their kinetic energy being initially zero. 

The system being left to itself, the balls will approach 
each other, and when their centres are at a distance 2a?, the 

P 

kinetic energy of each is J m . 2 — (c — a;), and therefore the 

kinetic energy of the system is 2P (c — x). But in this con- 
figuration the potential energy of the system P (2a; — 2a). 
The sum of the kinetic and potential energies is therefore 
P (2c — 2a), and is constant during the motion. 

For another instance take the case of two balls connected 
by an elastic string and pulled apart ; potential energy is 
thus stored up, and if the balls be let go, kinetic energy is 
acquired which is the exact equivalent of the loss of potential 
energy due to the contraction of the string. 

62. The preceding is a very simple case of a great 
general principle, which we now proceed to enunciate. 
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The Principle of energy. In any conservative system the 
svmi of the kinetic and potential energies is a constant quantity. 

As applied to a mechanical system, the meaning is that, 
in a conservative system, there is no loss of energy hy 
conversion of kinetic energy into heat, or by internal friction 
producing loss of kinetic energy without gain of potential 
energy. 

There is no doubt that in any system the principle is 
universally true and that, in all cases, any loss of ordinary 
mechanical energy is accounted for by its conversion into 
heat or some other form of energy. 

In other words we may say that the gain of kinetic 
energy of a system is equal to the work done by the forces 
of the system, which is in effect the loss of potential energy. 

53. For a single particle, since P = mv, we obtain 
Pv = mvv = ^-T. (m^v^). 

Since v = s, the left-hand member of the equation re- 
presents the rate at which work is being done, and the right- 
hand member is the rate of increase per unit of time, or 
the time-flux, of the energy. Hence it follows that the work 
done in any time gives the change of kinetic energy during 
that time. 

Further it follows that, in a conservative system, that is, 
in a system in which there is no transformation into heat or 
other forms of energy, the change in the kinetic energy 
of the system is entirely due to, and is measured by the 
work done by the acting forces. 

Internal friction, collisions and explosions may produce 
or destroy energy, but, in what we have called a conservative 
system, such modes of developing or losing energy are not 
supposed to exist. In fact, from a mechanical point of view, 
forces of the character referred to are of the nature of forces 
extraneous to the system, by means of which the total energy 
of the system may be increased or diminished. 

64. In the chapter of the Principia on " Axiomata siv6 
Leges Motus," the concluding paragraph, which is often 
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quoted in support of the Law of Energy as a fundamental 
law is the following : 

Nam si sestimetur agentis actio ex ejus vi et velocitate 
conjunctim ; et similiter resistentis reactio- sestimetur con- 
junctim ex ejus partium singularum velocitatibus et viribus 
resistendi ab earum attritione, cohsesione, pondere, et ac- 
celeratione oriundis ; erunt actio et reactio, in omni instru- 
mentorum usu, sibi invicem semper sequales. Et quatenus 
actio propagatur per instrumentum, et ultimo inprimitur 
in corpus omne resistens, ejus ultima determinatio determi- 
nationi reactionis semper erit contraria. 

This passage really shadows forth the principle of energy 
in its modern form, and indeed states the principle as far as 
it could be stated at the time when the Principia was 
written. 

It was not until Count Rumford began to make obser- 
vations, and to draw inferences from his observations, followed 
by a host of other investigators, that the principle of energy 
presented itself in the form which now renders it the one 
principle of the greatest utility in the discussion of natural 
phenomena. 

The magnificent intuition, which forms the opening 
chapter of the Mdcanique Analytique, and is the basis of 
operations of that great work, is, in effect, only a particular 
case of the general principle of energy. 

55. The preceding discussions of this chapter are 
sufBcient for the purposes of the present treatise; but for 
elaborate accounts, historical and critical, of the laws of 
motion and the science of energy, the student will consult 
the Natural Philosophy of Sir W. Thomson and Professor 
Tait. 

The student will find valuable expositions of the same 
ideas, from elementary points of view, in Matter and Motion 
by the late Professor Clerk Maxwell. 
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Formation of the equations of motion of a particle. 

56. We hence see that the solution of any problem on 
the motion of a particle depends upon the equation 

If as, y, z be the coordinates of a particle referred to 
three fixed axes, and mX, mY, mZ be the component forces 
parallel to those axes, then, since the acceleration in any 
direction is entirely due to the resultant force in that 
direction, the equations of motion are 

m'x = mX, my = m,Y, m'i = mZ. 

If the axes are in motion about the origin, the equations are, 
<iividing by m, 

ii —v9i + wdi = X 

V -wdi+ U03 = Y 

w — U02 + vdi = Z. 

If we refer to the tangent, the principal normal and the 
binormal, the equations are 

s=s,- = n;o = t, 

P 

the forces in the respective directions being, mS, mN, and 
mT. 

If we use cylindrical coordinates, the equations are 

r-re'= R, rd+ 2rd = T, z = Z, 

mR, mT, and mZ being the forces. 

And, if we use any other system of representing the ac- 
celerations the equations are formed in the same manner. 

The integration of these equations, and the determination 
of the constants of iutegration by means of the initial 
circumstances of motion, constitute the solution of the 
question under discussion. 

57. Eqioations of motion of a particle when impulsive 
forces are applied to it. 
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If u, V, w are the velocities of the particle, parallel to 
three directions at right angles to each other, just before, 
and u', v', w' just after the application of the impulses, the 
equations of motion are 

m (u' — u) = P,m (v' — v) = Q,m (w' — w) = R, 
P, Q, R being the measures of the impulses. 

58. Equations of motion of a system of particles. 

The inferences which have been drawn from the laws of 
motion, when expressed in mathematical forms, give the 
equations of motion of a system. 

Thus if m be the mass of a particle of the system, whose 
coordinates are oo, y, z, the rates of change of momenta 
parallel to the axes, or effective forces, are mco, my, and mz. 

We have shewn that the system of these quantities is 
exactly equivalent to the system of acting forces. 

If then X, Y, Z, be the sums of the acting forces resolved 
parallel to the axis, and L, M, N, the sums of the moments 
of these forces about the axes, we at once obtain 
%nfix = X, Xmy = F, 'Zm'z = Z, 

Sm (yz — zy) = L, 2m {zx — xz) = M, 2m {xy — yx) = N. 

In the case of impulsive forces applied to a system, we 
have to express the equivalence of the system of changes of 
momenta, or effective momenta, and the system of applied 
impulses. 

If P, Q, R are the sums of the applied impulses parallel 
to the axes, and if U, V, W are the sums of the moments of 
these impulses about the axes, we obtain 

2m (u' -u) = P, 2m {v — v) = Q, 2m (w' — w) = R, 
2m {(w' — 'w)y — (v'— v) z] = U, 
2m {(u' — u)z—(w' — w) x] = V, 
2m {{v' — v)x— (m' — u)y}= W. 

As in the case of a particle these sets of equations can be 
presented in various forms, and in subsequent chapters some 
of their applications and developments will be considered. 

At present they are placed on record, as being immediate 
consequences of Newton's Laws of Motion. 



CHAPTER V. 

EECTILINEAR MOTION. 

59. The simplest case of motion is that of a particle in 
a straight line under the action of forces in that line, and the 
equation of motion in that case is 

mx = mX. 

If the force be constant and equal to mf, 

X =y and 00 =ft + u, 

u being the initial velocity. 

Integrating again, x = ^ft" + ut + a, if a be the initial 
value of x. 

The equation may also be written in the form 

dv . 

'Tx=f' 

leading to , \v'' =■ \u^ +fa. 

60. Motion of two weights connected by a fine string 
parsing over a smooth fixed pulley. 

If m, m' be the masses, T the tension of the string and w 
the distance of m from the pulley, 

mx = mg — T, 

and similarly a — x being the distance of the other weight, 

— m'x = m'g — T. 
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Solving these equations we find that 

m-m , rp ' 2'm.m'g 

(B = -, 9, and i = — — -, . 

61 Motion of a particle, initially at rest, acted upon 
by a force to a fixed point varying as the distance from that 
point. 

If the force be mfix, the equation of motion is 
ic = — fj^is 
or CC + fM! = 0, 

the solution of which is 

x=Accis '^fit + B sin Vjiii, 
this gives _ _ 

x=--A'J'fj, sin '/fit + B'^fjb cos V/x«. 

If initially x=a, and « = ; then B = 0, 

a^u^jj X = a cos v yu,i. 

The interpretation of this equation is that the pa,rticle 
oscillates through the centre of force between the positions 
x = a and x=-a, the time of a complete oscillation bemg 

If we multiply the equation of motion by 1x and integrate, 
we obtain x^ = H' ("''' - *'). 

shewing as before that the velocity vanishes when x=±a. 
If the force be repulsive the equation of motion is 
ic = /J.X, or aj — /u.« = 0, 
leading to 

ai = Ae'^'^' + Be-^^*, 
this gives 

x = ^ri.Ae^'^'-'JllBe-^'^, 

and introducing the initial conditions we find that 
a = A + B, and 0=A-B, 
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SO that « = I (6"^^^* + 6 - •^''0 = a cosh V^ . t. 

As before we can obtain the velocity at once in terms of 
the distance from the equation, i" = /t (a? — a"). 

62. Motion of a particle, initially at rest, under the 
action of a force varying inversely as the square of the 
distance from a fixed point. 

In this case, the force being supposed attractive, 

a? = — iix"^. 

Multiplying by 2a!, and integrating, we obtain 

1 ^ / -1 -i\ ^^ ,1 / '^^ 

;r «^ = it (a; ^ — a ), or -^ = + -^^a / . 

2 '^^ ' dx \j2ijy a-x 

where a is the initial distance of the particle fr-om the centre 
of force. 

Assuming that the motion is towards the centre of force, 
we must take the negative sign, and we then have 

a a 

: X — rr — 

Ifi dt X 2 2 



a ax ^lax — a? '^o^ — o? 'J ax — a? ' 

J /2u , „ I a , 2a! — a 

V a 2 a 

when i = 0, x = a, and .'. (7=0, 

Putting a! = 0, we obtain the time from the initial 
position to the centre of force, which is 



/a» 



At this point the velocity is infinite, and, as the particle 
passes through the centre of force, the direction of the 
force changes, and the motion of the particle is retarded. 
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Imagine now that the particle is projected away from the 
origin at the initial distance c (less than a) with the velocity 

The equation of motion is the same, and we obtain 
!«" = fiar^ + 0. 
Initially c; = c and x = V2/i (c~^ — a~') 

G = -/jLa-\ 
^x' = /x (ar^ - a-i), 
and i = \/2/i, («-' — tt"'), 

taking the positive sign as the motion is outwards. This 
shews that the motion is exactly reversed, and that the 
particle will traverse the distance from x = c to x = a and 
then come to rest, the time being exactly the same as in the 
inward motion from x = a to x — c. 

This is an instance of Mechanical Reversion, and hence it 
appears that the particle, in the first case, on arriving at the 
centre of force, will pass through and repeat its previous 
motion in exactly the reverse order, and thus perform 
complete oscillations in the time 

63. We have found that in the case of Art. (61), the 
time to the centre of force is independent of the initial 

distance, and, in the case of Art. (62), is proportional to a*. 

The consideration of dimensions enables us to predict 
each of these results. 

In each case, if a be the distance and fi the acceleration 
at the unit of distance, the time must depend upon a and fi. 

In the first case, if we assume that 1 0= aJPfi^, and observe 
that t is of no dimensions in line, and that, /jlx being an 
acceleration, ft is of no dimensions in line, and of — 2 
dimensions in time, we see that 

p = and 1 = — 2^, 

so that < oc -T- and is independent of the distance. 

B. D. 5 
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In the second case u. is of three dimensions in hne, since — 
is an acceleration, and therefore 

p+2q = 0, and l = -2q, 

a* 
so that 1 0= -7- . 

Conversely, if the time to the centre be independent of 
the initial distance, and depend only upon /x, and if we 
assume that the force is proportional to some power of the 
distance, say the m"" power, then, jjm^ representing an accelera- 
tion, which is of one dimension in line, and /i being a 
function of the time only, it follows that M=l, so that, if 
the force vary as some power of the distance, the only 
possible law is that of the direct distance. 

64. Motion of a particle, initially at rest, under tlie 
attraction of a solid sphere, the particles of which attract 
according to the law of nature. 

If ft be the mass of the sphere and m the mass of the 
particle, the force on the particle when outside at a distance 
r ia mfir~', and the case is therefore solved in the preceding 
article. 

If however the particle, on arriving at the sphere, be 
supposed to enter into a fine straight tube, in the line of its 
motion, passing through the centre, the force at the distance 
r, less than the radius of the sphere, is 

Af 4t It, 

^ irpr^ -7- r-", or ^ irpr, or — r, 
o o a 

p being the density of the sphere, and a its radius. 

This being proportional to the distance the motion inside 
the sphere is determined as in the case of Art. (61). 

If b is the initial distance of the particle from the centre 
.of the sphere, 

di^ 1_ / ~67~ 

dr~ v^V6-r' 

so long as the particle is outside the sphere. 
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Hence the time from the initial position to the surface of 
the sphere 

and, putting r = b cos" <f>, we obtain the time in the form 

For the motion inside the sphere, r = —fM~^r; 

a\ b J a" 
observing that, when 

Hence it follows that the time from the surface to the 
centre of the sphere is 



\/^'^^"^\/l6? 



2a' 



If the tube extend through the sphere the time of a 
complete oscillation is 

^ { V II '"'" V ? + \/^^^ + ^/''i ^i^"' ^/sb^] • 

65. Motion in a straight line, in which a centre of force, 
the attraction to which varies as the distance, is moving with 
a given constant acceleration f. 

If the original position of the centre of force be taken as 
the origin, the equation of motion is 

x = -ii{x-\ft% 
or, if a; - \ft^ = r, 

r+f= — fir, ox r + fi (»"+-) ^ 0. 

the solution of which is 

r + — = -4 cos Vui + B sin Vuif. 

5—2 
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Introducing the initial conditions, we find A and B, and 
thus determine x in terms of the time. 

66. Motion of a heavy particle, suspended from a fixed 
point by an elastic string. 

If X be the length at the time t, and T the tension, 
the equation of motion is 

mx = mr/ — T = mg — \ , by Hoote's Law, 



or 



a; -1 [X — a -^ = 0, 

tna \ K J 

whence x — a —^ = J. cos a/ — t+Bsin \/ — t. 

X V ma V ma 

Suppose that initially the particle is held at the distance 
a, the natural length of the string, and then let go ; that is, 
when < = 0, let a; = a, and x = 0, then 

x = a+-^ 1 1 —cos a/ — t). 
X \ V ma J 

This shews that the particle descends through the space 
2a -^ . and then rises again to its initial position and con- 
tinues to oscillate, the time of a complete oscillation being 

^Vf ■ 

The range of oscillation can be obtained at once by 
the principle of energy, for the particle will fall until the 
gain of potential energy developed by extension is equal to 
the loss of potential energy due to the fall. 

Now the potential energy of a stretched elastic string 

= J (Tension) (Extension), 

and therefore, if z be the total fall, 



i(^3" 



mgz, or ^ = 2a ■ 

At 



67. Fall of a heavy -particle in a resisting medium 
when the force of resistance is proportional to the velocity. 
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Measuring x downwards the equation of motion is 

ic=g — kx, 

■which gives x + kx= gt, 

if the particle fall from rest, and the initial position be taken 
as the origin. 

.-. x^ = jgt^dt, [Chap. II.] 

taking x = 0, when ( = 0. 

Hence ^~i-~l- ^~**' 

and, if t increase indefinitely, i'! = ^- 

This is called the terminal velocity. 

68. Fall of a heavy particle in a medium, the resistance 
of which varies, as the square of the velocity. 

Measuring x downwards the equation of motion is 

from which v'e^" = | ^' + G, [Chap. II.] 

and, choosing the origin so that v = when x = 0, 
1)2 = I (1 _ e-=**). 

•In this case the terminal velocity is a/ |. 

„ , dt Ik €** 

Futther, ^ = ;^--^===; 

.-. e*^*^' = e** + Ve^* - X, 
from which we obtain. 



kx 



2 J = log cosh 'Jkgt 
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Representing by w the terminal velocity, g = kw', and 
the result takes the form,. 

a; = — log cosh (^), 

or we may use the equation, 

i) = g — kv\ 
which leads to 

fk gW^ff' _ 1 ^Jkgt _ g - ^kgt 



A 



x= ■ 



and gives the same value of x as before. 



= tanh \/lcgt, 



69. Motion of a heavy particle projected vertically up- 
wards in the same medium. 

In this case, measuring x upwards, 

dv v' 

Integrating and taking u as the initial velocity, 

w' + w" ' 

shewing that the particle rises to the height 
vfl, /,, u^\ 

2?* 



Further, d" = {u^ + w^) 



e «"" - w\ 



gx 
dt e"" 



dx I 2gx' 

ffx 

at . , we-^ . , w 



which gives 



w Vm=' + m)=' Vw^ + m"' 



£5 u . at at 

e«''= - sm^ +cos^. 
WW w 
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Or, starting from the equation, 





— 9-9-., 


we obtain 


— = tan-' tan-' - , 

www 




at . at 
UCOS — -W sm — 


and therefore 


V w w 


w at • Qt' 
wcos ^-+ usm^^ 
w w 



giving the same value of x as before. 

70. A particle moves from rest, in a medium the resistance 
of which varies as the square of the velocity, under the action of 
a force to a fixed point varying as the distance. 

In this case 

and therefore 

v^ = f^.-f^e^ ix-a) + ^^{1- e'" («-») ), [Chap. Ii.] 

observing that v=0 when x = a. 

71. Motion of a piece of uniform chain in a straight line, 
urider the action offerees in that line. 

Taking a fixed point in the line, let x be the distance 
from of one end A of the chain and take r as the distance 
from J. of a point P of the chain. 

The motion of the element PQ (Sr) depends upon the 
tensions at P and Q and the acting force. 



F Q Ii 



If m be the mass of unit length, the mass of the element 
is mBr, and if mSr-Z be the force acting upon it, the equation 
of motion is 

mSr ,x = BT+ mSr\ X, 
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taking T as the tension at P, and observing that the accele- 
ration of every point of the string is the same as that of the 
point A. 

Integrating this equation over the length of the chain we 
shall obtain an equation for determining x in terms of the 
time. 

Suppose for instance that the force is repulsive and varies 
as the distance from the point 0, or that 

X = iJL{x + r). 
Integrating, 

mric=T+mfi (rx + -] + C, 

and, observing that T = 0, when r = and when r = a, 

x = fj,(x+^j, 

the solution of which is the same as in previous cases. 
Substituting for i£ we find that 

T = ^m/ir (a — r). 

72. Direct impact of elastic halls on each other. 

If two elastic balls impinge directly on each other, that is, 
if the line joining their centres be the line of motion of each 
ball, the effect of the impact is an immediate change in the 
momentum of each ball. 

But, since action and reaction are equal and opposite, the 
momentum added to one ball is equal to that which is lost 
by the other, so that the total momentum remains un- 
changed. 

This gives one equation of motion. 

For another we appeal to experiment, and assume the ex- 
perimental law that, if e be the coefficient of elasticity, the 
]-elative velocity of the two balls after impact is reversed in 
direction and is to the relative velocity before impact in the 
ratio of e to unity. 

Hence if the ball m impinge with velocity u on the ball 
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m' moving' in the same direction with velocity u', and if v 
and v' be the velocities after impact, both measured in the 
same direction as before, we have the equations, 

mv + mV = mu + m';«', 
v' — v = e{u — u'), 
from which we obtain 

(m + m') v' = u(m + em) + u' {m! — em), 
(m + m') v = u(m— em')+u' (m' + em'). 

It is worth mentioning that, in all cases of the impact of 
elastic bodies, energy is lost by impact ; only, if the elasticity 
be perfect, that is, if e = 1, no energy is lost. 

Thus, in the case of the direct impact of two elastic balls, 
we see from the preceding equation that 

u — u'>v'—v 

so that v' + u' < u + V. 

Also m' (v — u') = m(u — v), 

.- . m (v'" - u'") <m{u'- v") 

or mv' + mV < mu" + m'u'\ 

If two elastic balls impinge obliquely on each other, all 
that is necessary is to resolve the velocities parallel and per- 
pendicular to the line of centres ; the motions perpendicular 
to the line of centres are unchanged, and the preceding equa- 
tions determine the changes of motion along the line of 
centres. 

Since the total kinetic energy is the sum of the kinetic 
energies due to the motions perpendicular to and in the line 
of centres, it follows that in this case also kinetic energy 
is lost by impact. 

73. In the case of Art. 60, it is required to examine the 
effect of suddenly attaching a weight, mass fi, to any point of 
the ascending string. 

The mass /i, having no momentum before it is attached, 
acquires momentum instantaneously, and if m be the descend- 
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ing body its motion is suddenly checked, while the portion of 
string between /i and m is slackened and m' rises freely. 

If M be the velocity with which the two are moving at thei 
instant before /a is attached, and m' immediately afterwards, 

(m + /u.) m' = mw, 

since the momentum in the direction of motion is unchanged. 

The impulsive tension Q of the string is given by the 
equations 

m(M'-'u) = — Q, i^u'=Q, 

the effect of the impulse on each body being change of 
momentum. > 

Subsequently, if t be the time which elapses before the 
lower string becomes tightened, 

this determines t, and therefore determines the velocities of 
m' and of /i and m at that time. 

A jerk then takes place, and the momentum of the 
system in direction of motion remaining unchanged the 
new velocity is at once determined, and the subsequent 
acceleration is 

m — u — m' 

> </• 

m + fj.+m ^ 

74 A straight piece of uniform chain lying on a smooth 
horizontal table receives at one end a given impulse in direction 
of its length; it is required to determine the motion and the 
impulsive tension at any point. 

B P 1 "Q 

Let m be the mass of the chain, and a its length ; then if 
V be the velocity produced by the impulse, 

Q = mv, 
and, if T be the impulsive tension at a point P, 
„ £P r. BP 
a a 

for the mass of BP is set in motion by the impulse T. 



MOTION OP CHAIN. 7o 

75. A heavy uniform chain is suspended by one end above 
a horizontal table, its lower end being just above the table ; if 
it be allowed to fall, it is required to find the pressure on the 
table. 

We have seen that force is measured by the rate of pro- 
duction, or destruction, of momentum. 

As the chain falls, the table receives an infinite number 
of infinitely small impulses, and the result is that a finite 
varying pressure is produced, which, added to the weighTor" 
the portion coiled up at the instant considered, gives the 
pressure on the table at that iastant. 

When a length x has been coiled up, the velocity is 'J2gx, 
and therefore the portion coiled up in a small time ht is 
hfJ^gx, and the momentum of this portion, which is de- 
stroyed in the time Si, 



■.^'^"^\^2i- = M^-S^U, 



M being the mass of the chain and a its length. 

Hence momentum is being destroyed at the rate of 2Mg - 

per unit of time ; and therefore, adding the weight of the coil, 
the pressure on the table is three times the weight of the coil, 

76. One end, B,of a heavy uniform chain hangs over a 
small pulley A, and the other is coiled up on a table at C ; if 
B preponderate it is required to determine the motion and the 
tension at G. 

It is easily seen in this case that all internal tensions 
neutralise each other, and that the momentum of the system 
in the direction of motion is due to the external forces acting 
on the system in that direction, that is to gravity, and the 
reaction of the table. 

This reaction is equal to the weight of the coil on the 
table, and the resulting force in direction of the motion is. 
therefore the difference of the weights of the two straight 
portions of chain. 

If AC=a, and AB = x, and if v be the velocity, the 
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momentum = ^ (a; + a) «, ii being the mass of an unit of 
length; therefore 

-[{x-\ra)v]=g{x-a), 

or, smce -tl = % {x + a) v -^ + v^ = g {x - a), 

the integral of this equation is 

{x + afv'' = 2g{^-a?!^ + G, 

the constant being determined by initial conditions. 

If for instance x = a, initially, that is, if x be just greater 
than a, G = ^ga', 

{x + af v' = ^{x- af {x + 2a). 
o 

Also, (the tension at C)xht = momentum generated in the 
time U by the action of the tension 

therefore tension = iiv\ 

Or, we might have arranged the process thus : 

taking T to represent the tension at G, 

fi{x + a)v-^ = IJ,g(x-a)-T 

is the equation of motion of the portion of chain GAB, and, 
as above, T=ij.v'. 

Or, if T' represent the tension at the pulley, we can write 
down the equations of motion of the two straight pieces of 
string, and we thus have 

and adding these equations we obtain the same result as 
before. 



MOTION OF CHAIN. 77 

77. Two coils of heavy uniform chains are fastened to the 
ends of a piece of fine string which passes over a fixed smooth 
pulley ; the coils are held so that the portions of string are 
vertical and are then let go. 

Let a and 6 represent the initial lengths of the straight 
pieces of string. 

At the time tlet a + z and 6 — ^^ be the lengths of string, 
and X, y, the lengths of the straightened pieces of the coils. 

Then, if /* and // represent the masses of unit lengths of 
the chains, and I, I' their lengths, the momentum of the 
system, at the time t, in the direction of the /a chain, is 

fjuvz + fi(l — x)gt + fi'yz — /a' {V — y) gt. 

The force in action on the system in the direction of the fj, 
chain is fj,lg — fi'l'g, and the momentum acquired in the time 
t is therefore 

(jji,l-/j,'l)gt. 

Equating these two expressions for the momentum, we ob- 
tain 

fjLX (i - gt) + /i'y {z+gt) = 0. 

Now a-trz^^gt", and y — z = \gt^, 

:. x + y = gt\ 

z-gt = -x, z + gt = y. 

Hence iJLxab = ij!yy^ and ixx^ = ii'y^. 

The straight pieces of chain at the time t are therefore 

^'^' -,gt\ and -j:^,gt^; 



so long as neither coil is completely straightened, and the 
rising chain has not reached the pulley. 

The tension of the fine string is given by the equation 
^ [ixxz +iJL(l-x)gt}=tilg - T, 
so that T Wfi + V/t? = 6/x/sr«». 
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78. A spherical raindrop, as it falls, receives continually 
by precipitation of vapour, an accession of mass proportional 
to its surface ; neglecting the resistance of the air, it is required 
to determine the motion. 

If a be the initial radius, and e the thickness of the shell 
deposited in the unit of time, the radius r at the time t is 

a + et. 

Hence the momentum at the time 
t = Itt/) (a + ety V, 

and J (I irp (a + etf v^ = g . :^7rp (a + ei)\ 

dv 3ev _ 
•"• di'^a + et~^' 

and v = -^\a+et— , — r— rrj. 

4e I (a + etf\ 

This Article and Articles 75 and 76 were published in 1873, 
in a paper in the Quarterly Journal of Mathematics. 

79. Fall of snow down a sloping roof. 

Imagine the snow to be just supported by friction or 
adhesion, and that a very slight downward impulse is given 
to the top line of the snow just below the ridge of the roof. 

In that case the snow will slide down from the top and 
gradually set the whole in motion. 

Take h as the breadth in motion and m as the mass of 
unit area ; then, neglecting the friction on the mass in motion, 
which is practically very slight, the equation of motion is 

-r {mhxx) = mhxg sin a, 

or XX ■\-i? = gx sin a, 

which gives a? = \gx sin a, 

and shews that the acceleration is one-third of that of a mass 
sliding freely. 
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80. The equilibrium and motion of a lieavy hall, supported 
hy a vertical jest of sand. 

We shall consider the case of a cylindrical homogeneous 
jet, supporting the ball symmetrically, and assume that the 
reflected particles of sand do not interfere with the ascending 
particles. 

The weight of the ball will be equal to the rate at 
which momentum is being destroyed, or created in a reversed 
direction, when resolved vertically. 

In other words the weight will be equal to the resultant, 
which is clearly vertical, of the negative time-fluxes of the 
momenta. 

. We shall assume that the velocity of the jet is consider- 
able, so that we may neglect the changes in the velocities of 
its particles du« to the action of gravity. 




If m be the mass of the unit of volume of the sand, and u 
its velocity, the quantity which impinges on an elementary 
zone in the time ht is 

m . 2ira sin 9. a cos 6S9 . uBt, 
and the normal component of the momentum of this quantity 
of sand is 

2irma'w' sin cos= eSdBt. 
Multiplying this by 1+e, where e is the coefficient of 
elasticity between the ball and the sand, we shall obtain the 
quantity of motion created in the normal direction outwardk 
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round the zone, and, dividing by St, we then obtain the 
negative time-flux of the momenta, which is the pressure 
on the ball. 

The last result, when multiplied by cos 0, will be the 
resultant vertical pressure on the zone, and, if the breadth of 
the jet subtend an angle 2a at the centre of the sphere, and 
M be the mass of the sphere, it follows that 

Mg = l7rma''u? (1 + e) (1 - cos* a). 

If the ball be in motion, suppose that at any instant its 
vertical velocity is v; then the equation of motion of the 
ball is 

Mv = ^Trma^ (u - vf (1 + e) (1 - cos* a) - Mg, 

Integrating we obtain 

gx 

2u-v = Ce"' ; 

and, if we suppose the ball to start upwards with a velocity 

v\ it will have its velocity destroyed after ascending through 

the space 

and will then be under conditions consistent with equi- 
librium. 

The time in which this takes place is obtained by inte- 
grating the equation 

v = -^A2uv~v% 
w 

and the theoretical result is that an infinite time must elapse 
before the ball absolutely loses its velocity. 

The simplest method of illustrating the idea of this article 
is to employ a jet of water. The ball rises and falls inter- 
mittently, and is occasionally at rest for a sensible time. As 
in the case imagined of a jet of sand, the pressure is due to 
the rate of destruction, and of creation in the contrary direc- 
tion, of the momenta, in directions perpendicular to the 
surface of the sphere, of all the elementary cylindrical shells 
which constitute the impinging stream. 
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EXAMPLES. 

1. A smooth wedge on a horizontal plane is moved from 
rest with an uniform acceleration; find the direction and 
amount of the acceleration that a heavy particle placed on 
its inclined plane surface may be in equilibrium relative 
to it. 

If the acceleration be given, find the motion of the 
particle, supposed initially at rest, upon the inclined surface. 

2. Particles slide from a fixed point down rough planes 
to points in the surface of a cone, whose axis, passing in 
direction through the point, is vertical, and vertex upwards. 

Shew that, if the vertical angle of the cone = 2 tan""' - , 

the particles will all have the same velocity on arriving at 
the cone. 

3. Give a geometrical construction for determining the 
straight line of quickest descent of a heavy particle from a 
given point to a given curve. 

If the curve be a conic, with its vertex upwards, prove 
that the length of the line of quickest descent from the focus 
to the curve is equal to the latus rectum. 

4 Determine the motion of a particle, initially at rest, 
under the action of a force to a fixed point varying inversely 
as the cube of the distance. 

5. A hyperbola is placed in a vertical plane with its 
transverse axis horizontal ; prove that when the time of 
descent down a diameter is least, the conjugate diameter is 
equal to the distance between the foci. 

6. Find the locus of points from which inelastic particles 
may be let fall on a smooth inclined plane, so as always to 
have the same velocity on arriving at the same horizontal 
line in the plane. 

B. D. 6 
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7. Two equal weights are fastened to the extremities of 
a string and are then hung over two small smooth pullies 
A, B which are in the same horizontal line. If a third 
equal weight be fastened at the middle of the horizontal 
portion AB oi the string, shew that it will descend a 
distance equal to two-thii-ds of AB, and find the velocity 
in any position. 

8. Two bodies, IP and P, are connected by an in- 
extensible string, which passes over a fixed smooth pulley ; 
determine the motion and the tension of the string. 

If, after the motion has gone on for one second, another 
body P, having no velocity, be suddenly attached to the 
descending body 2P, determine completely the subsequent 
motion of the system. 

9. Prove that in a boat sailing on ice with the sails set 
at the angle a with the keel the maximum speed is obtained 
when the wind acts at the angle a abaft the beam, supposing 
that the boat can only move in the direction of the keel, and 
that the resistance to motion is insensible. 

Prove also that, if the sails can be set so that this 
maximum speed is more than three times the velocity 
of the wind, it is possible to work to windward faster 
than the wind blows in the opposite direction. 

10. A rope passes over a smooth pulley, having a weight 
attached to one end, and a monkey hanging at the other 
end, just balancing the weight. The monkey suddenly starts 
off, runs up a certain length of the rope at a uniform rate, 
and then holds on ; determine the whole motion, and prove 
that, if the monkey exert his whole strength in climbing, 
and be at all fatigued by the effort, he will be certainly 
jerked off. ' 

11. On a certain day between one and four o'clock in 
the afternoon ^ an inch of rain fell. Assuming that the 
drops were indefinitely small and that their terminal velocity 
was 10 feet per second, find the pressure in tons weight per 
square mile, assuming that a cubic foot of water contains 
1000 oz. and that the rain fell uniformly and continuously. 
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12. If a centre of attractive force varying as the distance 
be situated in the radius of a circle A G produced (G being 
the centre of the circle), and a particle be constrained to 
move along a chord from rest at A, shew that the time 
of describing all such chords will be the same. 

13. A particle is projected in a resisting medium 
towards a centre of attractive force which varies as the 
inverse cube of the distance : the resistance of the medium 
varies as its density and as the square of the velocity, the 
density varying as the inverse cube of the distance from the 
centre: prove that the particle's velocity on reaching the 
centre is independent both of its initial distance and of its 
initial velocity. 

14. A particle starts from rest at a distance b from a 
fixed point, under the action of a force through the fixed 

point, the law of which at a distance a? is yu. (l j towards 

the fixed point when os is greater than a, but /* ( -j — ) 

from the same point when x is less than a : prove that the 

J2 — ct,^ 
particle will oscillate through a space — r — ■ 

15. In a single moveable pulley when there is equi- 
librium the power and the weight hang by vertical strings ; 
the weight being doubled and the power being halved, prove 
that the tension of the string will be unchanged. 

16. If in the second system of pullies there are n strings 
at the lower block, prove that the upward acceleration of W 
■due to a power P will be 

nP-W 

If when W has an upward velocity v, the weight P reach 
the ground, prove that there will presently be upon the 
string an impulsive strain 

nPWv 
n^P+W 

6—2 
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17. Two weights P and Q, connected by a string passing 
over a smooth pulley, are held at a distance c above a hard 
inelastic horizontal plane and let go. After a series of 
impacts by the heavier weight P on the plane, the system at 
length comes to rest. Shew that the whole time of motion is 

/pTQ c 

18. Two balls, of elasticity e, moving in parallel direc- 
tions with equal momenta, impinge ; prove that, if their 
directions of motion be opposite, they will move after impact 
in parallel directions with equal momenta; and that these 
directions will be perpendicular to the original direction 
if their common normal is inclined at an angle see"' (1 + e) 
to that direction. 

19. Prove that, in order to produce the greatest de- 
viation in the direction of a smooth billiard ball of diameter 
a by impact on another equal ball at rest, the former must 
be projected in a direction making an angle 



. _.a /l-< 



with the line (of length c) joining the two centres ; e being 
the coefficient of elasticity. 

20. A weight P hanging vertically just supports a 
weight W in that system of pullies in which there is only 
one string. Shew that, neglecting the masses of the pullies, 
if P and W be interchanged their centre of gravity will 
descend with an acceleration 

(W-py 

W'-WP + P'^- 

21. If the weight (P), on a wheel and axle, suspended 
from the wheel preponderate over the weight ( W) suspended 
from the axle, prove that the acceleration of P is 

a^P-abW 
^ b^W + a'P' 
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where a and h are the radii of the wheel and axle, the inertia 
of the wheel and axle being neglected. 

If an additional weight (w) be suddenly attached to W, 
find the impulsive tensions of the two strings. 

22. Two trains of equal weight are being drawn along 
smooth level rails by engines, one of which exerts a constant 
tractive force, while the other's rate of working is uniform. 
Prove that if their velocities at two instants are equal, the 
second train moves through the greater distance during the 
interval between the two instants, and that they are working 
at the same rate, at the end of half this interval. 

23. Shew that the locus of the points in the vertical 
plane through two given points, from which the times of 
descent to the two points are the same, is a rectangular 
hyperbola. 

Shew also that, if two equal circles be in the same 
vertical plane, the locus of the points from which the times 
of shortest descent to the circles are the same is a rect- 
angular hyperbola. 

r 24. ) A particle moves in a straight line under a centre of 
atra:a9tive force jxhr in that straight line ; if it be initially at 
a distance c from the centre of force and be projected in the 
straight line with velocity V, shew that it will arrive at 
the origin in a time equal to 

1 • _, MC 

■ sin ' 



25. A cycloid has its base horizontal and vertex up- 
wards; prove that the time of falling down any radius of 
curvature is constant. 

26. The mean time of descent down a given inclined 
plane of unknown roughness is equal to twice that down 
an equal smooth plane, all coefiScients of friction, for which 
motion is possible, being considered equally probable. 

27. A heavy particle is attached by an elastic string to 
a fixed point on a smooth horizontal table; the particle is 
drawn out along the table till the string is double its natural 
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length (a) and it is then let go; find the velocity of the 
particle in any position and shew that it will return to 

the starting point after a time = 2 a/ - (tt + 2) : the modulus 

of elasticity of the string being equal to the weight of the 
particle. 

28. Two equal particles which mutually repel one an- 
other with- a force varying as the distance between them are 
connected by a light elastic string ; find the condition that 
the motion may be oscillatory ; and assuming that the par- 
ticles would rest in equilibrium with the string stretched to 
twice its natural length find the amplitude of the oscillation 
if the particles just meet. 

29. Two particles start simultaneously from the same 
point and move along two straight lines, the one with 
uniform velocity, and the other from rest with uniform 
acceleration. Prove that the line joining the particles at any 
time is always a tangent to a fixed parabola. 

30. An elastic string is extended between two fixed 
points to double its natural length, and a particle of mass m 
is fastened to the middle point of the string. If the particle 
be drawn towards one of the fixed points through half its 
distance from that point, and then let go, find the greatest 
velocity which it subsequently acquires. 

If a be the natural length of the string, prove that the 
time of a complete oscillation is tt Vma -i- ^/X. 

31. A particle is placed initially at a distance a from a 
centre of force the attraction to which varies inversely as the 
distance ; prove that the time of arriving at the centre of 

force is a . /s— ■ 

32. A particle moves under a retardation f(t) which 
brings it to rest in a time a ; prove that the space traversed 

is rtf{t)dt. 
Jo 

33. The upper extremity of a piece of chain, hanging 
vertically is made to move upwards, with a given acceleration ; 
find the tension at any point of the chain. 



EXAMPLES. 87 

34. An endless elastic string, modulus \ and natural 
length 27rc, is placed in the form of a circle on a smooth 
horizontal plane, and is acted upon by a force from its centre 
equal to (jt per unit mass of the string. Shew that its 
radius will vary harmonically about a mean length 

27rXc -T- 27rX — m/ic, 
m being the mass of the string, if 27r\ > mixc. 
Examine the case when 27rX = infio, 

35. P is a point to which the time t of sliding from A 
and B in straight lines is the same. Find another point Q 
for which the times from A and B are also t ; and shew that 
if <' be the time from P to Q or Q to P 

l~J^ _ AP.BP AQ.BQ 
t' + t'^~AQ.BQ°^AP.BP' 

36. A string hangs over a fixed pulley ; a weight of two 
pounds hangs at one end, and a pulley at the other ; over the 
pulley hangs a string, carrying a weight of one pound at each 
end ; when the whole is in equilibrium, any force is applied 
to one of the smaller weights : shew that, when it has pulled 
it down three inches, the other one pound weight, and the 
two pound weight has each risen one inch ; shew also that, if 
the motion of the weight to which the force was applied 
be stopped in any gradual manner, the whole will be brought 
to rest, and the distances travelled by the weights will be as 
3:1:1. 

37. A particle, of mass m, initially at rest at a distance a 

from the origin, is acted upon by the force mfi (^+-5) to the 

origin, r being the distance ; find the time in which it arrives 
at the origin. 

38. A train travels at the rate of 45 miles an hour. 
Kaia is falling vertically, but owing to the motion of the 
train, the drops appear to fall past the window at an angle 
tan~^ 1"5 with the vertical. Find the velocity of the rain- 
drops. 

If the raindrop were divided into 1000° equal spherical 
portions, prove that the cloud so formed would have a velo- 
city of -044 ft. per second. 
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The velocities are supposed to be full speed velocities, and 
the resistance 'of the air to vary as the square of the product 
of the velocity into the diameter of the drop. 

39. In an Atwood's machine the heavier body P is 
perfectly elastic, and Q is perfectly inelastic, and they start 
from rest at the same distance a above a fixed horizontal 
plane ; and when P impinges on the plane and rebounds 
with unchanged velocity, Q strikes against a fixed obstacle 
and is reduced to instantaneous rest : determine the subse- 
quent motion, and shew that the two bodies are again at 
instantaneous rest when P is at a height P^a -r (P + Qy above 
the horizontal plane. 

40. A piece of uniform chain hangs vertically from its 
upper end, with its lower end just above a smooth inclined 
plane ; if it be let go, find the pressure on the plane during 
the fall. 

41. A heavy chain is suspended from one end above a 
rigid horizontal plane ; on the other side of the plane in the 
vertical line of the chain, there is a centre of force the 
attraction to which varies inversely as the square of the 
distance ; find the motion of the chain, and the pressure on 
the table during the fall of the chain upon it. 

42. A fine string without weight, passing over a smooth 
pulley, supports two equal scale-pans ; a heavy chain is held 
by its upper end above one of the scale-pans, its lower end 
being just above the scale-pan ; if the upper end be leit go, 
determine the motion completely, and find, at any time, the 
pressure on the scale-pan. 

43. If the force to a fixed point at the distance r be 

- fj,r (6" - r'), 
and if a particle start fi-om rest at the distance a, then 

(i) a<b, r^a'p^, mod. , ^ . 

(ii) 6<a<6V2, r = a*if^). mod. ^^^^^' 
(iii) a>6V2. r = a— -1—. mod../ZEli 
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/( 44. 1 The potential at the distance r from a fixed centre 
bemg^r", find the motion of a particle originally at rest at a 
distance a from the centre, and prove that the time of 



oscillation is 



4 1 1T_ 



© 



■(i-^)' 



45. An elastic flexible ring of natural radius a is stretched 

upon a circular cylinder whose radius is 1 1 + . /-] a, and is 

then pushed off so that all the points of the ring quit the 
cylinder at once. Assume the law of compression to be that 
the compressed length is to the natural length as \ : P + X 
where \ is the pressure which would halve the length of the 
string, and is equal to the tension which would double it 
according to Hooke's law. Prove that in the subsequent 

motion the least radius of the ring will be - . where e is the 

number 2-718281828. 

46. Two particles of equal mass m are placed in two 
smooth straight tubes, between which the shortest distance 
is c and the angle 2a. 

The accelerating effect of the attraction of either upon 
the other is mf{p) at distance p. Each particle is initially at 
rest, one at the foot of the perpendicular, the other at a very 
small distance yS from it, shew that their respective distances 
from it at the time t will be 

^)8 {cos (<\//i sin a) + cos (i\//i cos a)}, 
where 2/iC = m,f{c). 

47. A ball is supported by a uniform jet of sand, in the 
form of a thin conical surface, impinging upon it symmetri- 
cally as regards its vertical diameter : prove that the weight 
of the ball is Qd (1 + e) cos a cos (a + /3) ; where Q is the 
quantity of sand discharged from the jet per unit of time, v 
the velocity of discharge, e the coeflScient of elasticity between 
the ball and the sand, a the angular radius of the circle 
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in which the jet impinges, ^ the semi-vertical angle of the 
jet. 

48. Two equal buckets are connected by a string without 
weight passing over a smooth pulley, and over one of the 
buckets a heavy chain is held by its upper end, with its lower 
end just above the base of the bucket ; if the upper end 
be let go, prove that the equilibrium may be mamtained 
by pouring water gently and uniformly into the other bucket, 
provided the weight of water which can be poured in is 
three times the weight of the chain. After the chain has 
entirely fallen in, find its pressure on the bucket in which it 
lies, supposing the flow of water then to cease. 

49. One end of a heavy chain length 3a is fastened 
to a small smooth ring through which the chain is passed so 
as to be in equilibrium with a length a hanging freely. Prove 
that if the free end be slightly displaced downwards its 
velocity V when the length of the free portion is x is given 
by the equation 

50. A mass in the form of a solid cylinder of radius c, 
acted upon by no forces, moves parallel to its axis through a 
uniform cloud of fine dust, volume density p, which is at 
rest. If the particles of dust which meet the mass adhere to 
it, and if M and u be the mass and velocity at the beginning 
of the motion, prove that the distance x, traversed in the 
time t, is given by the equation 

(M + p'n-d'xf = M-' + 2pTruc^Mt. 

51. A heavy chain, of length 4a, is coiled up on a 
horizontal table, at the distance a from one edge of the 
table, and one end of the' chain is then drawn out at right 
angles to the edge and just over it ; the height of the table 
above the floor being a, investigate completely the motion of 
the chain. 

52. A chain of given length is at rest on a smooth hori- 
zontal plane, with one end fastened to a point on the plane, 
under the action of a repulsive force from that point varying' 
as the distance. If the chain be set free, find the initial 
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change of tension at any point, and the subsequent motion of 
the chain. 

If the chain impinge upon a vertical wall perpendicular 
to its own direction, find the pressure upon the wall at any- 
subsequent period. 

53. A fine string without weight, passing over a smooth 
pulley, supports two scale-pans, each of weight Tf ; a heavy 
chain of weight w and length I is held by its upper end 
above one of the scale-pans, its lower end being just above 
the scale-pan ; if the upper end be let go, determine the 
motion completely, and prove that the chain will be entirely 
coiled up on the scale-pan after the time 



^/ 



2(4F- + w) 



54. A fine string of length 2h — l passes over a smooth 
peg at a height h above a table, and its ends are fixed to two 
coils of uniform chain on the table ; if the whole be released 
from rest when a length I of one chain is vertical and the 
whole of the other rests on the table, then the chains will be 
momentarily at rest at the instant when the length of the 
vertical portion I is reduced to I- x, where 

and the maximum velocity is acquired when 2xjl = log^ 2. 

55. A heavy uniform chain is coiled at the edge of a 
smooth table and one end slips over; prove that it will in 
time t descend through a space ^gt\ 

If a weight equal to a length I of the chain had been 
fastened to the end of the coil, and projected vertically 
upwards with velocity due to the height h, it would have 
ascended through a height 

^IP{l + ^h)-l. 

56. Two equal weights W are connected by a string of 
length 21, whose weight per unit of length is w, which passes 
over a small pulley. The system is put in motion by adding 
a weight W at one end. Shew that when either weight has 
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moved through a distance x, the kinetic energy will be 
greater than if the string were weightless by wa?. 

57. An indefinite quantity of a uniform string is coiled 
in a heap on the floor of a room and escapes into the room 
below through a hole in the floor ; shew that the velocity of 
escape can never exceed ^Jga, where a is the height of the 
hole above the floor of the room below. 

58. A chain of length a is coiled up on a ledge at the 
top of a rough inclined plane, and one end is allowed to slide 
down. Prove that, if the inclination of the plane be double 
the angle of friction (\), the chain will be moving freely at 
the end of the time 



^/ 



— cot X. 
9 



59. A meteor is seen to fall vertically to the Earth, 
leaving a bright trail behind it. If the resistance of the air 
be constant and equal to R, the rate of loss of matter burnt 

off be Y Rv, and if M, V be its mass and velocity just after 

entering the atmosphere, shew that the velocity after falling 
through a distance z is given by 

, ^ kM 
where X = -^^ . 
Jx 

60. An uniform string, whose length is I and weight per 
unit of length w, hangs over a small smooth pulley with its 
ends just in contact with a horizontal plane ; if the string be 
slightly displaced, shew that when one end has risen through 
a, height h the pressure of the string on the plane is 

«,(2nog^-A), 

and its resultant pressure on the pulley is 

A-2h 

61. Two particles of masses m, mf are joined by an 
elastic string without mass, of length I, and coefficient of 
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elasticity X. They are laid on a smooth table with m at the 
edge and ml on the line perpendicular to the edge and at a 
distance I. The mass tn is then just pushed over the edge. 
Prove that if the extension of the string at any time be s 
the velocity •with which it is then being extended is given 

by 

- J, X /m + m'\ 

d" = 2ffs - ■=■ s\ 

^ l\ mm J 

If at time *, m has fallen through a distance z, and m' be 

at a distance x from the edge, prove that 

m' (l—x) + mz = ^mgt\ 

62. A chain whose density varies as the distance from 
the end A is coiled up close to the edge of a smooth table 
and the end A allowed to hang over. Shew that the motion 
is uniformly accelerated and the tension at the edge of the 
table varies as the fourth power of the time elapsed since the 
commencement of motion. 

63. A pulley is fixed above a horizontal plane. Over 
the pulley passes a fine string which has two equal chains 
fastened to its two ends. In the position of equilibrium a 
length c of each chain is vertical, the remainder of the chains 
being coiled up on the table. 

If now one chain be drawn through a distance nc and 
then let go, prove that the system will next come to rest 
when the upper end of the other string is at a distance mc 
below its mean position, m being given by the equation 
(1 — m) 6™ = (1 + n) e-". 

64. A flexible chain hangs in equilibrium over a smooth 
vertical circle with one end fixed to the extremity of a 
horizontal diameter and a portion hanging vertically at both 
sides of the circle ; if the fixed end be set free, shew that the 
equation for determining y the distance of the lowest point 
of the chain from the horizontal diameter during the first 
part of the motion is 

where I is the length of the whole string and 1c is the 
circumference of the circle. 



CHAPTER VI. 

ACCELERATIONS PARALLEL TO CO-ORDINATE AXES. 

81. We now proceed to illustrate the use of the 
equations 

mx = mX, my = mY, 

by the consideration of some cases to which these equations 
are the most easily applied. 

If the forces are given, and the initial circumstances of 
motion, the equations determine the path of the particle ; 
and, if the path be given, with some other condition besides, 
the forces are determined. 

82. Motion of a heavy particle in a vertical plane. 

Measuring y vertically upwards the equations of motion 
are 

x = 0,y = -g. 

If u be the initial velocity and a the inclination to the 
horizontal plane of its direction, we obtain 

di = u cos a, y = M sin a — gt, 

and if the point of projection be the origin, 

x = ut cos a, y = ut sin a — \gt\ 

Eliminating t we obtain the equation to the path of the 
particle, 

y = x tan a — ^r-f — :r-. 
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which is a parabola, having its axis vertical and vertex 
upwards, the co-ordinates of the vertex being 

V? sin ^aj^g and y? sin" 0LJ2g. 

The latus rectum is 2m" cos'' ajg, and the height of the 
directrix above the point of projection is u^j^g. 

The direction of motion at the time t is given by the 

equation 

n u sin a — at 

tan 6 = ^-, 

Mcosa 

and, if v be the velocity at the point {x, y), 

v'' = aP' + y'' = v?+ gH^ - 2ugt sin a = m^ - 2gy, 

shewing that the velocity at any point is equal to the velocity 
due to a fall to that point from the directrix. 

The range of a projectile on the horizontal plane through 
the point of projection is at once seen to be 

u" sin 2a/g. 

To obtain the range on an inclined plane, perpendicular 
to the plane of motion, through the point of projection, 
measure x and y parallel and perpendicular to the plane. 

Then, if /3 be the inclination of the plane, 
x=-gsm^, y = -gcos^, 
.'. x = u cos {a — ^) .t — ^g sin ^t\ 
y = u sin (a — ^).t — ^g cos ^t\ 
Putting 2/ = 0, and eliminating t, we obtain 
_ 2m" cos a sin (a — y8) 
*~ ^C0S"y8 ' 

which is the range on an inclined plane, and is a maximum 

when a = J ( g + /3 ) , that is, when the direction of projection 

bisects the angle between the inclined plane and the ver- 
tical. 

To find the direction of projection in order that the 
particle may pass through a given point is the same thing 
as finding the direction of projection in order that the range 
on a given inclined plane may be a given quantity. 
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Hence from above cos a sin (a — /3) is given, 
and therefore sin (2a - /3) is given. 

If then a' and a" be the two values of a, the expressions 
2 (a' - /3) + /3 and 2 (a" - /3) + /S are supplementary, and 
therefore 

(a'_^) + (a"-^) = 2|^-|}. 

shewing that there are two directions of projection and 
that they are equally inclined to the direction of projection 
which gives the greatest range. 

83. Conversely, if the given path be a parabola, and it 
be given that the force is parallel to its axis, we have 

with the equations mie = mX, y = 0, 
so that y = c, a, constant, 

and therefore « = s- and « = ^r- , 

2a za ■ 

shewing that the force is constant. 

84. To find the force perpendicular to the axis under 
the action of which a conic section can be described, we have 
the equations, y^ = 2lx-nx\ ■ 

^ = 0, my = mY. 
From these we obtain 

« = c, and yy = {l — nx) c, 

hence yy + y^=— wc^ and therefore y = , 

if 

shewing that the force varies inversely as the cube of the 
ordinate. 

Conversely, if it be given that the force is perpendicular 
to the axis of x and inversely proportional to y', the equations 
of motion are 



and therefore « = c, y" = /* ( -^ + t; ) , 

c and b being constants. 
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XT 1 dx by 

Hence, - -=- = ^ - , 

and therefore -+« = -— Vfe" + v% 

c V/* " 

which is the equation of a conic section. 

85. It is required to find the force, perpendicular to the 
asymptote, under the action of which the cwrve, a? + y^= a', 
can he described. 

In this case, if P be the force, 

mi>- = ;g,andm2/=^. 

Hence x—y = c, 

and from the equation of the curve a?x + y'^y = 0, 
These equations give 

cy" , _ —CO? 

and x = — -r- ^ , whence the force : 

(«" + y'Y 

and the velocity at any point = — ^ ^ • 

86. In all cases in which force acts in parallel lines, the 
velocity in the direction perpendicular to the force remains 
constant, and therefore the time of traversing any arc of the 
orbit is obtained by observing the space, passed over in the 
direction perpendicular to the force, and dividing this space 
by the constant velocity. 

87. Motion of a particle wnder the action of a force to 
a fixed point proportional to the distance from that point. 

If r be the distance, and fxr the force on a particle of unit 
mass, the equations of motion are 

x = — fir' cos 6 =— /ix, y = —/j.rsmd = — fiy. 

The integrals of these equations are. Chapter II., 

a! = A cos V/iii + B siu-'^/j.t, , y = cos V/ai + JD sin i/fit, 

B. D. 7 
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the constants being determined by the initial circumstances 
of the motion. 

Eliminating t we obtain the path 

(Ox - Ayf + {By - Dxf = {BG - AD)\ 
which is an ellipse. 

88. In this case we may usefully employ oblique axes. 
being the centre of force, and A the point of projection, 
take OA as the axis of x, and the line through parallel to 
the direction of projection as the axis of y. 

If f, f be the component accelerations parallel to the 
axes 

d? S? 

/sin a = ^2 (* si"^ «)> ^^^ /' ^^^ " = dT" ^^ ^^ ^' 
so that f=x and /' = y. 

The component forces are — \ix and — fly, and resolving 
perpendicular to the axes, we obtain 

^ sin a = — /w; sin a, y sin a = — /liy sin a, 
or x = -fM, y=—iiAj. 

Initially x = a, i = 0, y = ^, y = v, 

and therefore a; = a cos V/ti, y = —r- sin V/ii, 

a? uw" 
and the path is —,-{ — r- = 1, 

2v 
an ellipse of which 2a and -r- are conjugate diameters. 

If the force be repulsive the equations of motion, employ- 
ing oblique axes, are 

x = iJ4V, y = fiy, 
and therefore 

X = Ae^^ + Be-'Ji^*, y = G^^^ + De''^*, 
and, with the same initial conditions, 

« = I (e^''' + e"'^''*) = a cosh »/Jd, 

2' = 2j;i(^^'-^"^^'') = ^«i^^^*' 
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and the equation of the path is 

a? V' ' 
a hyperbola, of which 2a and -j- are conjugate diameters. 

In each case if 2a and 26 be the conjugate diameters 

V = V/i, . b, 

and, as any point P of the path may be regarded as the 

initial point, the velocity at P is equal to V/i . GD, where 

CD is conjugate to CP. 

89. General deductions from the equations of motion. 
Taking x—X, and y = Y, 

we obtain aiy — yx = xT- yX, 

or j^{xy-yx) = N, 

if mN be the moment of the forces about the origin. 

The angular momentum of the particle is the moment of 
its momentum, which is 

m {xy — yx). 

If then we denote by mh the angular momentum, we 
obtain 

mh = mN, 

that is, the time flux of the angular momentum is equal to 
the moment of the forces. 

Again we know that, if A be the area swept over by the 
radius vector, 

2 A =xy — yx, 

and.-. 2A=N. 

If N be zero, that is, if the force be central, A is constant, 
so that the area swept over is in that case proportional to 
the time. 

This is Newton's Proposition I. 

T-2 
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Further we obtain, multiplying by cb, y, adding, and 
integrating, 

\{ii' + f)=\{Xdx+Ydy), 

or \m {a? + y^)=\ (mXdx + m Ydy). 

The left-hand side is the kinetic energy of the particle, 
and the right-hand side is the work done by the force, so 
that we here have the principle of energy, for a single particle 
in a field of force, deduced from the equations of motion. 

90. Motion of a heavy particle in a mediwrn, the resistance 
of which varies as the velocity. 

Measuring x and y horizontally and vertically from the 
point of projection, and taking mhv as the force of resistance 
the equations of motion are 

x = — k's-^ = — kx, and y = — ks-^—g = — ky — g, 

and therefore, if u and v be the initial components of the 
velocity, 

x + kx=u, y + ky = v — gt, 

leading to n a = 7; (1 — 6~*'), 



k' 
y k k^k' 



-(M.)' 



91. Motion of a particle in the same medium wider the 
action of a force to a fixed point varying as the distance from 
that paint. 

The equations of motion are 

, x-'rkx + ij,x = 0, y+ky + fj.y=0, 

and these are integrated as in Chapter II., page 5. 

k^ . 

If we write n^ for fJ^ — -T, and if we assume that, initially, 

x = a,y=0, x=0,y = v, we obtain the equations 

—gt lea -5« . V st . 

x = ae ^ cos nt + ■;:-« ^ sin w^, y=-e ^ sin nt. 
2n ^ n 
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Hence it follows that 

X ky -\t ny -\t . ^ 

— -^ = e ^ CQsnt, -^ = 6 2 sm nt, 
a zv V 

and therefore that 

^ k^-^l^^ and tan.*=,-i^^. 
a" av v^ Ivx — aky 

representing motion in an ellipse which is gradually shrinking 
in size. 

92. Motion of d heavy particle in a medium the resistance 
of which varies as the square of the velocity. 

The equations of motion, if mkv^ be the force of resistance, 
are 

« = — kv^ -T- = — kxs, y=—g— ksy. 

From the first, x = we"*', 

and . • . y =px = upe~^, putting p £oi -^. 

Hence y = u^ £-e-^-kups6-'^ =u^-^e-^-ksy, 
and the second equation becomes 

ax u" 
ds' 



Multiplying by 2-=-, which is equal to 2 Vl + p', and 
integrating, we obtain 

p ViTp^ + log (p + ViT^) + Yi ^^^ = ^• 

If then a be the initial inclination of the direction of 
motion, that is when, s = 0, and iSp = tan 9, 

tan ^ sec (9 + log (tan ^ + sec ^) + ^ (f^ - 1) 

= tan a sec a + log (tan a + sec a). 

We observe that as s increases indefinitely, -y- decreases 
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and ultimately vanishes, shewing that x is ultimately 
constant, and therefore that the curve, on the positive 
side, tends to a vertical direction. 

Again, if t be the intercept of the tangent on the axis of y, 

, dT dm g ^ 

T = y-«^, and^ = -a;^ = «;-,.* 

Take x and s both negative, say — a/ and — s' ; then as a;' 
is certainly less than s', 

-^ is less than ^ 

which vanishes when s' increases indefinitely. 

dr 
Hence, on the left-hand side, the value of -j- approaches 

continually to zero, and t is ultimately constant. 

Again, if s = — oo , 

tan Osecd + log (tan 5 + sec 0)-G=O, 

shewing that 6 has then a finite value ; for, if we put ^ = 0, 
the left-hand member of the equation is negative, and if we 

TT • • • • 

put = ^ , It IS positive. 

We infer then that the direction of the curve, on the 
negative side, is ultimately inclined to the vertical. 

93. In the general case if v is the velocity of a particle 
and inif{v) the resistance offered by the medium in which 
the particle is moving, and if mX, mY are the forces in 
action, the equations of motion are 

94. Illustrations of the use of the equations o/Arts. (13) 
and (18). 

(1) Case of a weightless rod, of length 2a, carrying a 
particle at a distance c from its middle point, and having its 
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ends moveable on two straight wires, at right amgles to each 
other, and made to revolve uniformly in a horizontal plane. 




Taking the wires as axes of x and y, the equations of 
motion are 

m{x — <iPx — 2a}y) = R, 

m (y - o)^y + 2(och) = B', 

with the geometrical conditions, 

x = (a+o) cos 0, y — (a — c) sin 9. 

Now, since the system of acting forces is the equivalent 
of the system of effective forces, the resultant of R and R' 
must lie in the line PE, and therefore 

R{a + c) sin 6 = R' (a—c) cos 0. 

From these equations we obtain 

(a= + 0"- 2ac cos 20) + 2ac0' sin 20 + 2ac(o^ sin 20 = 0, 

the integral of which is 

(a" + c" - 2ac cos 20) 0^=0+ 2ac(o^ cos 20. 

If the particle is at the centre of the rod, is constant, so 
that, if initially the rod have no motion relative to the wires, 
its relative position will remain unchanged. 

(2) A smooth plane, carrying at a point C a centre of 
force the attraction to which varies a^ the distance, revolves 
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uniformly about # fixed cuds, perpendicular to itself; it is 
required to determine the motion of a particle on the plane. 

Taking the foot of the axis, 0, for origin, and OG for the 
axis of «, the equations of motion are, if 00= c, 

X — w'^x — 2ay = — /a (« — c), 

y — ahf + 2a)i! = — ytiy. 

Multiplying the second equation by + i, and adding the 
two equations together, 

{(D + ia>f + ij]{x + iy) = fic, 

{{B — ioif + ij,}(x — iy) = /ic. 

Hence x + iy = — ^- h J.e(\'''-™) * + £e~^\n^+'°1 ', 

fj,— (0^ 

X — iy = — — 1- Ce(v/A'+»>)*-|- 2)6-(n'i'-'")'. 

'' /x — Q>' 

Assuming that, initially, x = a, y = Q, x = 0, y = 0, we 
find that, if /3 = a ^ 



X — 



jX — CO' 
flC 



fi — to' 

= — p {(V/li + <B)c0S(VAt-6r))« + (V/i- ») COS (V/4 + O)) «}, 

R — — — 

y = r-p {( V/x + (o) sin (V^ -a>)t- {sl jj. - w) cos (Vu. + qj) <|. 
2V/i 

Comparing these equations with the equations of a hypo- 
cycloid, 

a? = (a — 6) cos + 6 cos -=— 0, 

2/ = (a — 6) sin — 6 sin '^7 ^, 
6 

we find that, the particle being initially at rest relative to 
the plane, it will describe on the plane a hypocycloid produced 

by rolling a circle of radius —^^(y/Jb-to) inside a circle of 

2v/t • 
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radius yS, the centre of the hypocycloid being at the distance 
— — — - from the fixed axis. 

ylX — £0'' ■ 

If it be required to determine the absolute path of the 
particle the equations of motion are 

x = —/j,(a;—c cos cot), y = — /* (y — c sin ut), 
the integrals of which are 

w = —^ — - cos at+A cos (V/xf + a), 
fi — oy' 

y = -^^„ sin mt + B sin (V/xi + /S). 
ft,— or 

95. Equations of motion of a free string in a plane 
wnder the action of given forces. 



2/ 



£17 



If u and V be the velocities parallel to x and y, of a point 
P of the string, and T the tension at P, the component 
tensions are 

T^.andT^, 



which are functions of the arc AP measured from a given 
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point A of the string, and the equations of motion of the 
element Zs are 

m being the mass of unit length of the chain, or 

The geometrical equation is given by the condition that 
the velocity of Q, in direction of the tangent at P, is ulti- 
mately the same as that of P, leading to 

du dx dv dy _^ 
ds ds ds ds 

These equations, combined with the boundary conditions, 
such for instance that the tension vanishes at a free end of 
the string, are sufficient theoretically for the determination 
of the motion of a string in a plane under the action of given 
forces. 

The same equations apply to the problem of determining 
the initial tension at any point of a string, originally in 
equilibrium, when some of its constraints are removed. 

It will be found however that this problem, and that 
of the next article, are more easily treated by making use of 
tangential and normal components. 

96. Motion of a string, or a fine chain, lying on a smooth 
horizontal plane, which has impulses applied at one or both 
ends. 

If T be the measure of the resulting impulsive tension at 
the point P, and u, v the velocities imparted to the point P, 
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ds" ds ds ' ds' ds ds ' 

with the same geometrical condition as before, i.e. 
du dx, dv dy _ 
ds ds ds ds 

If we substitute for u and v their equivalents from the 
previous equations, and if we take account of the relations 

dx^ dy<Py_f, 1 _ fd^x^ /dW 
dsds^'^d^dS^'^' p^~ [diV '^ VdFv ' 
we shall obtain the equation 

d?T_T 
ds' ~ p^' 

This result will, however, be obtained in Chapter VIII. 
by a shorter process. 



EXAMPLES. 

1. Find the law of force parallel to an asymptote under 
which a rectangular hyperbola can be described. 

2. Prove that the vertical velocity of the centre of 
curvature of the path of a projectile is proportional to the 
time which has elapsed since the projectile was at the highest 
point of its orbit. 

3. A particle moves in a plane under the action of forces 
to two fixed points in the plane, one attractive and the other 
repulsive, and each varying as the distance ; if the absolute 
intensities be the same, find the path. 

4. Find the path of a particle which is in motion under 
the action of a force perpendicular to a fixed line and 
inversely proportional to the square of the distance from 
the line. 

5. A particle moves under the action of an attractive 
force perpendicular to a straight line and proportional to the 
distance from that line; prove that the path is the curve 
of sines. 
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6. Shew that the least inclination to the horizon at 
which a particle can be projected so as to strike at right 
angles any plane through the point of projection is cos"' J. 

If the direction of projection be inclined at an angle to 
the plane, and if the projection on the plane of this direction 
be inclined at an angle <j) to the line of greatest slope, 
shew that the range on the plane is 

— -^^ (cos= e cos= a + sin= 6 sin» a - i sin 26 sin 2a cos A)\ 
g cos^ a 

where a is the inclination of the plane to the horizon. 

7. Particles are projected from the same point in a 
vertical plane with velocities which vary as (sin 6)~ , 6 being 
the angle of projection ; find the locus of the vertices of the 
parabolas described. 

8. Particles fall down chords of a circle to the lowest 
point. Prove that the tangents to the circle at the upper 
extremities of the chords pass through the foci of the para- 
bolas described after leaving the lowest point. 

9. Particles slide down chords of a vertical circle to 
the lowest point ; shew that the locus of the foci of the paths 
of the particles after leaving the chords is a cardioid. 

10. An ellipse is held with its major axis vertical ; 
find a point on the curve such that, if a perfectly elastic 
heavy particle slide down an inclined plane to it firom 
the upper focus and be reflected by the curve, it will fall 
to the lower vertex ; and shew that in an ellipse, whose 
eccentricity is "5, this point will be the extremity of the 
minor axis. 

11. A bullet is fired in the direction towards a second 
equal bullet which is let fall at the same instant. Prove 
that the two bullets will meet, and that if they coalesce 
the latus-rectum of their joint path will be one quarter of 
the latus-rectum of the original path of the first bullet. 

12. Chords are drawn, joining any point of a vertical 
circle with its highest and lowest points ; prove that, if a 
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heavy particle slide down the latter chord, the parabola, 
which it will describe after leaving the chord, will be touched 
by the former chord, and that the locus of the points of 
contact will be a circle. 

13. Through a given point an inclined plane is drawn, 
perpendicular to a given vertical plane, and from that point 
a particle is projected in the vertical plane, with a given 
velocity, so as to strike the inclined plane at right 
angles ; prove that the locus of the point on which it 
falls, for different positions of the inclined plane, is an 
ellipse. 

14. Prove that the range of a projectile on an inclined 
plane is greatest for a given velocity of projection when the 
focus of the path is in the plane. 

If t and if be the two times of flight corresponding to any 
range short of the greatest, and a. be the inclination of the 
plane, prove that 

t^ + m' sin a + i'2 
is independent of a. 

15. Two smooth equal balls are placed in contact on a 
smooth table ; a third equal ball strikes them simultaneously 
and remains at rest after the impact ; shew that the coefficient 
of restitution is 2/3. 

16.. A person at a distance c from the vertical wall of a 
fives court discharges a perfectly elastic ball from his hand so 
that it shall strike first the floor, then the wall and finally 
return to his hand. If T be the whole time of motion 
and nT the time between the two rebounds, shew that the 
velocity and angle of projection measured downwards are 
given by 

Fcos a = 2clT, Fsin a = gnT. 

17. On the moon there seems to be no atmosphere, and 
gravity is about one-sixth of that here on earth. What space 
of country would be commanded by the guns of a lunar fort, 
able to project shot at 1600 feet per second ? 
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18. A particle is projected from a point in a smooth 
plane, inclined at an angle a to the horizon, in a vertical 
plane which cuts the inclined plane in a horizontal line, and 
at an angle 6 to the horizon. Prove that after n rebounds 
the space travelled in the direction of the line of greatest 
slope on the inclined plane is 

a sm a tan . —^ ~, 

1 — e 

where a is the horizontal space described, and e the coefficient 
of restitution. 

19. A perfectly elastic particle is dropped from a point 
on a fixed vertical circular hoop; shew that after two rebounds 
it will rise vertically if 

2 sin 40 = tan 6, 
where 6 is the angular distance of the point from the highest 
point of the hoop, 

20. A smooth inelastic ball slides from rest down a length 
i of a plane inclined 30° to the vertical, and impinges on a 
horizontal rail, parallel to the plane, and at a distance from it 
equal to half the radius of the ball. Neglecting the thickness 
of the rail, prove that the ball will afterwards strike the plane 
at a distance 3i from its point of contact when striking the 
rail. 

21. A particle is projected from a point at the foot of one 
of two parallel vertical smooth walls so as after three reflections 
at the walls to return to the point of projection ; prove that 

e»H-e'' + e=l, 
and that the vertical heights of the three points of impact 
above the point of projection are as 

e'' : l-e" : 1. 

22. A sphere is fixed upon a horizontal plane ; find from 
what point in the plane a particle must be projected, with a 
velocity due to falling down a vertical space equal to the dia- 
meter of the sphere, so that the focus of its path may be in 
the centre; after reflection at the sphere shew that it will 
strike the horizontal plane at a distance from the point of 
projection equal to the diameter of the sphere, if the elasticity 
be perfect. 
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23. Two equal perfectly elastic balls A anci"^ are pro- 
jected from the same point, in the same vertical plane and 
with equal horizontal velocities ; prove that if when they first 
impinge A has not yet struck the ground, and B is moving 
horizontally, then the ratio of the cotangents of the angles 
which the directions of projection make with the vertical 
must be 2»i' + 2ra + 1 : 2w + 1, where n is some positive integer, 
and also that when first after the impact one of them strikes 
the ground, the other is at a height above the ground equal to 

2w {n + 1) v"^ 
(2W-I-1)'' 'g' 
where v is the vertical velocity of projection of B. 

24. A ball is projected from a point in one of two smooth 
parallel vertical walls against the other in a plane perpendi- 
cular to both, and after being reflected at each wall impinges 
again on the second at a point in the same horizontal plane 
as it started from : shew that 

fee" = a (1 + e + e% 

where e is the coefficient of restitution, 6 the free range, and 
a the distance between the planes. 

25. A man stands on the upper end of a long rough 
plank, of length a and mass M, which lies along a smooth 
straight groove on an inclined plane, having its upper end 
supported by a cord. The cord is cut, and at the same 
instant, the man starts off, and runs with very short steps 
down the plank, at such a rate that the plank does not move; 
prove that the velocity of the man at the lower end of the 
plank is 



Y 25'a 



m + M 
cos a 



m 

where m is the mass of the man, and a the inclination of the 
groove to the vertical. 

If the man then jump horizontally so as not to set the 
plank in motion, he will alight on the groove at a distance 

m + M 

4a cot" a . 

m 
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below the position of the lower end of the plank at the instant 
he alights. 

Determine also how he must jump so that he may alight 
on the lower end of the plank. 

26. A stone is projected upwards with velocity v2^ 
from a point on the margin of a circular pond, radius c. If 
all directions of projection be equally probable, shew that the 
chance that the stone falls into the pond is 

1 2(V2-1) ^ 

27. A solid smooth cylinder, of radius r, lies on a smooth 
horizontal plane, to which it is fastened, and an inelastic 
sphere, of radius 2r, moves along the plane in a direction at 
right angles to the axis of the cylinder; find the condition 
that it may pass over the cylinder. 

If the sphere be elastic, and the coefficient of the elasticity 
be greater than 1/8, prove that it cannot in any case pass over 
the cylinder ; and if e be less than 1/8, find the condition that 
the sphere may, after its first ascent, fall upon the top of the 
cylinder. 

28. From a point A in one of two vertical lines a par- 
ticle is projected with a velocity m at a given inclination 
to the horizon, and meets the other vertical line in 5 : it is 
then projected from B with a velocity v at the same in- 
clination to the horizon and returns to A. Prove that the 
harmonic mean between w* and t? is constant. 

29. Find the path of a particle acted on by a repulsive 
force always perpendicular to a given straight line and pro- 
portional to the distance from it, the velocity at any point 
being that which would be acquired by moving from rest on 
the given line to that point. 

30. If a particle be acted upon by a force always parallel 
to the axis of y and proportional to the square of the radius 
of curvature at the point, prove that it will describe the curve 

y — b, X 

= log sec — , 

a ^ a' 

the particle moving parallel to the axis of x at the point (o, 6). 
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81. The trochoid a; = a (^ — e sin <?), y = a(l—e cos 6), is 
described under the action of a force parallel to the axis of x ; 

shew that the force varies as — : — ^r- - 

sin' 

32. If a particle be moving in a medium whose resistance 
varies as the velocity of the particle, shew that the equation 
of the trajectory referred to the vertical asjnnptote and a liae 
parallel to the direction when the velocity is infinite as co- 
ordinate axes, is of the form 

y = 61og^. 



33. A body describes the curve whose equation is 

= 1, 



V 



under the action of a force to the origin. Shew that the 
central acceleration is Xr . {xyY'-', and that when n is even, 
the periodic time 

where A is equal to the area of the curve. 

34. Two particles A and B, of masses 8m and m respec- 
tively, lie together at a point on a smooth horizontal plane, 
connected by a string which lies loose on the plane; B is 
projected at an elevation of 30° with velocity equal to g. If 
the string becomes tight the instant before B meets the 
plane again, and breaks when it has produced half the im- 
pulse it would have produced if it had not broken, and if the 
particle rebounds at an elevation of 30°, shew that the elasti- 
city of B is equal to 5/9. 

35. A parabola, having its vertex at A and its axis co- 
incident with AB the diameter of a semicircle, is described so 
as to cut the semicircle in P ; prove that, if a body move in 
the semicircle under the action of a force perpendicular to 
AB, the time of moving from A to P varies as the difference 
between AB and the latus rectum. Prove also, that if a 

B. D. 8 
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second body move from ^ to P in the parabola in the same 
time under the action of a force perpendicular to its axis, and 
the velocities in the two curves at P be equal, the latus 
rectum of the parabola is ^AB. 

36. Three equal particles, A, B, C, each of mass m, are 
connected by strings, B and G being nearly in the same 
straight Hne with A, and equidistant from it. B and G 
repel each other with a force varying as the distance 
{m/ir). 

If the string BG be cut prove that the time of a small 
oscillation of the system is •n-j'/dfi. 

37. A particle is in equilibrium at ai, y under forces 
X, Y parallel to the axes, if it be disturbed it will execute 
small oscillations in a time irfp, where 

" ^ \dx dy) \dx dy dy dx) 

38. Two particles are projected in parallel . directions 
from two ppints in a straight line passing through a centre of 
force, the attraction to which varies as the distance, with 
velocities proportional to their distances from the centre. 
Prove that all tangents, to the path of the inner, cut off, 
from that of the outer, arcs described in equal times. 

39. OA is a smooth tube ; OB a light rod perpendicular 
to it ; B,& fixed point in OB, a centre of force attracting with 
force /ir a particle P in the tube OA. The system being 
made to revolve with uniform angular velocity co on a hori- 
zontal plane about 0, determine the motion of P ; and shew 
that, if /i > Qj", P will oscillate with period 27r/V'/i — (o\ 

40. A rod revolves about its middle point with uniform 
angular velocity ot and has at its extremities two centres of 
force varying as the distance one attractive and one repulsive 
of the same absolute intensity ; supposing a particle' placed 
in the plane of rotation in a line perpendicular to the rod 
through its centre, shew that its path will be cycloidal, the 
time from one cusp to another being Iv/w. 
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41. A smooth horizontal disc rotates with angular velo- 
city V/i about a vertical axis at which is placed a particle 
attracted to a certain point of the disc by a force whose 
acceleration is /a x distance ; prove that the path of the 
particle on the disc will be a cycloid. 

42. A particle moves under the action of two constant 
forces in the ratio of nine to one, whose directions rotate in 
opposite directions with uniform angular velocities in the 
ratio of three to one : prove that, under certain initial con- 
ditions, the path of the particle will be a closed curve, of the 
same form as that represented by the equation, r = acos 26. 

43. The two ends of a smooth weightless rod are move- 
able on two fixed straight wires intersecting each other at 
right angles. A particle can move on the rod and is attracted 
to the point of intersection of the wires by a force varying as 
the distance. Prove that if the particle have initially no 
motion the angular velocity of the rod is given by an equation 
of the form 

0,2 = n" {1 - sin' 2a cosec' 26}. 

44. A particle describes a curve, y—f{x), under forces 
having the potential F; if the same curve can be described 
under forces having the potential 

find the differential equation of the curve. 
If w = 1, prove that the curve is a cycloid. 
If w = 2, prove that the curve is 

where s is the arc measured from some fixed point, and 
A, B,X are constants. 
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CHAPTER VII. 

RADIAL AND TEANSVERSAL ACCELERATIONS. 

97. Having discussed, in the previous chapter, the use 
of the components of acceleration parallel to two coordinate 
axes, we now take into consideration the expressions for 
radial and transversal components, leading to the equations 
of motion, 

mP and mQ being the radial and transversal forces acting on 
a particle of mass m. 

For our first illustration we take the following case. 

Motion of a particle in a smooth straight tube which 
revolves uniformly, in a horizontal plane, about a fixed point 
in the axis of the tube. 

In this case the only force acting on the particle is the 
pressure R of the tube, and if to be the angular velocity, the 
equations are 

r — oy'r = 0, 2mro> = R. 

If the particle start from the distance a with no initial 
velocity along the tube, we obtain from the first equation, 

^ = I («"* + e""') = <^ cosh at, 

and from the second, 

R = 2viaa>'' sinh cot. 
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We can also obtain the velocity and pressure in terms of 
r, for the first equation gives 

r^ = 0)2 {r'' — a% 

and therefore R = 2mm' Vr^ — a'. 

If 6 be the length of the tube, the direction in which 
the particle flies out is inclined to the tube at an angle 6 
such that 

tan d = — , = , 

If the tube revolve in a vertical plane the equations are 

r — (uV = — ^f sin wt, 2mra = B — mg cos <ot. 
From these equations, 



Zft)- 



■ sin at+A e"' + Be'"* (Chapter li.), 

and R = 2mg cos ait + 2^10)" (Ae"* - Be-''^ 

the constants being determined by initial conditions. 

98. Motion of a particle in a straight tube which revolves 
uniformly in a horizontal plane about a fixed point at a 
distance c from its aasis. 

If OA (c) be the perpendicular from the fixed point on 
the axis of the tube, and, P being the position of the particle, 
if AP = r, the acceleration of P relative to A=r — al'r, in 
the direction AP, and 2r«B perpendicular to AP; and 
the acceleration, w^c, of the point A is wholly in the direc- 
tion AO. 

Hence the equations of motion are 

r — coV = 0, m (2r(B + cu^c) = R, 

and the solution is similar to that of the preceding case. 

Motion of two particles, m and mf, connected together by 
an inelastic string, in a straight tube revolving wniformly in a 
horizontal plane about one end. 
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If r be the distance of m from the origin, I the length of 
string, and T its tension, the equations are 

m(r-a)V) = y, m' {r-m^ {r + 1)} = - T, 
from which we obtain 

(m + in')r — w" (m + m') r — m'coH = 0, 

and therefore r + ~ — > = ^e"* + ^e— «- 
m + m 

99. Motion of a piece of uniform chain in a straight tube 
revolving in the same manner. 




Let r- be the distance from of G, the centre of gravity 
of the chain, GP = p the distance from G of one end of an 
element PQ, (S/o) of the chain, m the mass per unit of length, 
T the tension at P, r+ BT at Q. 

The equations of motion of the element are, since p is 

independent of the time and therefore -^ (OP) equal to r, 

m.8/3 {r — to" (r + p)] = ST, 2mBpra) = RSp, 

R being the rate of pressure at P per unit of length. 

Integrating the first of these equations, or, in other words, 
taking the sum of the equations of motion of all the elements, 
we obtain 

m {{r - Q)V) p - ^my} = T+G. 
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Observing that T=0 when p = — l and when p = l, 21 
being the length of the chain, there results 

TO (r — o)V) 2Z = 0, or r — a)V = 0, 

shewing that the motion of the centre of gravity is the same 
as that of a single particle. 

Taking account of this result, T= ^mco" (P — p"). 

100. Motion of a bead on a smooth circular wire re- 
volving wniformly in its own plane about a fixed point. 




If be the fixed point, and 8 the angle PGA, the accele- 
rations of P in the directions FT and PG, obtained by- 
compounding the accelerations of P relative to G with that 
of G relative to 0, are respectively, 

a-Tr^{6 + (ot) + oy^c&me, and a{6 + aif + o>^cco5 6, 
ctz 

taking OG=c, and GP = a. 

If the plane be horizontal, and R be the pressure of the 
wire on the bead, the equations of motion are 

ad + w'c sin 9 = 0, and m[a{Q + wf + co'c cos d} = R. 
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If the bead be originally attached to the wire at the 
angular distance a from the line CA, and be set free, the first 
of these equations leads to 

a6^ = 2a)'c (cos d — cos a), 

shewing that the bead oscillates through the angle 2a, and 
the second determines the pressure. 
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101. If a particle move under the action of an attractive 
force mP to a fixed centre, P being a function of r, the 
equations of motion axe 

r-r&'^^-P, r'e +27-6 = 0. 

From the second equation we at once obtain 

r^d = h, 

h being a constant. 

TT . dr A h dr ,du.„ 1 

Hence >* = 33 ^ = -i jz = -^ j3. if « = -, 
dff r^ ad do r 

' = -^16^^ — ^^M^' 
and the first equation becomes 

d^ P 

■ d0^ + '' = hF^^- 

This equation, if the law of force be given, determines 
the path, and, if the path be given, determines the law of 
force. 

102. If A be the area swept over by the radius vector, 

A = :^'0 = \h, 
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and therefore A = ^ht, shewing that the area is proportional 
to the time, and that \h is the area swept over in the unit of 
time. ' 

If Ss be an element of the arc of the curve, and p the 
perpendicular from the centre of force upon the tangent, 

and therefore 11= 'iA =ps = pv, 

shewing that the velocity is inversely . proportional to the 

distance of the centre from the tangent to the path. 

103. We have shewn, in Art. (17), that the normal ac- 
celeration, in any curvilinear path, is equal to v^jp, where p is 
the radius of curvature. 

If mF be the resultant of the forces acting on a particle 
m, and <^ the inclination to the normal of the line of action 
of this resultant, it follows that 

m— = mF cos (f>, 
P 

and therefore, if q be the chord of curvature in direction 
of the force, 

v' = \Fq. 

That is, the velocity of a particle at amy point of an orbit 
is that which the particle would acquire if it were to move 
from rest under the action of a constamt force, equal to the 
force at the point, through a space equal to onefowrth of the 
chord of cwrvature in direction of the force. 

h t) 

104 Since v = -, and cos 6=-^, 

p T 

we have -^Pp- = Pp^, 

, ■, r T, h'dp 

and therefore '^'^p^dr' 

an expression which is frequently useful in determining the 
path for a given law of force, or the law of force for a given 
path. 
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We can also obtain the same expression for P by employ- 
ing the expression for the tangential acceleration. 

^, T. ■ . dv dv . , 

Thus - P sm (^ = I) T- = f T- sin ^ ; 

_ h d fh\ h^ dp 

therefore -r = -r -=TTr"' 

p dr \pj p' dr 

The two expressions for P are deducible, each from the 
other, by help of the equation, 

105. Another expression for the velocity is found by 
utilizing the expression for the tangential acceleration; we 
thus obtain 

dv _ pdr 

ds ds ' 



and therefore ^v^ = ^v'" = i Pdr, 

f. shewing that v is a function of the distance. 
Further, since 



,.2 + ^ 



dd 
it follows that r t- is a function of the distance, and therefore 
dr 

that at all points which are at the same distance from the 

centre of force the angle between the radius vector and the 

tangent is the same. 

We now proceed to apply these formulse to some particu- 
lar cases. 

106. To find the la/u) of force to the focus imder the action 
of which a conic section can be described. 

Taking as the equation of the conic 

cu=l +e cos 0, 

dhi . . d^u 1 

c^ = -ecos^, and -^-^ + u = -. 
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,, , „ AV h? 1 

SO that P= = — . — , 

c c r^ 

and therefore varies inversely as the square of the distance. 

If /ti be the absolute force, that is the force at the unit of 

distance on a particle of unit mass, /a = — =-=- , if i be the 

c Ij 

latus rectum. 

To find the law of force to the centre under which a central 
conic cam, he described. 

Employing the equation, P = — -^ , we know that in 

this case, 

p' (a^ + b^- r^) = a^S', 

and therefore — r* -=- = , so that P = —7-,, r, 

dp p' a'o- 

and therefore varies as the distance. 

h" 
If a be the absolute force, it = -ttt . 

107. To fimd the law of force to the pole under which an 
equiangular spiral can be described. 

From the definition of the curve, p=r sin a, 



and therefore 
and the velocity 



sin' a' r^ r^' 
_h _ \/fi 
p r 
To fimd the law of force when a particle describes a circle 



under the action of a force to a point in the circumference. 

In this case - = k" . or r^= 2ap, 
r 2a 

, ^, . p h' r ShW /u 

and therefore P = - . - = —^ = - 

, , , ., 2ah 1 //A 

and the velocity = _ = - ^ - . 
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108. Motion of a particle under the action of a force to 
a fixed point varying inversely as the square of the distance. 

In this case, P = /xu^, and we obtain 

d6'^ h" 
the integral of which is 

M-^=^cos(^-7), 

or «= I {1 +ecos(^-7)} (I.), 

which is the equation of a conic section, of which e is the 

A" . 
eccentricity, and — is the semi-latus rectum. 

To find the constants, let c be the initial distance, v the 
velocity of projection, and /8 the inclination to c of the initial 
direction of motion ; then 

h = vc sin /S, and, since -^-g = — t^ e sin (^ — 7), 
du h ' 

-=-0(H-ecos7) and -cot^ = - ■£^esin7, 

or ?)''csin'iy8=/i(H-ecos7), t)=c sin /3 cos y8 = - /xe sin 7 ; 
whence {fc sin» ;S - ju,)" + v^c? sini" /8 cos'' y3 = /i'e", 

and tan 7 = "'°^^°^"°^^. 

fi-v'csm'0 

It follows that the conic is an ellipse, parabola, or 
hyperbola, according as v^ is less than, equal to, or greater 

than — . 
c 

If 2a and 26 be the axes when the curve is an ellipse, 
^ = a(l-e=),from(I.),. 
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and therefore 

v^d' Bin' jg _ /2v^c sin' /3 _ ?)V sin= /S\ 

or 1,' = ?^-^. 

c a 

Since any point may be regarded as the point of projection, 
the velocity at the distance r is given by the equation 

r a' 

In the same manner, if the conic be a hyperbola, we 
find that 

r a 
We can also solve this question by the use of the equation 

leading to | = V+^ <"■>' 

which is an ellipse, parabola, or hyperbola, according as G is 
negative, zero, or positive. 



If = 0, the velocity = - = a/" 



2/i 



If the curve be an ellipse or hyperbola, the axes of which 
are 2a and 26, we find by comparison of (IL) with the equa- 
tion 

b" _ 2a + r 

p2 ,f. ' 

that fi =-Tr= -j^, if i be the latus rectum, and that 

. U 2fi _\i 
p' r a 
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109. The case in which the force varies as the distance 
has akeady been dealt with in Art. (87), but we can also use- 
fully employ the equation 

h'dp D 
P^ = ^ = '^''' 

leading to — = — fir', 

which is the equation of an ellipse. 
Comparing with the equation 

f (a= + 62-,^) = a=j3, 
we find that (7 = /i (a= + 1% and A" = iJban)\ and that 

if CD be conjugate to r. 

110. Motion of a particle under the action of a repulsive 
force from a fixed point varying inversely as the square of the 
distance from that point. 

The equation of motion is 

dhi _ fi 

dd^'^''-~h^' 

therefore u + y-^^A cos (6 — y), 

or — . - = - 1 + e cos (^ - 7). 

fi r \ 1/ 

Introducing the initial conditions, we find that 



tJ^'csin^^ i)=c sin /3 cos yS 

l-l=ecos7 and — = — 

M' II 

therefore ,.^i + 2t^n_^ .^c^sin'^ 
shewing that the conic is a hyperbola. 
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As in the previous case, 



7)2 

- = a(e'-l) 
1^ 



, J ^ uVsin^jS /WcsvD?^ if(?svD?^\ 
leads to = a 1 — — , 

and therefore if^ = — —. 

a c 

Hence, any point being a point of projection, we have at 
the distance r 

a r 

111. Path of a particle projected at the distamce a with 
the velocity V/u. h- a in the direction at right angles to the 
initial distamce, and subject to the action of a central force 
which on unit mass is equal to 

IJL {2 {a^ + ¥) u' - Sa'bV}. 
In this case h = — . a = V/t, and therefore 

%^+ u= 2 {d' +¥)u^ - 3a*M». 
a(r 

Multiplying by 2 -^, integrating and observing that 
when M = - , 3^ = 0, we find 



'a' d9 

fdu 



\£) " ^' ^"'**' - 1) (1 - ^''*'X 



restoring r this becomes 

de^ r 

dr~ >J(^ci?-r^){r^-lf)' 
Putting z^ = r'^ — b", and integrating, we obtain 

But r = a when = 0, and therefore 7 = 0, and 
r' = a' cos= 9 + ¥ sitf ^ 
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is the orbit, which is the pedal of an ellipse with regard to its 
centre. 

112. Motion of a, particle under the action of a force to a 
fixed point varying inversely as the cube of the distance. 

The equation of motion is 

d'u u. 

and we therefore have to consider the three cases in which 
lijh^ is greater than, equal to, or less than unity. 

In the first case let 7^ — 1 = n^ : 
ft" 

we then obtain u = Ae'^ + Be-^, 

the constants A and B being determined by the initial 
conditions. 

If the conditions are such that J. = 0, or £ = 0, the curve 
is an equiangular spiral. 

In the second case, when [i = h^, 

u = A0 + B, 

which is the reciprocal spiral. 

In the third case, let l—^=n?; 

then u = A cos nO +B sin n9, 

where n is less than unity. 

113. Motion of a particle projected at the distance with 
the velocity from infinity in the direction at right angles to tlie 
initial distance, arid subject to the action of a force to a fixed 
point varying inversely as the nth power of the distance. 

If — is the force at the distance r" on a mass m, the 

velocity of projection is (^-—^i-^^) , so that A" = ^^^_^^^^, , 
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and the equation of motion is 

Integrating and observing that -ra = when m = - , we 

(Zv c 

find that 

p^ = ±u{(cu)^^ -1}K 

.'. taking the upper sign, 

n-5 

de -r a 



dr [c"-* — r'"~8}i 

- 6 = cos^ - 5 



2 Vc, 

71-S 

If the lower sign be taken, the same result is obtained. 

The reason is that the particle is projected fi"om an apse 
(see Art. 122). 

If not projected from an apse, and if is measured in the 
direction of the motion, the lower or upper sign must be 
taken according as the given angle of projection is acute or 
obtuse. It is not, however, a matter of any consequence, the 
effect of taking the other sign being the same as if ^ were 
measured in the opposite direction to that of the motion. 

Bearing in mind that the velocity of projection is the 
velocity from infinity, and taking some particular values of n, 
we observe that the orbit, 

for n = 2, is a parabola, 

n = 3, a circle with its centre at the centre of force, 

TO = 4, a cardioid, 

n=o, a, circle passing through the centre of force, 

TO = 7, a Lemniscate of Bernoulli. 

B. D. 9 
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VELOCITY IN AN ORBIT. 

114 If the orbit be central, the velocity is given, as in 
Art. (102), by the equation 

h 

P 
This is Prop. I. Cor. I. of the second Section of the 
Prindpia. 

In general, whether the orbit be central or not, the 
velocity is given, as in Art. (103), by the equation, 

where q is the chord of curvature in the direction of the 
resultant force. 

This is Prop. "VT. Cor. I. of the second Section of the 
Primcipia. 

For iQstance, if the orbit be an ellipse, the force being 
directed to the centre G, and if v is the velocity at P, 

v-^ = \t,GP.'^ = ,j.GD\ 

For an ellipse, when the force is to the focus, 

^SP'' AG ~SP AC 
For a parabola, force to the focus. 

For a hyperbola, force to the focus, 

j^ 2GD' _2^ a 

~^8P'- AG ~8P'^A0' 

For a hyperbola when the force is repulsive from the 
focus, 

^■/SP^- AG AG SP' 



VELOCITY IN AN ORBIT. 



131 



For an equiangular spiral, force to the pole, 



^ = ^^-'-r-^. 



For the orbit, 

r^ = a= cos^ e + ¥ sin^ 0, 

rt«S 

it will be found that p = 



Art. (Ill), 



V(a'' + 6') r^ - a?h'' 



h i^yu 



and .-. since h = V/f, '^ = - = — r '^(a? + 6^) r^ — a^h\ 

115. J/" a particle move in a conic section under the 
action of a force to the focus, the velocity at any point can be 
decomposed into two constant velocities, one perpendicular 
to the radius vector, and the other perpendicular to the axis of 
the conic. 

The sides of the triangle SPO are perpendicular to the 
direction of the actual velocity, and to the directions in 
question. Hence the velocity, and its components are in 
the ratio of the sides of the triangle. GL being drawn per- 
pendicular to 8P, the component perpendicular to SP 

h SP h h IJ- . . ,^r.Q^ 

= SF-PQ = PZ = ^^h'^-^^''^^- 




9—2 
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and, since SG = e. SP, the component perpendicular to the 

axis = -J- . 
h, 

It will be noticed that the latter component is in the 
direction PN, or NP, according as the body is moving 
towards, or away from, the vertex. 

TIME IN AN ORBIT. 

116. The time of passing from one point to another of 
a central orbit is in all cases determined by the equation, 

r^d = h, 

that is, by the fact that the area swept over by the radius 
vector is proportional to the time. 

This is the first Proposition of Section II. of the Prinaipia. 

117. Time in an ellipse when the force is to the centre. 
The equation of the ellipse being 

cos' e sin' g ^ 1 
a' 6' ~r'' 



ah ah sec' 9 



tJli, a' sin' d + y cos' 6 V/a 6' + a' tan' 6 ' 

and therefore the time from the end of the transverse axis 

\ ^ , a tan 9 
= -7- tan~' — i — . 

The Periodic time is equal to the area of the curve divided 
by \h, and 

_ irah _ 27r 
^abf^fj, ^/fi ' 

It will be noticed that this is independent of the size of 
the orbit. 

Time when the orbit is the pedal of an ellipse with regard 
to its centre, the force being directed to the centre. 
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In this case, 

i^ = a^cos^6 + h'siyi''9, and h = A/fi, Art. (Ill), 

so that Vjiti = | r^d6 = ^ (a" + 6^ ^ + i (a" - &') sin 20, 

and the periodic time = '7r(a'' + b')l^//j,. 

118. Time of traversing am, arc of a parabolic path when 
the force is to the focus. 

The equation of the parabola being 

2a 

— = 1 + cos 0, or r = a sec" ^d, 

= -|^ sec* J0 = ^ (1 + tan" ^9) sec" §0, 
v2/i v2/i 

and therefore, starting from the vertex, 

t = a/— (tan ^0 + tan» |6') = a/— t^n J(9 sec" |0. 

119. Time m aw ellipse when the force is to the focus. 

ft 

Taking - = 1 + e cos as the equation of the curve, we 

have 

cZf r" r^ c* 1 



d0 h tJ/xG tjfi' {1 + e cos <?)" ' 
/ • dg _ t cos0 + e ,. r cos gcZg 
^°"^ ^i(l + e cos 0)" ~ i(l + e cos 0y J{l + ecos0y 

sin _ 1 (( 1 1 1 ,. . 

eJll + ecos(9 (l + ecos0)"j ' 



1 + e cos 5 
therefore 



^ ^■'j(l + ecos0)" l + ecos^'^'jl + ecos^ 

esin^ , 2 ^ _, f /I^ 6) 

=-i+ecos0+vr^«*^^" iv lTi*^^2r 
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and the time from the vertex is therefore, since c = a (1 - e=), 



The total area being -rrab, the periodic time 
2irah _ 2-n-ab _ 2'ira^ 
h V/xa (1 - e=) " V^ ' 
This of course can be obtained from the preceding 
expression by taking = tt, and doubling the result. 

120. Time in a hyperbola, when the force is to the focus. 

The process is exactly the same, only that, e being 
greater than unity, the result of the integration appears in 
the form 

( / i^ , e\ 

, J dd _ esing 1 , '•'Ve+l 

^^ ■^^j(l+ecos^)=~l+ecos^ V^^a ^^ 



-tan^ 



bV: 



^-itan^ 
e+1 2; 



121. Tme Anomaly, Mean Anomaly, and Eccentric 
Anomaly. 

The results of Art. (119) can be expressed in different 
forms, or they can be obtained by a different mode of 
procedure. 

We have seen that the periodic time in an ellipse is 

Hence if n be the mean angular velocity 
l-TTJn = 27ra^/n/fjb, 
and .•. n = 'J/i/a'. 

If A is the vertex, 8 the focus, of an elliptic orbit, and if 
P is the position of the moving body at any time, the angle 
ASP is called the true anomaly. 

If (7 is the centre and if the ordinate NP meets the 
auxiliary circle in Q, the angle ACQ is called the eccentric 
anomaly. 

If t is the time from A to P, the mean anomaly is the 
angular distance from the vertex of a body moving with the 
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mean angular velocity about S. The quantity nt therefore 
represents the mean anomaly. 

If A GQ = u, we have 

SG — GN cos M - e 



cost/- ^p AG-e.CN- 



■ e cos u 



and therefore 
Also we have 




e ^ u 
-tan jj. 
e 2 



= e sm M. 



Wl-e'sin^ ^ e\/T^^.P]Sr _ e.PN _ e.QN 
1 + e cos ^ >SP (1 + e cos ^) ~ 6 ~ a 
Hence the equation of Art. (119) becomes 
nt = u — e sin u. 

The preceding result can be obtained directly from the 
figure. 

The periodic time being 27r/n, it follows that 

area ASP : irah :: t : iirjn, 

and, joining 8Q, 

2 2 

n< = -5 (area A8P) = — (area ASQ) 

=:-^(AGQ-SGQ) = u-esinu. 

Employing the relations between u and 6 established in 
the preceding article, we can at once obtain the expression 
for t in terms of 6, as in Art. (119). 
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APSES AND APSIDAL DISTANCES. 

122. An apse in a central orbit is a point at which the 
tangent is perpendicular to the radiiis vector, and the length of 
the radius vector at the point is the apsidal distance. 

We have shewn that, if the central force be a function 
of the distance, the velocity at any point and the inclination 
of the tangent to the radius vector are also functions of the ■ 
distance, and from these facts it follows that if the motion at 
any point be reversed in direction, the particle will retrace 
its path in the opposite direction. 

For, supposing the particle projected from P with a given 
velocity v to arrive at the apse A with a velocity u, the value 

of r T- is a function of v and r, and therefore if 
dr 



rSA 
and a ASP = a, a=j f{r) dr. 



Now, suppose the motion reversed at A ; then the values 
of 6 and a are the same as before, and the orbit is therefore 
retraced. 




We hence see that any apsidal line divides the orbit 
symmetrically. 



APSES. 
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For on arriving at A the particle is under the same 
circumstances with regard to the direction AF' as it was 
when reversed with regard to the direction AF. 

Hence it is obvious that, at an apse, the radius vector has 
a maximum or minimum value, and further that, in a central 
orbit in which the force is a unique function of the distance, 
there can only he two different apsidal distojnces, although there 
may he any nv/mher of apses. 

The analytical condition for the existence of an apse is 
that -j^ vanishes and changes sign, as 6 increases through the 
value which marks the position of the apse. 

123. It follows that we cannot ensure the complete 
description of an orbit by placing a centre of force at any 
assigned point. Take for instance the case of an ellipse, and 
trace its evolute. 

The centre of force may be at the centre 0, or at any 
point of each of the four limited lines AG, DB, EA', FB'. 

If a centre of force be placed anywhere else, as at K, the 
normal KP does not divide the orbit symmetrically, and 
although a particle, projected from A, may describe the arc 
AF, it will not proceed in the ellipse, but will describe the 
arc FA turned over to the other side of KF. 




The same remarks apply to an orbit of any form. 
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124. If the law of attraction be inversely as the nth. 
power of the distance, that is, if P = /itt", the equation of 
motion is 

leading to 

[dej +"~ h'n-l^^- 
Hence the apsidal distances are given by the equation 

which cannot have more than two positive roots, a result in 
accordance with that of Art. (122). 

125. A particle describes a nearly circular orbit about a 
centre of force ; it is required to find approadmately the equa- 
tion of the path and the apsidal angle. 

If VKJ) (r) be the force, and if the particle be projected at 
the distance c, perpendicularly to the distance with the velo- 
city Vc(^ (c), it will describe a circle. 

We shall suppose the particle projected perpendicularly 
with the velocity Vc^ (c) at the distance c + 7, 7 beiug a very 
small quantity. 

We have then A" = (c + 7)^ c0 (c), and if we suppose that 
r = c + x, where x is very small, 

r~c d'' 
and <i>{r) _ 4>{c + x){c + x)\c + i)-i 

hV c<^ (c) 



cV c 4>{c) c)' 



<f>(c) 

if we neglect the squares of the small quantities. 
The dififerential equation then becomes 



*^-i.„io^c<^'(cy 



. + x]3 + 



de^^-r^ He 



f\'^' 
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and the approximate equation of the path is 

3 , c^ (c) Iv (pic) j' 

at the apses, t^ = 0> ^^^ therefore the apsidal angle is 



V 



4>{c) 



If </) (r) = /ii- the apsidal angle is ^ , and if W = ^ it is 
equal to nr. 

It will be seen that if the force vary as the nth power of 
the distance n must not be less than — 3. 

In other words, if n is greater than — 3, a circular orbit 
possesses the characteristic of stability. 

If n = — 3, the apsidal angle is infinite. In this case if the 
particle be describing a circle about the centre of attraction 
as centre, any divergence of path, without change of velocity, 
will cause the particle to describe an equiangular spiral. 

126. Case in which c}> (r) =: fir'^, where n is a positive 
integer, the particle being projected from an apse, at the 
distance c with the velocity V'/tc"+^. 

In this case the equation of motion is 
dhi . 1 



^7S + M = 



leading to 



(duy (n + 1) (cm)"+° + 2 - (w + 3) (cuf+ ' ^ ^ 
\de) "*" (n + l)c''+=M"+^ 



or, if CM = «, 

fdxV (n + 1) «;"+' + 2 - (w + 3) a;"+^ ^ ^ 
[ddj "•" (w + l)a!»+i 

Now if we take 

/(a;) = (n + 1) «"+» + 2 - (n + 3) fl;"+S 
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we observe tliat/(a;) is positive when a; = 0, and is zero when 
x = l. 

Also/' (x) = (n + l)(n + 3) a;" (a^ — 1), so that as x increases 
from to 1, f{x) decreases to zero, and as x increases from 
unity, /(a;) increases. 

It follows that, for positive values oi x,f(x) is positive. 
This result is also evident from the fact that 
f{x) = (x- Vf {{n + 1) a;»+i + 2 (w + 1) a;« + 2wa!»-^ 

+ 2(w-l)a!»-^ + 2(w-2)a;"-''+ 4 6a!' + 4a;+2j. 

Hence it follows from the equation of motion that 

-TTi = 0, and r = o, 
at) 

or that, with the assigned conditions, a circle is the only 
possible path. 

If in this case a slight disturbance of the path take place, 
a nearly circular orbit will be described, the apsidal angle 
being 



V3 + W 
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127. We have seen that when if> (r) = /ir'^, the circular 
orbit is unstable if n is not greater than — 3. 

Taking m to be a positive integer, and putting — 3 — m 
for n, the equation of motion is 

sothat y +-^=^^rr2+^- 

The velocity requisite for motion in a circle, the centre of 
which is at the centre of force, is V/iiC"™"". 
If then we assume that when u = c~\ 

t| = and h' = /j.o-^. 
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we obtain 



or 



/rfwy ^ 2 (cm)'»+^ - (m + 2){cuf + m 
\dd) ~ (m+2)c» 

or, if CM = flj, 

/^Y _ 2a;"'+'-(m + 2)a^ + m 
W ~ m + 2 

This equation can be written in the form 

(TO + 2)(^^j =(a;-l)=i{2a;'» + 4a;"^i + 6a;'»-=+ 

Vii^T2(g) = + (^-l)VX, 

where X is a rational algebraic function of x, which is positive 
if X is positive. 

This equation is satisfied by a; = 1, and j^ = 0, 

da 

i.e., by r = c and j^ = 0, 

representing circular motion, and the integration of the 
equation, where possible, will give the orbit in which the 
particle will ultimately be moving, if the circular motion be 
sHghtly disturbed. 

The circle will be the asymptotic circle of the path, and, 
by taking x less or greater than unity, we obtain the path 
outside or inside the circle. 

If we assume that 6 is measured in the direction of the 
angular motion of the radius vector, the double sign repre- 
sents that the motion may be such that the particle is 
approaching to, or moving away from, its asymptotic circle. 

128. Taking ^ as the inclination of the path to the 
radius vector at any time we observe that 

d9 dO _ 



tan y8 = — Mt-= — a;-5-= + V2 + m 



' du dx {x — 1) \IX ' 

Hence, if the particle be projected from a point at any 
given distance in such a manner that the value of h is that 
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which is requisite for a circular path of radius c, and if the 
direction of projection satisfy the preceding equation, the 
particle will move in a path which has the circle of radius c 
for its asymptotic circle. 

129. As a particular case take the law of force to be that 
of the inverse fifth power of the distance, so that m = 2, and 
the equation for x is 

Taking x less than unity, so as to consider the outer orbit, 
and also taking 

de ^ V2 

dx~\-!>?' 
we obtain 

V2(5 + a) = logj—^ = log^^^. 

If we take ^ = 0, when r = a, 

r + c ^ a + c ^,^2^ 
r—c a—c 

It d = oo , r = c, and if r = oo , 

.V2=log^^. 

a negative quantity, so that, if we measure 6 in the direction 
of the angular motion of the radius vector, the equation 
represents the motion of a particle which is approaching its 
asymptotic circle. 

Taking x greater than unity, so as to consider the inner 
orbit, and also taking 

dd ^ V2 
dx ~x°—l' 

and assuming that 6 = 0, when r = b, we obtain 
c+r c+b 



TRANSVERSAL FORCES. 143 

li 6 = — xi,r = c, and if r = 0, 

c + b 



^V2 = log 



■b' 



a positive quantity, so that the equation represents the motion 
of a particle which is trending away from its asymptotic 
circle, and is approaching the centre of force. 

If in the preceding equations we take a= ao and 6 = 0, 
they take the forms 

r 6 r 6 

- = coth -7K , and - = tanh —t^ , 
V2 c \/2 

representing respectively the outer and the inner orbits*. 



CASES OF TRANSVERSAL FORCES. 

130. Motion of a particle under the action of a central 
force, in a medium the resistance of which varies as the square 
of the velocity. 

Taking the transversal acceleration, we have 

^^(fe) = -ks'''^ = -kkrd, 
r dt^ ' ds 

or \iii'^S) = -lcs, 

r'^9 dt^ ' 

and therefore r'^Q = Ae""**, h being a constant ; or, if p be the 
perpendicular on the tangent, 

ps = he~'". 

Taking the normal acceleration, 

— = P*-, or — e ^ = Fp-j-. 
p r p^ dp 

* In the Proceedings of the London Mathematical Society, Vol. xrti., 
1891, page 264, Professor Greeahill gives an elaborate discussion of the 
stability of orbits, and, in particular, deals with the case of a field of force 
due to the existence of two Newtonian centres of force. 
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By help of the equation — 2 — '"''+ i'yaj > t^i^ is trans- 
formed into 

131. Motion of a particle under the action of a central 
f(yrce in a mediii/m the resistance of which varies as the velocity. 

In this case, 

l^^^^r^e)^-u^f,orl.^m=-m, 

:. r^d = A.e~*', or ps = he~^, 

AT ^ -nP h' ^w x> dr 

Also -=P^, .•. — 6-=*« = P»T-, 

p r p^ ^ dp 

. ^ J. _ !!! ^ _ -^^^ 
'■ dff' p^dr~lihiF' 

132. J. particle is moving under the action of a central 
force in a resisting mediwm; it is required to find the resistance 
necessary for the description of a given path. 

Assuming mR as the force of resistance, we have 

^-^(r'-e)^-RP, '- = P2; 
T dt^ ^ r p r 



••• "^=-il.(^^'|) 



223" ds\ ^ dp) 

133. In the general case if mP is the force to the origin, 
and mT the transversal force, 

r-re^ = -P, l^^(r^e)=T, 
or, taking r'^d =h, h = Tr. 
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Hence 2hh = 2Tr^d, and.-. ^ = — . 

do V? 

r" dd' u dd' 



d'u , .A T, Tdu 
u d9' 
TdO 



■where h'' = 2 I 

If Fis the potential at the point r, 6, of the field of force, 
the equation takes the form 

where h? = -2l\^de. 

Ju' da 

134. The two following problems will further illustrate 
the use of radial and transversal components, and the appli- 
cation of the principle of relative accelerations. 

Two equal particles are attached to the middle point B, 
and to the end G, of a string ABG, the end A of which is 
fixed on a smooth horizontal plane ; it is required to find the 
equations of motion of the particles in the plane. 

If 9 and ^ are the inclinations of AB and BG to a fixed 
line on the plane, the accelerations of B along 5J. and 
perpendicular to it are a^^ and a6, and the accelerations of 
G relative to B along GB and perpendicular to it are a^" 
and a'^. 

Compounding the accelerations perpendicular and parallel 
to GB, we obtain the equations of motion of G, 

a^ + a'e cos (<f>-e) + ae= sin (0- ^) = (1), 

m {acf)'' + ae' cos ((^-6)- ad sin (^ - 6)} = T. . .(2), 

and, for the motion of B, 

mad = T'sm{^-e) (3), 

mae^ = T-T cos iJi-O) (4). 

B. D, 10 
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Eliminating T between (2) and (3) we obtain, 
a9E>=sin(^-^)+ae''sin(^-^)cos(0-0-aS{l+sin=(^-0)} = O 

(5). 

Multiplying (1) by 1 + cos (^ - 6), and subtracting (5), 
+ (^ + e) {1 + cos (^ - ^l)} - ((^'' - 6)=) sin (0 - ^) = 0, 
and therefore 

e+{<i>+e)[\+coa{^-e)] = G. 




This is really the equation expressing the constancy of 
the angular momentum, and could have been written down 
at once. 

Again, eliminating 6'^ from (1) and (6), 

<}y' sin(<p- 6) - ^ cos (cf>- e)-20 = (6). 

Multiplying (1) by 2<f), (6) by 2^, and subtracting, 

24>4>+iee+2{eif+<pe) cos {^-e)-2{^-'e-6^^) sin (^-e)=o, 

and therefore 

^2 + 26' + 26^ cos (<l>-0) = D. 

which is the equation expressing the constancy of energy, 
and could have been written down at once by observing that 
the velocity of G is compounded of a^ perpendicular to GB, 
and of ad in the direction perpendicular to BA. 

We have given the preceding solution for the sake of 
illustrating methods and principles, but so far as the present 
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problem is concerned its solution is perhaps more easily 
effected by employing rectangular components. The equa- 
tions are then, if x, y be co-ordinates of B, and f , 17 of G, 

trvk = T' cos (j) — T cos 6, my = T' sia^ — T sin 0, 

m^ = — T' cos <f>, mrj = — T' sin <p, 

with the geometrical conditions, 

a; = a cos 6, ^ = acosd + a cos ^, 

y = asmd, ri = asm6 + a sin <^. 

Multiplying the equations of motion by 2x, 2^, &e;,, and! 
adding, we obtain 

ai' + y^ + ^^+'n^ = D; 
we also find that 

xy-yx+^r}-vt = Q, 
leading to 

xy-yi; + ^7j-7)t=G. 

These are the equations of energy and momentum, and 
by means of the geometrical equations are at once expressible 
in terms of 6 and j> as before. 

Of course the simplest solution consists in utilizing the 
principles of energy and of angular momentum, and at once 
writing down the two equations derived from these prin<;iples. 

135. The same system being suspended from the end A, 
it is required to determine the small oscillations in a vertical 
plane. 

Neglecting the squares of small quantities, and taking 9 
and (^ as the inclinations to the vertical, the acceleration of G 
relative to B is a^ perpendicular to GB, and that of B is ad 
perpendicular to BA. If T and T' be the tensions, the 
approximate equations of motion, neglecting the product 
6 sin {(j) — 6), and taking cos {j>-d) = 1, and sin {cj>—6) = 4>-0, 
are 

for 0, m (a4> + ad) = - mg(f> ] 

= -mg + Ty 

and for 5, mad = - mgd + T' {^ - 6)\ 
= -mg + T-T' J* 

10—2 
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We hence obtain T' = 'm,g, and T=2mg\ 
therefore 04 = g (26 - 2^), and a9 = g(4,-2d). 
Multiplying by X and adding 

2\ — 2 
and if we assume -^ — r- = \, we find that \ = + V2. 

We hence obtain two equations of the form 

!j> + xe + ^(2 -. X) (^ + xe) = 0, 

0/ 

the solution of each being of the form 

^ + X6 = A cos nt -^^ B sin nt. Chapter ir., 

shewing that the values of 6 and ^ are each compounded of 
harmonic quantities. 



EXAMPLES. 

1. A heavy particle is fastened by two equal strings to 
two points in a horizontal line, and then whirled round in a 
vertical plane ; the velocity is such that if one of the strings 
break when the particle is at its lowest point or when it is 
half-way between its highest and lowest points, the particle 
will continue to describe a circle; find the least distance 
between the points of suspension that this may be possible. 

2. If a body move in an ellipse under a force to a 
focus, the velocity, at the mean distance from the centre of 
force is a mean proportional between the velocities at the 
extremities of any diameter. 

3. Find the law of force to the pole when the path 
is the cardioid, r- = a (1 - cos ^) ; and prove that, if F be the 
force at the apse, and v the velocity, 

M = A>aF. 
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4. If a particle be describing an ellipse about a centre 
of force in the centre, shew that the sum of the reciprocals 
of its angular velocities about the foci is constant. 

5. A particle is describing the ellipse l = r{l + ecos6) 
under the actipn of a force tending to the origin ; if the 
velocity be altered at any point so as to make it describe a 
parabola, shew that the vertex of the parabola lies on the 
curve 

r = a (1 — e cos 6). 

6. A particle describes an ellipse about a central force 
in the focus 8, SY is a perpendicular upon the tangent to 
the orbit ; shew that the angular velocity of SY is a minimum 
or maximum when the particle is at the farther apse ac- 
cording as the eccentricity is less or greater than 1/3. 

7. A body is describing an ellipse under the action of a 
force to a focus. 

When the body is at one extremity of the axis minor the 
law of force is changed without instantaneous change of the 
magnitude of the force or of the velocity ; if the force now 
vary as the distance prove that the periodic time is the same 
as before. 

8. A body which is describing an ellipse about a centre 
of force in a focus has the direction of its velocity turned 
through the angle a at the instant it arrives at its mean 

■ distance ; if e is the eccentricity of the original orbit prove 
that the eccentricity of the new orbit is 

e cos a + Vl — e^ sin a. 

9. A particle describes an equilateral hyperbola under 
the acbion of a centre of force at the centre ; prove that if 
the radius vector, during the time t after leaving the apse, 
passes over the angle d, 

tan 6 cosh V/aJ = sinh V/Ti. 

fj.r being the force at the distance r on unit mass. 
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10. A particle describes an ellipse about the focus S, 
and when it arrives at the point P the centre of force is 
instantaneously removed to the other focus S'; shew that if 
p, p be the radii of curvature at P of the old and new orbits 

p : p' = SP' : S'P'. 

11. A particle is describing an orbit about a centre of 
force ; find a curve such that if a particle initially at rest, 
start from any point in it, it shall, on arriving at the first 
curve, have the velocity which the particle, in' the orbit has 
when it passes through that point. 

12. A particle moves under the action of an attractive 
force to a fixed point varying as the distance from that 
point ; prove that the equation of the path is 



13. If at any point of a parabolic orbit about the focus, 
the velocity be diminished in a given ratio, prove that the 
other foci of the elliptic orbits corresponding to different 
points of change lie in a parabola. 

14. An imperfectly elastic particle is under the influence 
of a smooth hard gravitating sphere. Shew that (excepting 
special circumstances of projection) it will perpetually describe 
arcs of conic sections : determine also the elements of the 
orbit described after any number of rebounds. 

15. From every point of an ellipse particles are projected ' 
in the direction of the tangent with velocities such that, when 
acted on by a centre of force ixjr^ in one of the foci of the 
ellipse, they proceed to describe parabolas. Shew that the 
directrices of these parabolas all touch one or other of two 
fixed circles whose radii are equal to the major axis of the 
given ellipse. 

16. If Vi, v^ be the velocities at the extremities of a 
diameter of an ellipse described about the focus, and u the 
velocity at either of those points when it is described about 
the centre, prove that u (I'l + v^ is constant. 
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17. Two equal and perfectly elastic particles are under 
the action of the same centre of force /^/r^; the one is 
describing an ellipse and the other a confocal hyperbola, the 
semi-major axes being (a), (a') respectivelj''. If they impinge, 
then after impact they will describe two conies, cutting each 
other orthogonally and of semi-major axes (a, a!), where 

a a! a + a' ~\a + a' a a') ' 

the upper or lower sign being taken according as the hyper- 
bola is described about the outer or inner focus. 

18. OF is the perpendicular from a fixed point on the 
tangent to a curve at any point P. If the curve is such that 
PF is constant, and a particle describe it under the action of 
a force to 0, prove that the force varies as OP -r- OYK 

19. A number of circles touch at a point P, and particles 
describe them under forces to a point 8, on the line through 
P perpendicular to the common tangent, inside all the circles, 
the forces on all the particles when at P being the same: 
prove that the squares of the periodic times vary as the 
cubes of the radii of the circles. 

20. A curve described by a particle under the action of 
a central force is such that, if at any moment the component 
velocity along the radius vector be destroyed by an impulse 
along the radius vector, the particle will proceed to describe 
a circle : prove that the curve is a reciprocal spiral. 

21. The ends of a straight tube AB, of length 4(x, are 
connected by an elastic string, the natural length of which is 
2a ; a particle is fastened to the middle point of the string, 
and the tube is then made to move uniformly, in a horizontal 
plane, about a fixed point 0, with which it is rigidly con- 
nected, and which is equidistant from its ends: determine 
the motion of the particle, examining the different cases 
which may occur in the question. 

22. A particle is placed in a straight tube which revolves 
uniformly in a vertical plane about its lowest end. Supposing 
the particle to have no initial velocity relatively to the tube 
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and that initially the free end of the tube is vertically above 
the fixed end, prove that the velocities of the particle along 
the tube, when the tube returns successively to its initial 
position, are proportional to 

sinh 27r, sinh 47r, sinh Gtt, 

23. Prove that the law of force under which the pedal 
of p =f{r) can be described is 

As J?!l° _ L *ll 
\p' p*dp)' 

If j) oc r" the law of force under which the pedal can be 
described varies inversely as (distance) " . 

24. Prove that, if a particle move in a smooth tube 
under the action of any forces tending to centres, the pressure 
at any point of the tube will vary as 



\{^-^WH' 



where -r— is the acceleration towards any one of the centres, 
dr 

and p is the radius of curvature ; and hence, that the pres- 
sure at any point of the tube will vary as the curvature, 
whenever the orbit is such as could be described freely under 
the action of each of the forces taken separately. 

25. The attraction to a given point, at a distance 
r, = d/j./r' + 2fji,d'/r^. A particle is projected in a direction 
making an angle tan""^-^ with the initial distance (a), and 
with a velocity equal to that in a circle at the same distance ; 
prove that the orbit is 



t-^'M)- 



26. A body is describing an ellipse of eccentricity V^ 
under a force to the focus S: when the particle is at one 
end B of the minor axis, the centre of force is suddenly 
transferred to a point 8' in BS produced such that BS' = 4<BS, 
and the absolute force is doubled and becomes repulsive: 
prove that the new orbit is a rectangular hyperbola. 
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27; If the orbit he r = a sin n0, shew that the attrac- 
tion is 

"2nW n" - 1" 



28. Force oc 2a-'ii'' + 9«» + 6au\ A body falls freely 
from infinity towards the centre of force till its distance is 
a, and then its direction is suddenly turned through the 
angle cot"' 4; find the orbit described. 

29. A particle is tied by an elastic string of length a to 
a point wherein resides a repulsive force oc (dist.)^ : its initial 
distance is a, and it is projected at right angles to this with 
a velocity \/3/2 times that necessary for circular motion, were 
the force attractive. If it passes through a point of inflection 
at a distance 3a/2, shew that it will come to a second apse 
at the distance 3a. 

SO. Having given P = fjLu°, and that a particle is pro- 
jected from an apse at the distance c, find the orbit (1) when 
the velocity of projection is V/x/c^V^, (2) when it is V/I/c°. 

31. SN is a fixed line through a centre of force S; PN 
is the ordinate at any point P of the path of a particle acted 
on by the central force ; find the force when the path always 
bisects the triangle FI^S. 

32. If the path be the lemniscate of Bernoulli, the 
equation to which is r^ = a" cos 29, prove that the square of 
the force varies as the seventh power of the angular velocity 
of the radius vector of the particle. 

33. A point is moving in an equiangular spiral, its 
acceleration always tending towards the pole, S. When it 
arrives at a point P, the law of the acceleration is changed 
to that of the direct distance, the actual acceleration at P 
being unaltered. Prove that the point will now move in 
an ellipse whose axes make equal angles with SP and the 
tangent to the spiral at P, and that the ratio of these axes 

is tan ^ : 1, where a is the angle of the spiral. 
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34. A particle m is projected at a distance a from a 
fixed point, in a direction at right angles to that distance, 
with a velocity V/i/2a V2, and is acted upon by a repulsive 
force m/i/r* from that point ; find its path, and prove that the 
time from the distance a to the distance a a/2 is 2'/2a^/3 ij/j,. 

35. A particle moves under a force mfi {Saw*— 2 (a''—b'')u^}, 
a being > b, and is projected from an apse at a distance 
a+b with velocity V/i -^ (a + 6) : shew that its orbit is 

r = a + b cos d. 

36. If the parabolic orbits of two comets intersect the 
orbit of the earth, supposed circular, in the same two given 
points, and if ^, 4 be the times in which the comets re- 
spectively move from one of these points to the other, prove 
that 

(«. + «.)* + a -4)^ =(3^). 
the unit of time being a year. 

37. A particle is projected with velocity v from the 
vertex of a cycloid and describes the curve under an attrac- 
tion to a centre of force situated on the axis at a distance 
from the vertex greater than the diameter of the generating 
circle and less than twice that diameter; prove that the 
particle will be again at an apse after a time 

a 2a' cos « + 3a sin « + 3 sin ' a cos a 
V ' a cos a + sin a ' 

a being the radius of the generating circle of the cycloid, 
and a the apsidal angle. 

38. A particle P describes a central orbit, centre of 
force S, and through P is drawn a straight line at right 
angles to PS, which line touches its envelope in Q: prove 
that the velocity of Q 



r 






and is constant only when the path of P is a parabola, whose 
focus is S. 
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89. A particle m is projected from an apse with the 

velocity from infinity under the attraction of a force —^ log - 

directed to a centre at a distance a : find the equation of the 
orbit described. 

40. A point describes a semi-ellipse, bounded by the 

conjugate axis, and its velocity, at a distance r from the 

' _ C fid — r) "1 * 

focus, is a \^^ -\\ , 2a being the length of the transverse 

\r (2a -r)] ' ^ ° 

axis, and / a constant acceleration ; prove that the accelera- 
tion of the point is compounded of two, each varying in- 
versely as the square of the distance, one tending to the 
nearer focus, and the other from the farther focus. 

41. Two particles each of unit mass describe an ellipse 
and a confocal hyperbola respectively under force in the centre 
of the same absolute magnitude fi, and the velocities at the 
apses are the same. Shew that the velocity of either 
particle at a point where the curves intersect is 6V2/i where 
h = semi-minor axis of ellipse. 

Also the times taken from the apses to this point are 
respectively 

1 . , Vl-e" J 1 1 1 + Vl-e= 
-7- sm-^ and ^-^ log = r== , 

e being the eccentricity of the ellipse. 

42. A particle is to be projected with given velocity 
from a given point under a central force x (distance)"^ so 
that the apse line shall make a given angle 6 with the 
initial radius vector. Shew that there are two directions of 
projection making angles with this radius vector whose sum 

is e + ^OT 6 + -^. 

43. If the orbit be an ellipse, force miJ-JT^ to a focus, and 
the centre of force be suddenly transfeired to the centre, the 
new central force being given by mfj^RIR^ri^ where R is the 



156 EXAMPLES. 

new central radius and r^, R^ the radii at the instant of 
change, then shew that the new orbit is an ellipse having 
double contact with the old orbit and wholly within it. 

44. A particle moves under a central force 

being projected at a distance r = a with a velocity '\/bfila in 
a direction making tan~' ^ with the radius : iind the orbit. 

45. A particle is projected from an apse at a distance 
r— with velocity V and moves under a central force 

m (hV + Au^ sin au) ; 
shew that the equation to the orbit is 

n 



2,r.M^=Flogtanf^V 

46. IfP = ^Jl + — j and the initial radius, velocity, 
and angle between radius and tangent are c, a/—, 
and sin-' a /o» prove that the equation to the path is 

r_ 24-4\/6".g+g' 
c~24-8V6.0+2^"" 

47. A particle is projected from a point P at distance a 
from a centre of force in a direction making an angle of 
30° with OP. If the force to be equal to mnjr^ + miiair' and 
the velocity of projection be 2 {2fj,la)i, prove that the equation 
of the path is 

^ = 1+V6sin-^. 

48. If the force at a distance r be 2m/t ( -5 - — ) and tho 
particle be projected from an apse at a distance a with a 
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velocity -— , it will be at a distance r from the centre after a 

CL 

time 



wA""^"^ 



r + vr' — a' 



+ r'\/r' — a" 



49. In an orbit described under the action of a central 
force, a straight line is drawn from the centre of force per- 
pendicular to the tangent and proportional to the accelera- 
tion : if this straight line describes -equal areas in equal 
times, shew that the equation to the orbit is of the form 






Shew that the rectangular hyperbola is a particular case. 

50. Having given P = 5/iw' + 8ficV, and that a particle 
is projected from an apse at the distance c with the velocity 
3 Vju/c, prove that the orbit is r- = c cos 25/3. 

51. A particle acted on by the central force rrifji, (r + a)lr^ 
is projected from an apse at a distance a and with a velocity 
which is to that in a circle at the same distance as 1 : \/2 ; 
shew that the equation to the orbit is r (2 H- 6^) = 2a, and that 
the particle will amve at the pole in time ttVuVVS/*. 

52. Force x (SaV - 12aV -1- 9aw' - 2m=). _A particle 
is projected at distance a with a velocity = v'2/3 that in 
a circle at the same distance, and in a direction making 
an angle 7r/4 with the radius vector ; find the orbit described, 
and prove that its equation is r = a (1 — tan &). 

53. Prove that there are two directions in which a 
particle, acted upon by a central force varying as the dis- 
tance, can be projected from a given point, with given 
velocity, so as to pass through another given point. 

54. The attraction to a fixed point varying inversely as 
the fifth power of the distance, a particle is projected in 
a direction making the angle taa~^ 2V2/3 with the initial 
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distance c, with the velocity V'l7/i/v'2c= ; prove that the 
orbit is 

c Se^^'-^ + l' 

55. Two heavy particles are connected by a string with- 
out weight. One particle is just dropped through a hole 
in a smooth horizontal plane and the other is projected on 
the plane at right angles to the string fully stretched. 

(1) Find the least velocity of projection which will 
keep the particle from descending. 

(2) If the velocity of projection be less than this, 
determine the motion of the descending particle. 

56. A particle describes an equiangular spiral under the 
action of a central force to the pole in a medium in which 
the resistance varies as the square of the velocity. Prove 
that the distance from the pole at which the central force is 
a maximum is half the distance at which the velocity is a 
maximum, and that these distances are independent of the 
initial distance or initial velocity. 

57. Two equal particles P and Q, on a smooth horizontal 
plane, are connected with each other by a stretched inelastic 
string of length I, which passes through a smooth ring (0) 
fixed to the plane; P being projected perpendicularly to PQ, 
find the equation to its path, and shew that, when Q arrives 
at (0), P will have described a right angle about (0) if the 
initial distance of P from it be equal to I cos •7r/2-v''2. 

58. A rod which is extensible in accordance with 
Hooke's law is made to rotate with uniform angular ve- 
locity CO, about a line through one extremity perpendicular 
to its length, and is supposed to remain straight.- If a be its 
natural length, m the mass of unit of length when un- 
stretched, \ its modulus of elasticity, and I its length when 
rotating, shew that 



^=Vm^'''fV?}" 
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69. Find the law of force to a fixed point under the 
action of which the nth pedal of a curve with regard to that 
point can be described. 

Prove that for the nth pedal of a rectangular hyperbola 
with regard to its centre, the force varies inversely as the 

n — — "Y th power of the distance. 

60. Prove that if a particle describes an epicycloid 
under a centre of force at the centre of the fixed circle the 
force varies as rjp*. 

61. A particle describes a curve under an attractive 

force whose acceleration at a distance r is ^(r+ 2(x)(r + 4a): 

it is projected when r = 2a at an angle of 30° with a velocity 
which is to that in a circle at that distance as a/2 : \/3. Shew 
that the path is r = a [{6 — /JZf - \], and the time to the 
pole is 

62. A particle, mass m, is acted upon by a central force 
which is some function of the distance r and by a transverse 
force mfir. Prove that, if the particle move completely round 
any closed cdrve, the square of the velocity is increased by 
4</i (area of curve). 

63. A particle describes a lemniscate about a centre of 
force in the node ; shew that the velocity of the con-espond- 
ing point of the rectangular hyperbola to which the lemnis- 
cate is related yaries as the fifth power of the radius vector 
of that point. 

64. Shew that under the action of forces that have not 
a potential, an endless string of uniform density, stretched 
round smooth pullies in one plane, would revolve contin- 
uously with uniformly increasing velocity. Shew further 
that if the field of force be such that unit mass experiences 
a force jxr perpendicularly to the radius vector, and if in 



160 EXAMPLES. 

addition the string be stretched on a solid smooth cylinder 
of any shape .without singularity, then on being released 

V 

from rest the string will make one circuit in time ;^/=^' 

where I and A are the length of and the area enclosed by 
the string respectively. 

65. A particle describes a parabola under two forces, 
one constant and parallel to the axis, and the other passing 
through the focus; prove that the latter force varies in- 
versely as the square of the distance from the focus. 

Shew also that, if the force through the focus be repul- 
sive and numerically equal, at the vertex, to the constant 
force, the particle will come to rest at the vertex ; and find 
the time occupied in describing any arc of the curve. 

66. A particle is describing an equiangular spiral in a 
resisting medium under a force to the pole and the rate of 
description of areas is uniformly retarded ; prove that the 
force is ^r~' — Xr~S and find the law of resistance. 

67. A particle is projected at a distance a with a 
velocity equal to the velocity in a circle at the same distance, 

and at an angle -j with distance, the force being /t* ( -g + 3 ) ; 

determine the orbit described, and shew that the time to the 

68. A particle is describing a circle under the action of 
two forces F and F' towards the extremities of a diameter : 
prove that if r, r' be the distances of the particle from these 
extremities, then 

69. Two curves are inverse to one another with regard 
to a point ; prove that if they can be described under 
forces F and F respectively tending to 0, then 

^F r''F' 2 
- + - 



centre of force is - 



h-" A'= sin"0' 
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where r and / are corresponding radii vectores, ^ the angle 
which r or r' makes with the tangent and h, h' are constants. 
Hence find the force tending to a point on the circum- 
ference under which a circle can be described. 

70. A particle can describe a certain orbit under the 
action of a force P to the point S, and it describes the same 
orbit under a force P' to the point 8'. Find the necessary- 
conditions that it may describe the same path when acted on 
both by P and P'. 

Two centres of force attracting inversely as the square of 
the distance are distant r, r' respectively from a particle 
moving under their influence: if d, ff be the angles r, r' 
make with the line joining the centres of force, then 

„ ,„ do do , n / m \ 

r^r '' -J-. -T- = a {fi COS + fj, cos 6 + c), 

fi, III being the absolute intensities of, and a the distance 
between, the centres of force, and c an absolute constant. 

71. AB is a string of length I and at 5 a particle is 
tied and the whole system is at first at rest on a smooth 
table with OA, AB in one straight line ; if J. be made to 
move in a circle round with uniform angular velocity SI, 
then the string AB will be in the same straight line as OA 
at instants of time separated by the intervals 

Also if Z = a, then the polar coordinates of B at any time are 

given by 

cos {6 — Xli) cosh X2i = 1, r cosh Hi = 2a. 

72. A particle moves under the central attraction 



.(v?- 



'^"*" £j2»y2n+8 1 



I i 



and is projected from an apse at distance a with a velocity 
bearing to that in a circle at the same distance the ratio 
of 1 to >v/(l — '")> ** heing less than unity. Find the orbit 

B.D. 11 



162 EXAMPLES. 

described, and shew that the particle will be at a distance 

a (sec ^)", after the lapse of the time 

(sec (fyy+n d^. 



a? /2 f* , 



73. Prove that the central force to the pole which 
causes a particle to describe an equiangular spiral in a 
medium wherein the resistance varies as the w* power of the 
velocity (the initial velocity having been properly chosen) 

n 

varies inversely as (r)"~' where r is the distance of any point 
from the pole. Find also the velocity at any point in terms 
of r. Examine the cases where n = 2 or 1. 

74. Shew that a particle may be made to describe an 
epicycloid under the attraction of a circular wire whose 
particles attract inversely as the cube of the distance, the 
circular wire being the fixed circle of the epicycloid. 

75. A heavy particle of mass m is lying on a smooth 
horizontal table at a given distance c from a small hole in 
the table and is connected with a heavj' particle of mass m' 
by an inelastic string passing through the hole. The par- 
ticle m is held at rest, supporting m', also at rest ; find the 
velocity with which m must be projected along the table, at 
right angles to the distance c, in order that it may move in 
the circle of which the hole is the centre. 

If the circular orbit be slightly disturbed, prove that the 
apsidal angle of the nearly circular path of m is 

76. Two equal particles m and m', connected by a light 
inextensible string mABm' are laid upon a smooth horizontal 
table, the string passing round a portion AB oi the circum- 
ference of a fixed circular disc with centre and radius a ; 
if the particle m be now projected with any velocity consis- 
tent with the string remaining stretched, write down 
equations for determining the motion. 
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If the length Am a,t any time be denoted by r, and the 
corresponding angle A OB by 0, prove that, if the initial 
circumstances be properly determined, 

- = \/2 tan — jr- , a being a constant, 
a v" 

77. A wire in the form of a plane curve is constrained 
to rotate about an axis perpendicular to its plane with 
varying angular velocity. Find the motion of a bead which 
slides upon it under the action of any given forces, and the 
pressure on the wire. 

If the wire is circular, and the axis through a point in 
its circumference, and the angular velocity to uniform, shew 
that the pressures on the curve at the two extremities of 
the diameter perpendicular to that through the axis are 
(3 + 2»/2) may^a, the particle starting from rest at a point 
near the axis. Draw a figure to indicate at which of these 
points the pressure is the greater, and the direction of that 
pressure. 

78. A small smooth ring can move upon a smooth 
circular wire which is made to roll with uniform angular 
velocity eo on the outside of a horizontal circle of n times its 
radius: prove that the angle through which the ring will 
have revolved with respect to the wire at a time t is 

{(?i + 1) (^ — na>t]l{n + 1) where (f> = co'' sin ^/(w + 1). 

79. Two particles P, Q, of equal mass, slide upon a 
smooth endless string OPQ, which passes through 'a small 
smooth ring at 0, and lies on a smooth horizontal plane. 
OP is initially equal to OQ, and the particles are projected 
with equal velocities along the external bisectors of the 
angles OPQ, OQP respectively ; prove that, throughout the 
motion, the tension of the string varies inversely as OP. 

80. A particle of mass m is attached to a fixed point on 
a smooth horizontal plane by an elastic string of natural 
length a, and whose coefficient of elasticity is mg. It is 
projected with the velocity due to half the length of the 

11—2 
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string in a direction perpendicular to the string which is 
initially unstretched. Prove that the apsidal distances of 
its orbit are given by 

a' (r' - a') -r^r- a)' = 0. 

81. A body is moving in a uniform resisting medium, 
the resistance of which varies as the n^ power of the velocity, 
under the action of a force varjdng inversely as the square of 
the distance ; find the value of n in order that the path may 
be an equiangular spiral. 

82. Forces m/ir-, m/jfr' act in the directions of two fixed 
points S, S', the former being attractive and the latter 
repulsive. Prove that a particle under their influence moves 
in such a way that 

d0 , .d6' 



^r'-+^y>^=c^ 



c being a constant and ff, 6' the angles that r, r' make 
with 8S'. 

83. A smooth circular tube is fixed at one point A and 
contains a particle which is initially at rest at the opposite 
extremity of the diameter through A. The tube is then 
made to revolve in its own plane with a uniform angular 
velocity w ; shew that the angle described by the particle 
about the centre of the tube in the time t is 

4 tan~' (tanh \ ait). 

84. A heavy particle is attached to a fixed point by 
means of an elastic string of natural length 3a, whose coeffi- 
cient of elasticity is six times the weight of the particle ; 
when the string is at its natural length and the particle 
vertically above the point of attachment the particle is pro- 
jected horizontally with a velocity 3Va^/V2; verify that the 
angular velocity of the string will be constant and that the 
particle will describe the curve r = a (4 — cos 6). 

85. A particle m is projected from an apse at distance c 
with velocity j2fj,(^/s/3. The force to the centre being 
■nifj, (r* — cV), prove that the orbit is a^ + y*=c*. ■ 
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86. When the forces have a potential equal to — im'' cos 
and a particle is projected at a distance a perpendicular 
to the initial line with velocity ^^Jfjija, then the orbit de- 
scribed is 

\J2 log tan ^^^-^j. 



r=a sec 



87. A particle acted upon by a constant repulsive cen- 
tral force, is projected at right angles to the initial distance 
with a velocity double that which would be required in 
moving from the centre of force to the point of projection ; 
prove that the orbit is 



| = tan-^^__^- 1 tan-^ 



r — a 



V3 V 3a ' 

88. The force to a fixed centre varies inversely as the 
fourth power of the distance. If a particle, which is de- 
scribing a circle of radius c with its centre at the centre of 
force, has its motion slightly disturbed, prove that it will 
ultimately move in either the path 

- = — =— ;= — ^ , the outside orbit, 
c cosh — z 

r cosh 6-1 ,, ■ .J T... 
or - = — r-7i — K 7 the mside orbit, 

c cosh a -i-z 

If the law of force is that of the inverse seventh power, 
prove that the corresponding orbits are 

r" _ cosh 26 + 2 , r^ _ cosh2g-2 
c"=~cosh2^-l c»~cosh2^-t-l" 

89. A smooth horizontal plane revolves, with angular 
velocity co, about a vertical axis, to a point of which is 
attached the end of a weightless elastic string of natural 
length d just sufficient to reach the plane. The string is 
stretched and after passing through a small ring at the point 
where the axis meets the plane is attached to a particle of 
mass m which moves on the plane. Shew that if the par- 
ticle be initially at rest relative to the plane it will describe 
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on the plane a hypocycloid generated by the rolling of a 
circle of radius ^c{l — co (mdX~')*} on a circle of radius c, 
where c is the initial extension, and \ the coefificient of 
elasticity of the string. 

90. A smooth circular wire rotates uniformly in its own 
plane, which is horizontal, about a fixed point, the distance 
of which from its centre is one-third of its radius, and a bead 
which can move on the wire is attached to it at the point 
nearest the fixed point. If the bead be set free, prove that 
it will make complete revolutions, and that, at the angular 
distance sec~^ 3, its pressure on the wire will vanish. 

91. If the potential at the point (r, 6) in a field of force 
is —ixv? cos 6, and if a particle is projected so that h?= 2/i, 
and if ^ = initially, find the differential equation of the 

orbit, and prove that, between ^ = and = -^, the radial 

velocity is constant. 

92. A particle is projected towards the origin from 
infinity with any velocity, and is acted upon by a force fiu' 
at right angles to the radius vector; shew that it will 
describe a curve of the family, u = a6^ J^ (6), where J„ (a) is 
the Bessel's function of the n* order, and find the velocity of 
projection in order that a particular curve may be described. 



CHAPTER VIII. 



TANGENTIAL AND NOEMAL ACCELEEATIONS. 



136. If mT and mN be the forces acting on a particle of 
mass m in directions of the tangent and normal, the equations 
of motion are 

ms — mT, or mv-T-=mT, 
as 

and m — = mN. 

P 

We have already made a slight use of the expression for 
normal acceleration in article (103) ; we now proceed to 
develope, somewhat at length, the utilization of these 
expressions. 

Motion of a heavy particle on a smooth curve in a vertical 
plane. 

Measuring x horizontally, and y vertically downwards, and 
taking R as the normal reaction of the curve, measured 
outwards, the equations of motion are . 

dv dy v^ doc „ 

mv-r- = mq^. m— =mg ^ K, 

ds ^ ds' p ^ ds 

The first equation gives 

im (v^ - u") = mg(y- y'), 

if u be the velocity when y=y'. 
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TANGENTIAL AND NORMAL 



This is, in effect, the equation of energy, and can be 
written down at once from the assumption of the truth of 
the principle of energy. 

The second equation determines the pressure. 

137. Motion of a particle on a smooth curve wider the 
action of forces to fixed centres, the forces being fwnctions of 
the distances from those centres. 

If r, r',... be the distances of the particle from the 
centres of force, and mP, mP'. . . the forces, the equations of 
motion are 

dv Ttdr ^ Tvdr' 

as as ds 

v" ry de _, , de' 

m—= mPr t- + mP r -t- + . . . +■ ii. 
p ds ds 



From the first. 



Jmv" = 2 I mPdr ; 



this, which is the equation of energy, gives the velocity and 
the second equation determines the pressure. 

138. Motion of a heavy particle, placed on the outside of 
a smooth circle wnd allotued to slide down. 




If the particle start from the point Q, at an angular 
distance a from the vertex, and v be the velocity at P, 

v' = 2ga (cos a — cos 6), 
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and — = mg cos — R, R being the outward reaction of 

the curve, 

.'. R = mg (3 cos — 2 cos a), 

shewing that the pressure vanishes, and that the particle 
flies off the curve, when 

cos ^ = f cos a. 

139. Motion of a heavy particle inside a smooth circular 
tube in a vertical plane. 

We shall suppose that the particle starts with a given 
velocity u froin the lowest point B. 




Measuring 6 upwards, the equation of energy is 

•J-m (v" — u'') = — mga (1 — cos d), 

and the equation for the pressure ia 

mv^ r> a 
= M — mg cos ff, 

R being the pressure, inwards, of the tube on the particle. 
m ^ ^ a 
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To find the height of ascent we put v = 0, and to find the 
point where the pressure vanishes we put R = Q. 

(1) Take v?<2ga; then the highest point is given by 
2ga cos 6 = 2ga — u\ and the pressure never vanishes. 

(2) If «* = 25ra, the particle rises to G and the pressure 
then vanishes. 

(3) If M^ > 2ga and < iga, the highest point is given by 

cos 61 = - / , 
2ga 

and the pressure vanishes, and changes sign, when 

a V?— 2gra 

cos P = -7 — ^^ . 

^ga 

(4) If u^ > ^ga and < 5ga, the particle rises to A and 
passes over and the pressure vanishes when 

cos0 = ^ — ^-. 

Bga 

(5) If u^ = 5ga, the pressure vanishes at A. 

(6) If u' > 5ga, the pressure never changes sign. 

Oscillation of a Pendulum,. 

,140. A heavy particle, suspended by a weightless string 
from a fixed point, and oscillating in a vertical plane, forms 
a simple pendulum. 

Measuring 6 from the vertical, and observing that if a be 
the length of the string, s = ad, the equation of motion is 

a6 = — g sin 6. 

If the amplitude of oscillation be very small, the approx- 
imate equation is 



and therefore d = A cos 



i'Ji'^')- 
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This represents isochronous vibrations, the time of a 
complete vibration being 27r ■ /-, 

Finite motion of a Pendulum. 

Recurring to the equation a9=—g sin 6, and supposing 
the pendulum to start at an inclination a. to the vertical, 
we obtain 

ad'' = 2g (cos 6 — cos a), 

and therefore, if t be the time of oscillation from one side to 
the other, 

de 



■=2 /" r ^^ — =,/gr- 

V "^gh Vcos^-cosa V gJa Vsin^ ^a - sia^^ 

a „ 

Putting sin ^ = sin ^ sin ■y^, this transforms into 



V gh Vl-sii 



r=2- ^ 



gjQ VI— siii2^asin®'>|r 

= 2^i^(sinKj). 

If Q be the angle at the time t from the lowest point, 

/¥ /•« de ^ /a /•* d^jr 

~ V 2g)o Vcos^-cosa ^ gJo Vl - sin^ Ja sin^ i|r 
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or, in the notation of Jacobi and Guderman," 



^ = am(yfi). 



Q 

and the height of the boh of the pendulum = 2a sin' ^ 



'-M-Jl'V 



= 2asin''^ sv?{\/^ t), mod. sin „. 



141. Motion of a heavy particle on the arc of a smooth 
cycloid, having its vertex downwards, and aods vertical. 

Measuring (/> from the tangent at the vertex, the intrinsic 
equation of a cycloid is 

s = 4a sin 0, 
and the equation of motion is 

's — —gsva.i^, or 's + ~s = 0; 

.'. s = ^cos(y^* + a), 

shewing that the motion is an isochronous vibration, the 
period of a complete vibration being 



4nr 



Ng- 



142. Motion of a particle in a smooth circular tube under 
the action of a force to a fixed point varying as the distance 
from that point. 

Take a as the radius of the circle, and c as the distance 
of the centre of force 8 from the centre G., 

Resolving along the tangent, the equation of motion is 

dv ci-nrp dr 

v^=H-rcosSPf=-,.rj^, 
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and therefore v^ = iJi {(c + a)" — r^] = 2/j,ac (1 — cos 6), supposing 
the particle to staxt from A. 




If It be the pressure on the particle, measured inwards, 

— = mfir cos CPS + B = mf^PN + B, 

or mad' = m/M (a+c cos 6) + R, 

therefore R = mfj, {2c — a— 3c cos 6). 

143. Motion of a particle on the arc of a smooth equi- 
angular spiral under the action of a force from the pole. 

If mP be the force from the pole, and R the pressure 
measured inwards, we have 

dv „ m^y'sina ^ ^i • 

I) T- = r" cos a, = jK — mP sin a. 

as r 

In the case in which P= -.,v^r=-^, and therefore, if 

r" dr 7^ 

the particle start with no initial motion from the distance a, 

and R = m/jismal ,] . 

\ar r^J 
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We also have 

dr _ 
di~ 



/2 /i. (r - a) 
; i; cos a = cos a \/ , 



and therefore the time from the starting point to the distance 
b is equal to 

*■* Var dr 



I. 



a cos a 'J2fi (r — a) 



144. Motion of a particle on the arc of a smooth hypo- 
cycloid, under the action of a force to the centre varying as 
the distamce. 

Taking BAB' as the arc of the hypocycloid, of which A is 
the vertex, measure the arc from A. 

In the figure, G being the centre of the rolling circle of 
radius 6, Q is the instantaneous centre, and EP, PQ are the 
tangent and normal to the hypocycloid at P. 
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The angle YOA being 0, we see that 

4>+0 = ^ and .-. = ^, 

^ 26 a — 2b 

and p = 0F= (a - 2b) cos oj ~ ("^ ~ 2^) °°^ _<y], ■ 
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The curve being convex to the point 0, 

ds _ d?p _4<b(a — h) a<f> 

and therefore s = 4 - (a — 6) sin — ^ . 
a ^ ' a— 2b 

The equation of motion is 

S' — ^OPcosOPY: — fiPY=^^. 

or, s+jtF — jaS = 0' 

46 (a — o) 

shewing that the motion is oscillatory and isochronous. 

A geometrical proof of the isochronism of the hypocycloid 
will be found in the Principia, Book i., Section x. 

If we make the radius of the circle infinitely large, and 
the quantity /jl infinitely small, and take /j,a = g, we fall upon 
the case of cycloidal motion, and the above equation becomes 

s + ^ s = 0, as in Art. (141). 

145. Motion of a particle sliding oii a rough curve. 

The equations of motion are, if R be the pressure, 
measured inwards, and /a the coefficient of friction, 

mv J- .= mT — fiR, 

m- =m]!{+R. 
P 

Taking the case, for instance, of a heavy particle sliding 
upwards on the arc of a curve in a vertical plane, we have 

dv • . D 

mv-r = — mg sin <^ — /juM, 

V^ V 

m- =R — mg cos (/>, 
where (f> is the inclination of the tangent to the horizon. 
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Hence "o^ -\- im- = — g (sin d) + /* cos 4>)> 
as p 

dv' 
or, j-r + 2/iv^ = — 2gp (sin (^ + ;i cos (/>), 

and, the intrinsic equation s =/(<^) being given, p =/' (^), 
and the equation is that of Chapter II. (1). 

146. Motion of a heavy particle in a mediwn the resistance 
of which varies as the square of the velocity. 

Measuring ^ downwards from a horizontal line, the 
equations of motion are 

(LI) V^ 

v-r-=gsin^ — kv", and — =g cos 0. 

The second equation shews that for a given velocity the 
curvature is independent of the resistance, a theorem which 
is true for motion in any resisting medium under any forces. 

Eliminating v we obtain 

cos ^ j^ — Sp sin + 2kp^ cos ^ = 0, 

or, 7a, {/'^^ ^^^ <!>.- = 2k, leading to 

— = k {tan j> sec ^ + log (tan ^ + sec ^)} + G, 

and this is the intrinsic equation of the path. 

If po is the radius of curvature at the highest point 
- = G. 

Po 

If p, p' be the radii of curvature at the two points at 
which the tangent to the path is inclined at the same angle 
to the horizontal we obtain the relation • 

1 1 _ 2 cos° 
P P Po 
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147. The question sometimes axises whether a given 

curve can be described by a particle under the action of 

forces to two or more fixed points. In such cases we write 

do'wn the tangential and normal equations of motion; that 

dv v^ 

is, we equate mv -r- and m — to the sums respectively of the 

tangential and normal forces, and the value of v^ obtained by 
integrating the first equation must be -identified with the 
value of v^ obtained from the second. 

If for instance the curve is an ellipse and the forces —^ 

and — 7^ to the two foci, we have 

d^ _ [I dr /jf dr' 
'"ds~~r'ds~V'~ds' 

v" a . , it' . , 

where yjt is the inclination of the tangent to each radius 
vector. 

From these equations, 

r r 

, „ II rr' u! rr' . . , CD^ 

and v' = ^.—+^—smcepsm^}r = ■J^, 

_ 2/Lt 2/t' jM ft! 
~ r r' a a' 

and the values of v'^ are the same if 

a a 

148. Motion of a particle fastened to a string which is 
wound round a fixed curve. 

Suppose that when the string is completely wound up, 
the particle is at A, and measure s and <p from A and the 
tangent at A. 

B. D. 12 
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Then PQ = s, and the path of P is an invohite of the 
curve, its radius of curvature being PQ. 




Taking mS and mN as the forces perpendicular and 

parallel to the string, and T as the tension, the equations of 

motion are 

mvdv „ v" m . TIT 
-^ — = mS, m- =T + mN, 
da p 

(J being an arc of the path, or 

Itwdfll „ '^ m TIT 

— f-r=mS, m- = T + mK 
sd(f) s 

If there are no acting forces, v is constant, and the tension 
varies inversely as PQ. 

Ex. Let the curve be a circle and the acting force a 
repulsive force from the centre varying as the distance. 

In this case 11^^= /J^a, 

da- 

so that the motion is uniformly accelerated, and 

mtf „ 

=T — mfis, 

8 
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SO that, if the particle start from rest at A, 

T=2mfis. 

149. Motion of a string or fine chain inside a smooth tube 
of any shape under the action of given forces. 

Taking AB as the chain, we let s represent the length 
OA of the axis of the tube, measured from a fixed point 0, 
and let o- represent the length AP of the chain; 

Then if T be the tension at P and T-^^T at Q, and Rhv 
be the pressure of the tube on the element PQ, the equations 
of motion of the element, the mass of which is mScr, are, ob- 
serving that the velocity and the tangential acceleration of 
every point of the chain are the same, 

and mSo- — =r \-mZaN + R^(T, 

P P 

where S and iV are the tangential and normal forces per unit 
of mass. 




Taking I as the length of chain and integrating the first 
equation from A to B, 

Is = ( Sda; 
Jo 

12—2 
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and the second equation gives 

s' T 
R = m mN. 

P P 
As a particular case consider the motion of a heavy chain 
inside a smooth circular tube in a vertical plane. 

Measuring from the vertical radius, and from OA, take 
GOA = e, and AOP = <f>. 

The equation of motion of the element PQ, or maBcp, is 
maScj) . ad = maS^ . g sin {d + ^) + ST, 
.*. ma'<j>6 = T — mga cos (6 + (f>) + mga cos d, 
and taking a as the angle subtended by the string, 

aad = g {cos 6 — cos (6 + a)} = 2g sin (d + -^j sin ^ , 

whence aad" = 4<g sin ^ jcos „ - cos ( ^ + ^ j L 

if the end A start from G. 
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For the rate of pressure at any point, 

maS(J3 . ad'' = maS^ . g cos {0 + ^)+ TB(f) — RaB<f>, 
or Ra = mga cos (9 + 4>) + T- ma'dK 

150. Motion of a piece of fine chain inside a smooth 
circular tvhe which is revolving uniformly in its own plane 
about a point in its circumference. 

AB being the chain, let EGA = Q, and AGP = ^. 

The acceleration of the point P with regard to G, in 
direction of the tangent, is 

(P 
a-j-^{d + (j> + a,t), or a6, 

and the acceleration of G is m^a in the direction GO ; there- 
fore the equation of motioa of the element PQ is 

maS(l> {a'e + a^a sin (0 + <j>)} = ST, 




and, integrating with regard to (j> from A to B, that is from 
^ = to ^ = a, 

a'e = a' {cos (0 + a)- cos 6}=- 2q)= sin (0 + |j sin | , 

and therefore ad'' = G+ im' sin „ cos f + ^ j , 

the constant being determined by initial conditions. 
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151. The equations of motion of a free string in a plane 
under the action of given forces in the plane. 

If, at any instant, u and v be the tangential and normal 
velocities of the point P of the string, and </> the angular 
velocity of the tangent at P, the accelerations of P are 

u — v(j>, and v + u^. 

Hence the equations of motion of an element PQ are 

mBs {u — v^) = hT + mSs . S, 

mBs (v + u4>) = T—+ mSs . N, 

p being the radius of curvature of the string at P, and mS, 
mN the forces per unit length, 

dT 
or m (w — v^) = -T- + mS (1), 

T 
m{v + u^) = - +mN (2). 

The string being inextensible, the geometrical condition is 
that the motion of Q relative to P is ultimately perpendicular 
to PQ and leads to the equations 

(u + 8m) cos B^ — (v + Bv) sin Bcj) = u, 

■ J- . (« + Bv) cos Bd> + (u + Bu) sia Bdj — v 
<i> = Lt g^— , 

B(f) being the angle, at the instant, between the tangents at 
P and Q ; or, ultimately, 

ds-p •■^^^' 

d±^dv u 

dt ds^p *-*^- 

If we take the s-flux of (1) and subtract from it the equation 

(2) multiplied by -p , and if we then take account of equation 
(4) and of the time-flux of (3), we obtain the equation 

\at/ as \m as) 'm\dsj ds ds 
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152. A particular case is that of an endless chain origin- 
ally at rest under the action of conservative forces, and the 
reactions of smooth curves, and set in motion in such a 
manner that each point of the chain begins to move in the 
direction of the tangent at the point. 

In this case the chain will retain its form. 

For, if V be the velocity of each point of the chain, the 
equations of motion of an element Bs are, 

= mSs.P + ST, mSs-=mSs.Q + —; 
P P 

or = mP+j^(T-mv^), = mQ + -(T-mv% 

since v is independent of s, 

leading to p_^(Q^) = 0, 

as the equation giving the form of the curve when there is 
no motion, and it therefore follows that the chain retains its 
form, but that the tension at each point is increased by mt)". 

This question is discussed in the solutions of the Tripos 
Questions for 1854 by Mr Walton and the late Bishop 
Mackenzie. 

Mr W. Froude, in a letter in Nature, in November 187-5, 
described the experimental fact that a heavy endless chain, 
placed over a drum, and made to revolve rapidly, retains 
unchanged the catenary form which it assumes when not 
in motion; and further that if an indentation in the form 
be made by a blow from a heavy hammer, the indenta- 
tion, if the rotation be very rapid, remains for a considerable 
time. 

In the latter case the tension becomes so great that the 
action of gravity is unimportant, although, of course, the 
action of gravity will, in time, remove the indentation and 
restore the catenary form. 

153. The equation for determining the initial tension of 
a string. 
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The problem to be considered is that of a string on the 
point of motion, under the action of given forces, as for 
instance a string which, being in equilibrium, is cut at any 
point. 

Let PQ(Bs) be an element of the string, and mSs.S, 
mSsN the tangential and normal forces acting upon it. 

Take a, /3, a + 8a, /3 + S/3 as the tangential and normal 
accelerations at P and Q respectively, and T, T+8T as the 
initial tensions at P and Q. 

Then, Scj} being the angle between the tangents at P 
and Q, 

mSs.a = ST+mSs.S, and mBs . ^ = (T + ST) sin B^ + mBsN', 

dT T 

or, ultimately, ma = -j- + mS, myS = - + mN, 

where p is the radius of curvature. 

The string having no initial motion the element PQ has 
no initial angular velocity, and, if we take the string to be 
inextensible, it follows that the accelerations of P and Q in 
the direction of the tangent at P are ultimately the same. 

Hence, S^ being the angle between the tangents at P 
and Q, we obtain 

(a + 8a) cos B^-{^ + 8/3) sin Bj> = a, 
or, ultimately, -^ = - ; 

and therefore, from the mechanical equations above, 

^_T^mF_ dS 
ds^ p" p ds' 



If the density of the string is variable the equation is 

(l^dT\ 
\m ds) 



ds\m ds) mp^ p ds ' 



This is a particular case of , the equation obtained at the 
end of Art. 151, viz. the case in which <^ = 0. 
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The two constants which appear ■ in the integration of 
this equation raust be determined by the boundary con- 
ditions. Thus, if the string is severed at any point, the 
tension at that point is zero, and if one end of the string is 
fixed, the tangential acceleration at that end is zero. 

Again, if one end of the string is moveable on a fixed 
smooth wire, or on a fixed smooth surface, and if the tangent 
to the string at the end is perpendicular to the wire or 
surface, the tangential acceleration at that end is zero. 

If however, before release, the string at its end is not 
perpendicular to the wire, the immediate effect of release 
will be the creation of a finite velocity and a discontinuity of 
curvature at the end. In fact we then come upon the case 
of a finite force acting upon an infinitesimal mass. 

If gravity be the only force in action and if is the 
inclination of the tangent at P to the horizontal, 

S=—g sin^, If =— g cos tj) ; 

dS ^dd> jsr 

,.- = -goos<l>f-- 



P 



and the equation becomes 

ds^ ~ p" ' 

Ex. (1). A catenary, formed of homogeneous string, which 
is at rest with its two ends fixed, is severed at the vertex. 

Putting s = c tan ^, and changing the independent vari- 
able from s to 0, 

-rrr cos rf) — 2 -VT sinci — Tcos 6 = 0. 
dcl>^ ^ dj> ^ 

dT 

Integrating, -^ cos ^ — T sin (^ = 0, 

.-. T cos <f) = Gct> + G'. 
When 4> = 0, T = 0, .-. Tcos<p = Cj). 
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If (/) = 7 at the upper end of one branch, then 
dT 
ds 



a = 0, i.e. —r-—mgsva.^ = 0, when ^ = 7, 



^ mgc sm 7 

so that C = ; ; — . 

COS 7 + 7 sm 7 

Tn the same manner the constant can be found for the 
other branch. 

Ex. (2). A heavy string, passing vnder and in contact 
with the arc of a fixed vertical circle, centre 0, has its ends 
fastened to two points P, Q on the circle each at the angular 
distance yfrom the lowest, the pressure at which is zero. 

If the circle be suddenly removed, leaving the ends of the 
string fixed, the equation for T is 

$^ - r= 0, so that T = A^ + ^e"*. 

Observing that a = when ^ = 0, and also when <^ = 7, 
we find that 

T sinh 7 = mga sin 7 cosh <f>. 

If at the same instant the circle is removed and the 
string severed at the lowest point, the conditions are that 
T=0 when <f) = 0, and that a=0 when <f> = y. 

We then obtain 

Tcosh 7 = mga sin 7 sinh ^. 

154. If we consider the case of a string which, at any 
instant, has a given form and is in a given state of motion, 
the mechanical equations are the same as in Art^ 153, viz. 

dT T 

ma = ^r + inS, mB = — + mN. 

ds p 

For the geometrical condition we have to consider that if 
«u is the angular velocity, at the instant, of the tangent at P, 
the acceleration of Q relative to P in the direction PQ is 
equal to — w^ . PQ, so that the equation obtained is 

da B 

-j = — &)-. 

as p 
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If we eliminate a and /3 we again obtain the equation at 
the end of Art. 151. 

As an example take the case of a circular string on a 
smooth horizontal plane revolving uniformly round its centre, 
and suppose it to hreah at a point or to he suddenly cut 
through at that point. 

m, dT r, T 

Ihen ma=^^, mp=-: 

as p 

.". if a is the radius the equation for Tis 

d'T „ 

-j-r,-T=- ma'm^ 
dqy' 

Measuring <f> from the point of fracture, 

T=0 when = 0, and when ^ = 2v, 
and we obtain 

T ^^ cosh(7r-(^) 
ma'ay' cosh tt 

155. A heavy chain, lying on a smooth horizontal plane, 
receives tangential impulses at one or both ends; it is required 
to find the impulsive tension at any point, and the direction of 
the initial motion. 

Taking u and v as the tangential and normal velocities of 
a point P of the chain, and T as the impulsive tension at P, 
the equations of motion of an element FQ are 

mBs . u = BT, mBs .v = T~: 

P 

dT , T 

or, mu = ^- , and mv = — : 

ds p' 

and we have besides the equation of continuity expressing 
the fact that in the limit, the velocity of Q in direction of 
the tangent at P is the same as the velocity of P in that 
direction. 
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This condition gives us 

(w + Sw) cos S(j>-(v + Bv) sin Scf> = u, 
du du V 

d4> ds p 

We hence obtain for the impulsive tension, the equation, 

ds^'p^' ""^ d<j>\pd<i>) p' 
If the chain be heterogeneous, that is, if m be a variable 
quantity, the equation is , 

d-'T. 1 dmdT _T 
ds^ m ds ds p^' 

As an example take the case of a piece of chain in the 
form of a portion of a catenary, bounded by a chord parallel 
to its directrix, and suppose that equal tangential jerks are 
applied simultaneously at its two ends. 

Since s = c tan c^, we obtain 

and therefore Tcos ^ = 0^ + G'. 

At the vertex, m = 0, and at each end, 7= P, if P be the 
tangential jerk; and we obtain, y being the extreme 
deflection, 

Tcos <p = P cosy. 
Moreover 

mcu = P cos 7 sin ^, and mcv = P cos 7 cos <^, 
and therefore v = u cot (f>, 

shewing that every point of the chain begins to move in the 
direction parallel to the axis of the catenary. 

Ex. If a chain in the form of a quadrant of a circle, 
the density at any point of which, measwred from one end, 
varies as e*, receive a tangential jerk at the other end, 

, 1 dm 1 

we have ,- = -. 

m as a 
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and our equation is 

dd' de ' 

the integral of which is given in Chapter II. ; and the geo- 
metrical conditions are 

T=0 when ^ = 0, and T=P when = |; 
these conditions determine the constants of integration. 



EXAMPLES. 

1. A lamina, in the form of a regular polygon, is placed 
flat on a smooth horizontal plane, and fastened to the plane ; 
a string, the, length of which is equal to the perimeter of the 
polygon, is wound round it, one end being attached to an 
angular point, and the other end carrying a particle ; if the 
particle be projected horizontally, at right angles to the 
string, find the time after which the string will be wound up 
again, and its greatest and least tensions. If the lamina be 
held in a vertical plane, and the particle, be projected in the 
same plane, with an initial velocity sufficient to keep the 
string always stretched, find its velocity at the instant the 
whole string becomes straight, the side of the lamina with 
which the particle is initially in contact being horizontal and 
downwards. 

2. A small bead is projected with any velocity along a 
circular wire under the action of a force varying inversely as 
the fifth power of the distance from a centre of force situated 
in the circumference. Prove that the pressure on the wire is 
constant. 

3. If a particle hanging vertically by a string be pro- 
jected horizontally, and rise to a point P, and there leave the 
circular motion, shew that if it recommences circular motion 
at Q, PQ and the tangent at P to the circle will make equal 
angles with the vertical. \ 
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4. If a particle move under the action of forces F, F', 
to any number of fixed points, and if q, <^,...\>e the chords of 
curvature of the path in directions of these forces, 

2mi?=t{Fq). 

5. A uniform circular ring rotates uniformly in a hori- 
zontal plane about its centre. Shew that the greatest possible 
linear velocity of its particles is independent of the radius 
of the circle and of the cross section of the ring. 

Find the breaking tension in pounds wt. per square inch 
in the case of a uniform ring of radius a feet which is on the 
point of breaking when it makes n revolutions a second, 
the weight of a cubic inch of the material of the Iring being 
that of c ounces. 

6. Two equal particles, each of unit mass, which repel 
each other with a force = /a (distance)"' are placed on the 
inner surface of a smooth sphere (rad. a), and their initial 
distance subtends the angle 2a at the centre: shew that 
they will perform isochronous oscillations in intervals 

= lira^ V2 sin a/V/i. 

7. A particle is placed very near the vertex of a smooth 
cycloid, s = 4a sin ^, axis vertical and vertex upwards ; find 
where the particle runs off the curve, and prove that it falls 
upon the base of the cycloid at the distance (7r/2 + \/3) a 
from the centre of the base. 

8. A heavy particle slides, from a cusp, down the arc of 
a rough cycloid, the axis of which is vertical ; prove that its 
velocity at the vertex will bear to the velocity at the same 
point when the cycloid is smooth the ratio of 

Ve-"'' - ij? : Vl + fj.^ 

9. If a pendulum oscillate in a medium the resistance 
of which varies as the velocity, prove that the oscillations 
are isochronous. 

10. Two particles are let drop from the cusp of a 
cycloid down the curve at an interval of time t : prove that 
they will meet at a time 



9 
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after the starting of the first particle, a being the radius of 
the generating circle. 

11. Two equal smooth circles are fixed so as to touch the 
same horizontal plane, their planes being at different inclina- 
tions; two small heavy beads are projected at the same 
instant along these circles from their lowest points, the 
velocity of each bead being that due to the height of the 
highest point of the other circle above the horizontal plane ; 
shew that during the motion the two beads will always be at 
equal heights above the horizontal plane. 

12. A particle is attached to a point in a rough plane 
inclined to the horizon at an angle a ; originally the string has 
its natural length in the line of greatest slope ; prove that 
the particle will not oscillate unless tan a > 3/i, where fi is 
the coefficient of friction. 

13. A fine parabolic groove has its axis vertical and 
vertex upwards; an elastic string has one extremity at- 
tached to the focus, and the other to a particle in the groove ; 
the natural length a of the string equals one-fourth the latus 
rectum, and the weight of the particle is such as to stretch 
the string to twice its natural length ; determine the position 
of equilibrium, and shew that the time of a small oscillation 
about it is 27r '/2a/g. 

14. If a particle, . mass m, be acted upon by equal 
constant forces mf in the directions of the tangent and 
normal to its path, and if the resistance be mf vyk", prove 
that the intrinsic equation of the path is 

u being the velocity of projection. 

15. Two elastic strings, the natural length of each of 
which is ^Tra, are fastened at a point P in a circular tube 
(radius a) of small bore ; the strings are stretched in opposite 
directions, and their other extremities fastened to a particle 
of given weight. If the plane of the tube be horizontal, and 
the particle be displaced from its position of equilibrium 
through an angle less than 7r/2, shew that the time of an 
oscillation is independent of the extent of the displacement. 
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16. A particle describes a circular arc under the action 
of a constant force not tending to the centre ; shew that it 
will oscillate through a quadrant. 

17. A particle of unit mass is placed in a smooth tube 
in the form of an equiangular spiral of angle a and falls from 
rest at a distance 2d under the force /:* (distance)-^; prove 
that it will reach the pole in a time irSj'^fi . cos a. 

18. An endless string on which runs a small smooth 
bead encloses an elliptic lamina, whose perimeter is less than 
the length of the string ; the bead is projected in a direction 
which keeps the string in a state of tension ; shew that the 
velocity of the bead will be constant throughout the motion, 
and that the tension of the string will vary as the sum of the 
reciprocals of the lengths of the straight parts of the string. 

19. Shew that the differential equation to the curve 
described under a force R inclined at an angle 8 to the 
direction of motion is 

d.(Rpsm e)-2Rcose.ds = 0, 

p being the radius of curvature and ds the elementary arc of 
the curve. 

If iJ is always parallel to a fixed line, and the normal 
component constant, shew that the curve will be a catenary. 

20. An elliptic wire turns uniformly in its own plane 
about a fixed point situated in the major axis. A small ring 
placed at the extremity of the major axis makes small oscil- 
lations. Find the limits of the position of the fixed point 
that this may be possible, and the time of small oscillation. 

21. If a particle be projected along a cycloid from the 
vertex with twice the velocity that would just carry it to 
the cusp, prove that it will reach the cusp in one third of 
the time in which it could fall back from rest; and that 
when it has risen through three quarters of the vertical 
ascent its pressure on the cycloid = seven times its weight. 

22. A ring is strung on a rough circular wire in a 
vertical plane and is projected from the lowest point with 
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such angular velocity as will just take it to the horizontal 
diameter ; if the particle amves back at the lowest point, its 
velocity on arrival will be less than on departure in the 
ratio 

{1 - Ifj? - 3/j, exp (- iiir)f : {1 - 2/^" + 3/i exp (/att)}*. 

23. Two particles connected by a fine string are con- 
strained to move in a fine cycloidal tube in a vertical plane, 
the axis of the cycloid being vertical and the vertex upwards ; 
prove that the tension of the string is constant during the 
motion. 

24. A particle is moving on the convex side of a rough 
equiangular spiral towards the pole, under the action of a 
force niKV to the pole, where v is the velocity at distance r. 
If V be the velocity at distance a, and t the time of moving 
from distance r to distance a, shew thatj /u. being the coeffi- 
cient of friction, 

yl-i-fttana ^14-tttana_ "^ °° K COS a -h ^ Smtt ^(;-nna»+ftsin »W] 

K COS a — /* sin a^ 
where a is the angle of the spiral. 

25. Having given that the normal acceleration varies as 
the square of the velocity parallel to the axis of x, find the 
path; and prove that if this path be described under the 
action of a force parallel to the axis of y, then the whole 
acceleration at any point is proportional to the velocity. 

26. A particle, mass m, moves in a smooth circular tube 
of radius a, under the action of a force, (jum (distance), to a 
point inside the circle at a distance c from its centre ; if the 
particle be placed very nearly at its greatest distance from 
the centre of force, prove that it will pass over the quadrant 
ending at its least distance in the time 

Valog(V2 + l)/v',iIo. 

27. A particle m attached by a string of length a to 
a fixed point G describes a circle in one plane, under the 
action of a uniform repulsive force mf emanating from a fixed 
point ; where OC = c and >a. If F be the velocity of the 

B. D. 13 
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particle when at its greatest distance from and v its velocity- 
after describing an angle 6 from that position, shew that 

i;2=F2-2/{c + a- Vc^ + a'' + 2ac cos 6}. 

Find also the tension of the string and shew that 
VJf.bfa. 

28. A heavy particle is projected in a resisting medium ; 
if V be the velocity at any time, <f> the inclination to the 
vertical of the direction of motion, and / the retardation, 
prove that 

i^ + cot0 + ^-.=O. 
vd^ g sin (p 

If y= ytii)', find v in terms of ^. 

29. Prove that the curve possessing the property that 
the product of the distances of any point on it from two fixed 
points is constant, may be described with uniform velocity 
under the action of two forces, each tending to one of the 
fixed points, and varying as the distance firom the other, the 
absolute intensities of the forces being the same. 

30. Prove that a particle can describe a parabola under 
a repulsive force in the focus var3dng as the distance and 
another force parallel to the axis always of three times the 
magnitude of the former; and that, if two equal particles 
describe the same parabola under the action of these forces, 
their directions of motion will always intersect on a fiixed 
confocal parabola. 

31. Find the time of a small oscillation of a particle 
suspended from a point by a string of length I, when the 
square of a, the angle of oscillation, is neglected ; and shew 

that the time will be7rfl+:7^j-/-,if the approximation 

include the square of a. 

A weight is drawn up uniformly and slowly with velocity 
u by means of a crane ; shew that the times of small oscilla- 
tions will decrease at first in arithmetical progression, the 
common difference being ■ir^uj2g. 
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32. Two equal particles, connected by a fine string, are 
placed in a circular tube, to one point of which they are 
attracted with a force varying inversely as the distance ; one 
of the particles being initially at its greatest distance from 
the centre of force, and v, v' being the velocities with which 
they successively pass through the point whose angular dis- 

tance from the centre of force is 90°, shew that e '^ + e '' = 1. 

33. AB is a diameter of a horizontal circular wire, and 
a particle, free to move on the wire, is repelled from J. by a 
constant force equal to twice its weight. Shew that, if 
placed at an angular distance 2a from -B, it will oscillate 
about B in the same time as if it were oscillating under the 
action of gravity alone on the same circular wire, placed with 
its plane vertical, through an angular distance a on each side 
of the lowest point. 

34. A particle describes a parabola with an acceleration 
a to the focus, and with an acceleration /3 parallel to the 
axis ; prove that 

35. If the tangential and normal forces at every point 
of an orbit are given as functions of the inclination of the 
tangent to a fixed line, find the radius of curvature at any 
point when it is known at one point. • 

35*. Two centres of force of equal strength, one attractive 
and the other repulsive, are placed at two points, S and H, 
the law of force being that of the inverse square of the 
distance. Shew that a particle if placed anywhere on the 
plane bisecting SH at right angles will oscillate iu a semi- 
ellipse of which S and H are the foci. 

36. A particle is describing an ellipse freely under the 
action of two equal and similar centres of force situated in 

the foci : prove that the law of force is given by — I r'-'f(r) dr, 

where/ (r) is any function of r which remains unaltered when 

13—2 
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(2a - r) is -written for r, 2a being the major axis of the 
ellipse. 

37. A heavy particle hanging by a string from a fixed 
point is projected horizontally and describes a portion of a 
circle greater than a quadrant until when it arrives at a point 
P the string slackens and it begins to move in a parabola : 
shew that the circle is the circle of curvature of the parabola 
at P, and that if OP be produced to meet the directrix the 
locus of the intersection is a circle concentric with the given 
one. 

38. A heavy bead slides on a smooth fixed vertical 
circular wire of radius a: if it be projected from the lowest 
point with a velocity just suflScient to carry it to the highest, 
prove that the radius through the bead will, in a time t^ 
turn through an angle 



2 tan-i ("sinh a/ ^ t\ , 



39. If a particle move on an ellipse under a force to the 

centre = mr — nr log , where d'=a^ + b^, and iV" be the 

^ c + r 

pressure on the curve, p the radius of curvature, prove 
iV/3 = 2ncr + constant. 
If the velocity vanish at an extremity of the major axis 

and — = log , then Up = 2nc{r— a). 

7b C ~\~ Of 

40. Snow is uniformly spread over the surfaces of a 
conical pinnacle and of the hemispherical dome of a building. 
It begins to slide off, starting at the highest point and 
clearing a path as it goes. Prove that the motion in the 
two cases is the same as that of a free particle moving on the 
surfaces under the action of a vertical acceleration equal 
to one-fifth and one-third the acceleration of gravity re- 
spectively. 

41. A tube of uniform bore in the form of an equi- 
angular spiral is revolving uniformly with angular velocity ay 
in a horizontal plane about a vertical axis through its pole, 
and within the tube is a smooth uniform chain of length 21 
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and mass m, -which is initially at rest with its middle point at 
a given distance from the pole ; find the space described 
by the chain along the tube in a given time, and shew that 
the tension at any point of the chain is rrucP cos^ a {P — a^)/4<l, 
where x is the arcual distance of the point from the middle 
point, and a is the angle of the spiral. 

42. A string of varying density slides in a smooth 
cycloidal tube whose axis is vertical and vertex downwards. 
Shew that if the string be let fall from any position in which 
its whole length is within the tube, its centre of gravity will 
reach the vertex in the same time. 

43. A string of infinite length is laid on a smooth table 
in the form of a portion of one branch of the curve r-" sin nO = a", 
so that one extremity of the string is at a finite distance 
from the origin of polar coordinates ; to this end a tangential 
impulse is applied, so that the initial direction of motion 
of each point of the string and the radius vector to the point 
are equally inclined to the corresponding tangent. Shew 
that the impulsive tension at any point oc v»-<»-i' and the 
■density of the string 

44. A uniform string falls freely in one plane under 
the influence of gravity : prove that the angular acceleration 
of the tangent at any point is- 

2 d ^T\ 

mijp ds wpj ' 

where T is the tension at the point, p the radius of curvature, 

s the arc measured from a fixed point of the string, and m 

the mass of a unit of length. 

45. The equation to a curve is 

{u - a) {{u-ay -h'{e + a)"^} = 0. 
A particle m, placed on the curve, and acted upon by the 
force to the origin 

is projected tangentially so that its velocity, when it arrives 
at the distance a"^ from the pole, shall be ha ; prove that its 
pressure on the curve will be always zero. 
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46. Ahead can slide on a smooth circular arc AB and is 
attracted hy it, the force to any point being m,f{r) : if it 
be displaced from its posi tion of equil ibrium, the time 
of oscillation will be 27r/\/2 cos of (AG), where G is the 
middle point of AB, and 2a the angle AG subtends at the 
centre of the circle. 

47. Prove that a lemniscate can be described freely by 
a particle under the action of two centres of force of equal 
intensity in the foci, each varying inversely as the distance, 
and that the velocity will always be equal to V4/a/3, fi/r being 
the acceleration of either force on the particle at a distance r. 

48. A heavy particle, mass m, falls down a smooth cycloid, 
whose axis is vertical and vertex upwards, in a medium 
whose resistance is 'mv^/2c, and the distance of the starting 
point from the vertex is c ; prove that the time to the cusp is 
V8a(4a-c)/V5'c, 2a being the length of the axis. 

49. A particle is acted on by two forces, tending to the 
foci of an ellipse whose major axis is 2a, and varying 
according to the law ft (r' + 8a^)/8aV^ the absolute intensities 
being the same. Shew that, if it be projected along the 
tangent to the ellipse with a certain velocity, then it will 
continue to describe the ellipse freely, and its velocity, in any 
position given by the focal distances (r, r'), will be 

n (r^ + rr' + r''')/2 Vrr^ 
(n) being the mean motion in the ellipse under a force /j,/r^ 
to a focus. 

50. A particle is projected horizontally along a plane, 
whose inclination (a) to the horizon is equal to the angle of 
friction (X) between the particle and the plane ; prove that 
it will ultimately move down the plane with a uniform 
velocity equal to half the velocity of projection (F) and 
along a line, whose horizontal distance from the point of 
proiection 

° ^r sin a 
If a be less than \ and tan \ = n tan a, and if the particle 
receive a small horizontal impulse and when reduced to rest 
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again, another, and so on continually, its path down the plane 
will not sensibly differ from a straight line inclined to the 

horizontal line in the plane at an angle tan-^ - — ;— - — -r . 

° 8n {n? — 1) 

51. A particle of unit mass is acted on by a repulsive 
force tending from a fixed point, and by another force parallel 
to a fixed line, and when the particle is: at a distance r from 
the fixed point, the magnitudes of these forces are 



^(l-q,and^„ftVn, 



fi, a, and c being constant ; shew that if the particle be 
abandoned to the action of the forces at any point at which' 
they are equal to each other, it will proceed to describe a 
parabola, of which the fixed point is the focus. 

62. A small bead P of mass m is constrained to move 
along a smooth circular wire of radius a and centre 0, and is 
attracted by the force /^PQ to a point Q which revolves with 
constant angular velocity to in a concentric circle of radius b. 

If the bead has an angular velocity O, when OPQ is 
a straight Une, prove that the pressure on the wire will be a 
maximum, when the angle subtended by PQ at is given 
by the equation, 

4/i6 sin= ^0 = ma {D,' - 2fla) + ^co'}. 

53. Two equal particles are connected by a string passing 
through a small hole in a smooth horizontal table, one 
particle hanging down, and the other held on the table ; if 
the latter be projected along the table at right angles to the 
string with the velocity '/2gc, prove that the initial radius of 
curvature of its path is 4c/3. 

54. Within a smooth circular tube of radius a held fixed 
in a vertical plane lies a light string of length greater than 
half the circumference of the tube. The string carries equal 
weights at its ends, which balance within the tube, and the 
string subtends at the centre an angle 2 (tt — a). If they be 
slightly disturbed, shew that the time of a small oscillation 
is the same as that of a simple pendulum of length a sec a. 
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55. A particle moves under the action of a central force 
which is such that the normal acceleration of the particle 
is constant : find a differential equation of the first order 
to the path of the particle, and shew that r' sin 3^ = a' is 
a particular integral. 

56. A heavy particle moves on a smooth curve in a 
vertical plane, the form of the curve being such that the 
pressure on the curve is always to times the weight of the 
particle : prove that the time of a complete revolution is 
2Trm\/aNg {m? — If, and that the length of the vertical axis 
of the curve is 2ma/(m'— 1)", the whole length of the curve 

being -n-a {2m? + l)/(m'' - if. 

57. A small smooth heavy bead runs on a string 
fastened at two points in the same vertical line : the string is 
originally vertical and the bead in its lowest possible position, 
the bead is then projected so that it proceeds to describe 
a portion of an ellipse, the string being at first tight ; prove 
that if the string becomes slack when the bead is at the 
extremity of one of the equi-conjugate diameters of the 
ellipse, then the free path of the bead will pass through the 
other extremity of the same diameter, and the latus rectum 
of its free path will be to that of the ellipse as 1 : 2^2. 

58. On a vrire in the form of a parabola with axis 
vertical and vertex downwards is a bead attached to the 
focus by an elastic string whose natural length is one eighth 
of the latus rectum and whose modulus is equal to the 
weight of the bead. Prove that the time of a small oscillation 
is 2ir'Ja/g, where 4a is the length of the'latus rectum. 

59. A particle slides down the arc of a vertical parabola 
with vertex downwards starting from rest at a height h 
above a horizontal line through the vertex. Shew that the 
time of descent to the vertex is equal to 

where E^ (k) denotes the complete second elliptic integral to 
modulus k. 
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60. A circle, centre C, is described round an internal 
•centre S of attractive force ; shew that the force varies as 

r 



-where SP = r,a = radius of circle, SO = c. 

If there be two equal centres of force S, S' such that 
BOS' is a straight line, and 

SG=S'G=c, 

then takinsf each force to be -r-:: — ^ -r. , shew that a 

{a' + r' — d'f 

particle will describe a circle, centre G and radius a (> c), if 

projected from a point in the line GS distant a from G with 

a velocity ^ ^ perpendicular to G8. 

61. A smooth wire is bent into the form of a circle 

radius a, and rotates with uniform angular velocity co about a 

vertical axis through the centre which makes an angle a with 

the plane of the circle. If a smooth bead slide on the wire, 

shew that the equation of motion of the bead along the 

wire is 

d^s , , s . s .8 

T- = aw" cos" a cos - sm a cos a sm - , 

df a a ^ a' 

where s is measured from the lowest point. Hence find the 
position of equiKbrium of the bead, and the time of a small 
oscillation about that position. 

62. A heavy particle is tied to one end of a string which 
passes through a bead of the same weight as the particle, 
and the other end is secured to a point on a smooth horizontal 
table on which the whole rests. Prove that if the two portions 
of string be straight, and are inclined to each other at the 
obtuse angle a, and if the particle be projected at right angles 
to the string, the initial radius of curvature of its path will 
be a (3 + 2 cos a), where a is the initial distance between the 
particle and the bead. 

63. Two equal particles, P and Q, are connected by a 
fine string of length 2c which passes through a small hole in 
a smooth horizontal table. 
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P is held on the table at the distance c from the hole- 
and Q hangs at rest. 

If P be projected horizontally with the velocity v at right 
angles to the string, find the initial tension of the string, and 
prove that the initial radius of curvature of the path of 
P is 

2cv''l{gc + v% 

If P be initially at rest. and Q be projected horizontally 
with the velocity v, prove that the initial radius of curvature 
of the path of Q is 

64. In the case of a piece of uniform chain, on a smooth 
horizontal table, receiving a tangential jerk at one end ; 

(1) Find the form of the curve if the initial direction 
of motion of any point makes a constant angle with the 
tangent at that point. 

(2) Find the impulsive tension at any point when 
the form is such that the line-mass at any point varies as 
the curvature. 

(3) Prove that if the impulsive tensions follow the 
same law as the tensions in a non-uniform string hanging in 
the same curve under the action of gravity, then 



„ (Pp_dp 
^Pdi'-ls 



+ 4. 



(4) If all the particles of the chain start with equal 
velocities, prove that the form must be that of a straight line- 
or of a catenary. 

65. A uniform chain hangs in equilibrium over two 
smooth pegs in the same horizontal; if equal vertical im- 
pulses be applied simultaneously to the two free ends, find 
the impulsive tension at any point, and prove that the 
initial velocity of the vertex of the catenary is to the velocity 
which would be imparted to each of the straight pieces of 
chain, if disjointed from the catenary, as 1 : 1 4- sin a, where 
a is the greatest inclination of the catenary to the horizontal 
plane. 
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66. A particle is attracted to two centres of force S and 
H by forces which each follow the law 



where /* and fi' are the same for both centres of force. Shew 
that the particle can describe a circle whose centre is midway 
between S and H, if b be the length of the tangent drawn 
from either centre of force to the circle. 

67. A shot is fired in an atmosphere in which the 
resistance varies as the cube of the velocity. If/" be the 
retardation when the shot is ascending at an inclination a to 
the horizon, yi when it is moving horizontally, and/' when it 
is descending at an inclination a to the horizon ; then 

1 1 _ 2 cos° a , 1 l_ 2sing(3-2sin^g) 

68. A portion of a heavy uniform string is placed on the 
arc of a four-cusped hypocycloid, so as to occupy the space 
between two cusps, the tangents at which are horizontal and 
vertical respectively, and runs ofif the curve at the lower 
cusp; prove that the velocity which the string will have 
when the whole .of it has just left the curve will be the 
velocity due to nine-tenths the length of the string. 

69. A fine chain of given length is contained in a smooth 
circular tube which rotates uniformly in a horizontal plane 
about a fixed point in the circumference ; if the chain 
subtend an angle 2a at the centre, and if one end be initially 
fastened to the tube at the end of the diameter through the 
fixed point, and be released, prove that the angular motion of 
the chain relative to the tube will be given by the equation 

ad^ = 2a^ sin a (cos d — cos a). 

70. A piece of string in the form of part of the curve, 
7- =£16*"'*°, the density at any point of which varies as 
y-taii3a lies on a smooth horizontal plane, being bounded by 
6 = 0, and = ^. If a tangential jerk be applied at the end 
= 0, find the tangential impulse at any point, and prove that 
the initial direction of motion of every point makes an angle 
with the normal equal to the angle of the spiral. 
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71. A string is in equilibrium in the form of a circle 
under the action of a central repulsive force ; if the string be 
cut at any point, prove that the tension at a point, the 
angular distance of which from the point of section is 6, is 
instantaneously changed in the ratio 

cosh TT — cosh {ir — d): cosh tt. 

72. A string of variable density hangs from two fixed 
points in the same horizontal line in the form of the arc of a 
circle subtending an angle 2^ at its centre. 

If the two ends are simultaneously released and allowed 
to slide on the radii of the circle, supposed to be smooth fixed 
rods, prove that the tension at the point whose angular 
distance from the lowest point is ^ is instantaneously 
changed in the ratio 

sin -y cosh ^ : sinh <y cos ^. 

73. A string of variable density has its ends fixed at the 
points A and B and is allowed to hang freely. The tangents 
at A and B make angles a and /3 with the horizon, and <^ is 
the angle made with the horizon by the tangent at a point 
P between the lowest point and B. Prove that, if the end 
A be released, the tension at P will be instantaneously 
changed in the ratio 

{j) + a) sin /S : cos /3 + (a + /8) sin /3. 

74. The two ends of a homogeneous chain can slide on 
two smooth fixed rods which intersect each other in the 
same vertical plane and are equally inclined to the vertical. 
If when the chain is at rest it is severed at the lowest point, 
and if 2^ is the angle between the rods, prove that the 
tension at a point at which the tangent is inclined at the 
angle (/> to the horizontal is changed in the ratio 

4^ : TT + 4. 

75. A piece of uniform string hangs at rest with its two 
ends fastened to fixed points in the same horizontal line ; if 
one end is released, prove that the tension at the other end 
is instantaneously changed in the ratio 

20 sin ^ : cos + 20 sin ^, 
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where 6 is the inclination to the horizontal of the tangent at 
each end. 

76. The ends of a heavy heterogeneous chain are held 
in the same horizontal line, and the chain, when in equi- 
librium, takes the form of an arc of a circle less than a 
semicircle. If equal tangential jerks be applied simul- 
taneously to the two ends, find the impulsive tension at any 
point, and prove that the initial normal velocities at the 
lowest point and at either end are in the ratio of 1 : cos 6, 
where 26 is the angle subtended by the arc at its centre. 

Also find the direction in which either end begins to 
move. 

77. The two ends of a heavy chain of mass ^M are 
attached to heavy rings, each of mass M', which can slide on 
a smooth horizontal wire ; the rings are held so that the 
ends of the chain are inclined at the same angle 7 to the 
horizontal, and are then let go ; prove that the tension at the 
lowest point is instantaneously changed in the ratio 

2M' :'2,M' + Mcoi?'^. 

78. A uniform . string falls in a vertical plane with 
constant acceleration /, retaining an invariable form while 
the string advances along itself with a velocity which at any 
instant is the same for all points of the string. Shew that 
the angle <^ which the tangent at any point 'of the string 
makes with the horizontal, considered as a function of the 
arc s measured up to this point firom some fixed point of the 
string, and the time t, satisfies the two partial differential 
equations 

(/-.)rgcos*4.2(|)'™* 



■^ dt^ ds dt dsdt ' 



ds dsdt dt ds'-' ~ 



CHAPTER IX. 

DISTURBED ELLIPTIC MOTION. 

156. If a body, which is moving in an orbit under the 
action of a central force, is subjected to the action of small 
impulsive forces, the effect is that small changes are instan- 
taneously produced in the elements of the orbit. 

If however the body is subjected to the action of small 
finite and continuous forces, such for instance as the action 
of a resisting medium, the orbit is not an exact ellipse, but 
the motion can be represented by supposing that the body is 
moving in an ellipse the elements of which are continuously 
changing. 

This ellipse is called the instantaneous orbit, and it is 
defined as the orbit which would be described after any 
instant of time, if the action of the disturbing forces be 
suspended at that instant. 

In the case of an ellipse described under the action of a 
centre of force in a focus, the elements of the orbit are the 
axis major, the eccentricity, and the longitude of the apse, 
that is, the inclination of the apse line to ^ fixed line in the 
plane of motion. Another element is the inclination of the 
plane of the orbit to a fixed plane in space. 

We shall however confine our attention to the case of 
disturbing forces in the plane of the orbit. 

Such disturbing forces may be represented by tangential 
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and normal components, or by radial and transversal compo- 
nents. 

In dealing with tangential and normal components we 
shall employ the method given by Sir John Herschel in the 
Outlines of Astronomy, Arts. 670 and 671. 

In the case in which the disturbing forces are represented 
by radial and transversal components, we shall utilize the 
theorem, given in Art. 115, that the velocity can be repre- 
sented by two constant velocities, viz. the velocity fj,/h 
perpendicular to the radius vector, and the velocity e/i/h 
perpendicular to the major axis. 

157. Effects of a small tcmgential impulse. 

Since v^= — — ~ (Art. 114), it follows that if v is slightly 

increased, a is slightly increased, and that, if u is the small 
increase of v, 

^Ba = 2vu. 
a' 

Hence, Sa being the small change in a, 2Sa is the small 
change in PH. 

Moreover since the tangent is equally inclined to the 
focal distances, and since the direction of motion is not 
changed by the impulse, it follows that H', the new outer 
focus, lies in PH produced. 
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Producing PH so that HE' = 2Sa, and joining SH', we 
obtain the new position of the apse line. 

If 6 be taken to represent the true anomaly ASP, and if 
I be the longitude of SP and w the longitude of SA, both 
measured from a fixed direction ST in the plane of the orbit, 

e = l-'U7,&ndii SP = ra.ndPH=r' 

a(l — e") 

r' = 2a — r and — ^^ =l + ecosO. 

r 

If then the angle HSH' = S-sr, we see from the figure 
that 

« HH'siaH 8a . rr r-sin^Sa 

o^ = cTW — = — sm if = — ; ■ , 

SH ae r ae 

5, 2rvau sin 2u sin far 

.'. OOT = ; = A / — J . 

Again, since >S'JS' = SH' cos Stn- — EH' cos H, 

and 8H' = 2{a + Sa)(e + Be), 

aSe + eSa = Sa cos H, 

_ Ba , TT \ 2avu , tj \ 

.*. oe = — (cos if - e) = (cos H — e), 

a ' fi 

or, since 2ae = r' cos H — r cos 0, 

Se = ;- (cos + e) = 2u (cos + e) \/ — > . 

fj,r ^ ' ^ ' \ fir 

158. Effects of a small normal impulse. 

Let the action of the impulse produce a small velocity u' 
in the direction of the normal drawn inwards; then, ne- 
glecting the square of u, the velocity remains unchanged, 
but the direction of motion is turned through the small angle 
whose circular measure is u'/v. 

Since the velocity is not changed, it follows that the 
major axis and the length of PH are the same as before, but 
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that PH is thrown into the position PH' such that the new 
direction of the tangent is equally inclined to SP and H'P. 




Joining SH' we obtain the new position of the apse line. 

Since the angle through which the tangent is turned is 
u'jv it follows that the angle HPH' is ^u'jv ; 

.■.HH' = '^. 

V 

Representing by Sot- the angle HSH', we see that 

» HH' cos H r'u' cos H u'^ . _. 

Sot = fp== — = — = — Czae + r cos 6), 

SH aev aev ^ ' 



or 



1l I 7* 

Sot = — (2ae + rcosd) . / ; . 

e V H''^f 



Also, SR = SH' cos Sot + HH' sin H, 

so that, a being unchanged, 



- ru ■ TT ursmd 

Se = sin i/ = , 

av av 



or 



Se = — m' sin d 



/jL. 



159. Effects of finite cmd continuous disturbing forces.- 

The mass of the body being m, suppose that mf is the 
measure of a small tangential disturbing force. 

B. D. 14 
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RADIAL IMPULSE. 



During the small time Bt, the disturbing force increases 
the velocity hyfSt, and, as in Newton's First Proposition, we 
can represent the finite force as the limit of a series of 
impulses, delivered at the commencements of the intervals 
M of time. 

Hence, putting u =fU in Art. (157), we find that 
d = 2a'vf//jL, 
TO- = 2rvaf sin O/fier', 
and e = 2avrf(cos 9 + e)l(ir'. 

Again, if nif' is the measure of a small normal disturbing 
force, write f ot for u' in the equations of Art. (158); then 
we obtain 

TO- =/' (2ae + r cos d)/aev, 

e = — f'r^ sin dj'^ft.ar'. 

160. Effects of a small radial impulse. 

Let the impulse be measured in the direction SP, that is, 
outwards, and let u be the small velocity produced in the 
direction SP. 




Let the apse line be tilted through the small angle Sot, 
and let fall the perpendicular PN' upon its new position. 
Then, the value of h being unchanged, the velocity in the 
new orbit is compounded of fijh in the direction PE, perpen- 
dicular to SP, and e'/i/A in the direction N'P, taking e' to 
represent e + he. 
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These two components are the equivalents of the velocity 
fijh in the direction PE, e/ijh in the direction MP, and u in 
the direction SP. 

Resolving in the directions parallel and perpendicular to 
the undisturbed position of the apse line, we obtain the 
equations 

eV ■ 5. /J 

-7- sm 607 = — w cos 0, 
h 

-4- cos din- = -5- + M sm 0, 

. s uh . ^ uh . „ 

. . Oct = cos 6, oe= — sm ff. 

fie fi 

Also, since /i" = ytta (1 — e% 

(1 - e") Sa - 2aeBe = 0. 



'. 8a = 2eu sin 



I a" 



„ u cos 
OCT = 



V^*' 8--inV°^*. 



161. Effects of a small transversal impulse. 

If m' is the velocity in the direction PE, produced by the 
impulse, the change Bh in the value of' A is u'r, and if we take 
h' to represent h + Bh, the velocity in the new orbit is repre- 
sented by fi/h' in the direction PE and e/j./h' in the direction 
N'P perpendicular to the new position of the apse line. 

Resolving in the directions parallel and perpendicular to 
the undisturbed apse line, we obtain 

^ sin SuT + £, sin ^ = (£ + u) sin 0, 

^cosStT + ^cos^ = ^ + ^cos^ + M'cos^, 
h h h h, 

leading to the equations 

s> u'r . , ^, , u'h cos 

Se= ^-(e + cos 0) -\ . 

h /i 

14—2 
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Since h' = fia{l- (P), these equations take the forms 



u'sva.e / ajl-e") 



2 + e cos 



1 + e cos d^ 



V fi { 1 + e cos ^J 

Also, since h^ = /j,a(l — e"), 

2h8h = /i (1 - e^) Ba - 2/iaeSe, 
and this leads to 

162. Effects of finite amd continuous radial and trans- 
versal disturbing forces. 

If mf is the measure of the radial disturbing force on a 
mass m, and mf the measure of the transversal disturbing 
force, and if we replace u hjfBt and u' hyf'8t, we obtain the 
expressions for ■ir, e, and a in the two cases ; that is, we 
obtain equations for determining the gradual changes pro- 
duced in the elements of the orbit by the continuous action 
of disturbing forces. 

163. Effects of a sudden small change in the magnitude 
of the absolute force. 

Supposing that S/jl is the change in /j,, then, since the 
velocity is unchanged, we find from the equation if = /jLr'/ar, 
that 

Ba _ r' Sjj, 
a r fj, ' 

and that the change in PH is 2Sa. The direction of motion 
not being changed the new outer focus H' is in PH pro- 
duced. 

Employing the figure of Art. (157), 

g^ _ HE' sin E ^ r'shx HBfi 



SE r/jLe 

Su, 

■ -'-I 

Cfi 



Sot = — — sin 6, 
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Again Be = — (cos if — e) as in Art. (157) 

= — ^ (2ae + rcos9 — er'), 

or Se = — - (cos 6 + e). 

If fj, changes gradually, and if nfi is the change per unit 
of time, then by putting n/iSt for Sfi, we shall obtain the 
equations for determining the gradual changes of a, ot, 
and e, so that these equations are 

a nr' . . „ 

- = , eor = — n sm &, 

a r 

e = — n (cos 6 + e). 



CHAPTER X. 

MOTION IN THREE DIMENSIONS. 

164 Tee fundamental equation of Kinetics being that 
the time-flux of the momentum of a particle, in any assigned 
direction, is equal to the sum of the acting forces in that 
direction, and the resulting equations for the motion of a 
particle in three dimensions being given in different fonns 
in Art. (56), we proceed to employ these equations in some 
particular cases. 

Motion of a heavy particle in contact with fixed smooth 
curves or surfaces. 

Measuring z vertically downwards, and taking the accele- 
ration along the tangent to the path of the particle, we 
obtain 

dv dz 

'^'ds^'^ds- 
and therefore \m{'fi— v?) = mg (z — c), 
if the particle start with the velocity u from the level c. 

This is in effect the equation of energy, but it must be 
carefully borne in mind that, in this case, the system consists 
of a particle and the earth, and that we are neglecting the 
kinetic energy acquired by the earth in consequence of the 
attraction between it and the particle. 

165. Motion of a heavy bead sliding down a smooth wire 
in the form of a helix with its aoois vertical. 

If a be the inclination of the arc of the helix to its base. 



EQUATION OF ENERGY. 215 

iJ and R' the reactions in directions of the principal normal 
and binormal, the equations of motion are 

dv . mv'' T, n T,, 
mv-j- = mg sin a, — =K, = li — mg cos a. 

OLS Cb S6C OC 

From these equations, v^ = 2gz, if z be the height through 
which the bead has fallen, and the resulting reaction is equal 
to ViJ» + E\ 

166. In general, if a particle move in free space, or in 

contact with smooth curves or surfaces, the equation of 

motion, obtained by taking the forces in direction of the 

tangent, is 

dv „ 
mv^ =mS, 
ds 

mS being the resultant of the acting forces in direction of the 
tangent. 

If the particle have a velocity u at the point P and a 
velocity v at the point Q, 

\m {v^ — m") = I mSds, 

the integral being taken from P to Q. 

Now, in accordance with the definition of potential energy 
in Art. 51, the change of potential energy of the system, con- 
sisting of a particle in a field of force, that is, of a particle, 
and attracting masses the kinetic energy of which may be 
neglected, is the work which would have to be done against 
the forces of the system in order to move the particle from 
P to Q, and therefore, if U be the potential when the particle 
is at P, and V when it is at Q, 



U= I —mSds, 



the integral being taken from P to Q. 
We hence obtain 

or \mtl^ + F = 4 mw^ + C/", 

which is the equation of energy. 
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MOTION ON SMOOTH SURFACE. 



The total energy being constant, we notice that the force 
on the particle, which is the time-flux of the momentum, is 
the negative space-flux of the potential energy. 

In other words the force in any direction, at any point of 
the field, is the rate of exhaustion, in that direction, per unit 
of linear space, of the potential energy. 

167. Reaction of a smooth sv/rface on a particle which is 
moving in contact with the surface. 

Let the figure be a section of the surface by a plane per- 
pendicular to the line of motion of the particle P, and let PF 
be the principal normal of the path, and PO the binormal. 




The accelerations in these directions being i^lp, and zero, 
where p is the radius of absolute curvature of the path, it 
follows that the resulting acceleration in direction of the 
normal PE to the surface is '\? cos ^/p', if ^ be the angle 
FPE or, by Meunier's theorem, iPlp, where p is the radius of 
curvature of the normal section of the surface by the plane 
through the tangent to the path. 

Hence, if R be the pressure, measured inwards, and iVthe 
acting force in the direction of the normal to the surface, 

rmS^jp = N + R. 
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If U be the acting force in direction of the tangent PL 
to the surface in the plane EPF, 

m^lp . sia ^ = JJ, 

and therefore mv^ tan <f>=pU, 

an equation which determines the position of the osculating 
plane of the path. 

If 6 be the inclination of the direction of motion to the 
direction of greatest curvature, and if pi and p^ are the least 
and greatest radii of curvature of the normal sections at the 
point P of the surface, 

11 1 

- = - cos" d + - sin" d, 
P Pi Pi 

and the first equation takes the form 

/cos" 6 sin" &\ 



mv 



r-^ + '-^] = N+R. 

\ Pi Pa J 



In the case of a cylindrical surface, pa is infinite, and we 
then have 

m."cos"g^^_^^_ 

Pi 

168. If no forces are in action the path is a geodesic. 

For, taking the equation of motion in direction of the 
binormal, 

= iZ sin ^ ; 

therefore ^ = 0, or the osculating plane is a normal plane. 

This result, is equally true if the surface be a rough 
surface, for the same equation exists. 

169. Motion of a heavy particle in a smooth surface of 
revolution the axis of which is vertical. 

Measuring z upwards, and employing cylindrical co-ordi- 
nates, the accelerations are 

r-rd\ rS + 2r0, and z, 
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and therefore, taking the acceleration in direction of the 
tangent PT to the meridian, 

z sin ^ + (r- rd^) cos^ = -g sin ^. 
Also, there being no horizontal force perpendicular to the 
plane APN, 

re + 27-0 = 0, 

and therefore r'^d = h. 



G 


F 


'^"' J 









The equation of the surface, z =f{r), being given, these 
equiations determine the motion. 

Taking the acceleration in direction of the normal PQ, 
we have, for the pressure, 

m {z cos ^ — (r — rd^) sin (j>}=B — mg cos ^. 

Observing that tan <f> = dz/dr =,/' (r), and that 

h dr J . ., , . h dr 



t^dd 
the first equation becomes 



'fide' 



-i[i.i/'wiS.[£-Q/"i^-i[x.i/'w).i](S)- 

...(1), 
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which is the differential equation of the projection of the 
path on a horizontal plane. 

Multiplying by 2 -j^ and integrating, we obtain 

^(irti+{/'™+^=o-|/(.) (2). 

If the path be a horizontal circle of radius a, we at once 
obtain from the equation (1) 

Or, we can obtain this result by considering that the 
acceleration to the centre, v^ja, is maintained by the action 
of gravity and the pressure of the surface. 

If we employ the principles of energy and momentum, 
leading to the equations, 

\m[z^ + r^ + r'^e'] =G- mgz, and r^d = h, 

we arrive at once at the equation (2). 

170. To find the apsidal angle of the projection on a 
horizontal plane of the path when it is nearly circular. 

When the particle is moving in a circle, we can imagine 
a slight disturbance of the motion, as for instance by the 
action of a small impulse in the vertical plane through the 
axis and the particle. The value of h will then be unchanged, 
and if we assume r = a + v, where u is a very small quantity, 

(dv\^ 
-jn ) J tJie differential equation becomes 

- a - 1) + ^3^ (a' + ^a?v) {/' (a) + /" (a) v] = 0, 
so that the apsidal angle is 



TT VlH- {/' {a)Y I VS + af" (a) //' (a). 
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This shews that the motion is stable, provided 

3 + a/" (a) //'(a) 
is positive. 

171. A heavy particle is projected horizontally along the 
inside of a surface of revolution, the axis of which is vertical; 
it is required to find the initial curvature of its path. 

PG being the normal to the surface at P, let PUsLud PF, 
in the figure of Art. (169), be the directions of the principal 
normal and of the binormal of the path. 

If p' be the radius of absolute curvature, the acceleration 
in the direction PS is v'/p', and therefore, if EPG = i|r, the 
acceleration in the direction PT is v^ sin '^/p', 

and therefore v^ sin yjr/p = g sin <l>. 

PQ is the radius of curvature of the normal section of the 
surface perpendicular to the plane ANP, and therefore, by 
Meunier's theorem, 

p = PQ COB yjr = r cos ^If/sin i^, if r = Plf. 

Hence v^ tan ijr = gr, 

and 



P = 



sin <}) 'Jv* + g'r" ' 



172. Motion of a heavy particle on the surface of a 
sphere. 

In the figure of Art. (169) let G be the centre of the 
sphere and take c for the radius. 

The equation, r^d = h, becomes c" sin" ^.d = h, and the 
•equation of energy is 

c'4>' + c= sin= (f>e'' = G+2gc cos ^, 

If the particle be projected horizontally, from the position 
<j) = oi, with the velocity v, 

h = vc sin a, <p = 0, and v" = G + 2gc coa a, 
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SO that 

To find the greatest and least altitudes of the particle, put 
4 = 0, then we obtain <^ = a, or 

v' (cos a + cos <j)) = 2gc (1 — cos" ^). 

It is easily seen that this equation gives one value for 
cos (fj lying between + 1 and — 1, and therefore it follows that 
the whole motion of the particle is comprised between two 
horizontal planes. 

Taking the acceleration in the direction of the normal 
GP, we find for the pressure, measuring z downwards, 

mz cos <p + m(r — r6^) sin = mg cos <j) — R. 

Since z = c cos ^, and r = c sin <f), it follows that 

T. . ;„ w" sin" a 

it = mg cos + mcA' + ni— . „ , , 
^ ^ ^ c sm" <j) 

or iJ = m^r (3 cos ^ — 2 cos a) + mv^jc. 

This is in accordance with the general result of Art. (167), 
for, in this case, the square of the velocity 

= v'— 2gc (cos a — cos ^). 

173. Motion of a heavy particle on the surface of a smooth 
cone, the vertex being downwards, and the aosis vertical. 

Employing cylindrical co-ordinates, and taking the ac- 
celeration along the generating line, we obtain 

(f — r6') sin a+z cos a = — 5^ cos a, 

or ir — r sin" ad" =—gsma cos a. 

Also r^d = h, and putting u for -, we find for the differential 
equation of the projection of the path on a horizontal plane, 

d^u . „ o sin a cos a 

-r;r + u sm" a = ^ rin . 

dO' hV 
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174. Motion of a particle in a smooth plane tube which 
revolves about an axis in its plane. 

Take the axis of rotation as the axis of z, and (j) as the 
inclination of the normal to the axis of z. 

Taking S, N, and T as the acting forces in directions of 
the tangent and normal to the curve and perpendicular to its 
plane, and M, R' as the reactions in the two last-named 
directions, the equations of motion are 

m (r — r6^) cos <j) + mz sin (f> = S, 

mz cos (f> — m{r — r6') sin = i\r + i2, 

m{re+2re) = T+R'. 

Take for instance the case of a parabolic tube with its verteon 
downwards, revolving uniformly about its axis which is ver- 
tical. 

We have then 

S = — mg sin (f), JSf = — mg cos cj), T=0, 

6 = (o, 4iaz = r", and 2a tan (j> = r, 

and the first equation becomes 

r (4a= + 7-=) + rr" = (4aW - 2ag) r. 

Integrating and supposing that initially r = c, and r = 0, 

r' (^.a" + r^) = 2a (2a(o» -g)(f- c^). 

If 2am^ = g, the particle will remain, in relative rest, at 
whatever point it is placed initially ; and according as 
2a£o'' > or < 5^, the particle will ascend or descend. 

175. Motion of a heavy chain inside a smooth tvhe which 
is revolving wniformly about a vertical axis in its own plane. 

Consider the motion of an element PQ, (Sa) of the chain 
AB. Taking the arc OA =s, and AP = a, the equation of 
motion is 

mSa {zsia ,f> + (r- w'r) cos (p} = BT — mgSa- sin <j). 

The expression « sin </> + r cos ^ is what would be the 
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tangential acceleration if there were no rotation and is there- 
fore equal to s, and the equation becomes 

dT 
m {s — wV cos ^) = T 1^9 sin (^; 




s^ 

or, analytically, o- not being a function of the time, 

i = s sin ^, r = s cos ^, 

z = s sin <f)+s<p cos <f>, r =s cos (j>—s<j> sin (fi, 

whence '£sm(j) + r cos ^ = s. 

Taking I as the length of chain AB, and integrating over 
the length I, we obtain 

is = ico=(/^-r-"=')-£r(^'-/'), (a), 

r', / being the co-ordinates of the end B, and r", z" of the 
end A. 

All these four quantities being functions of s, we have 
an equation determining the motion of the chain in the tube. 

If i? be the rate of pressure at P in direction of the 
normal FGt, per unit of length of chain, we have, by taking 
the acceleration in the direction FGt, 

mh<T {z cos ^ — (r — rm") sin ^} = BSa- -\ mgBa- cos (j>, 

or 1- wV sm 6 = it H mg cos A. 

P P 

For example, if the tube be circular in form, and if the arc 
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OA subtend an angle 6 at the centre, and AB an angle a, 
then, from the equation (a), 

aa0 = ioj'a {sin" (a + ^) - sin" 0}-g {cos e - cos (a + 6)], 

and therefore, 

aaff' = ito'a {sin 2d-sm2(a+e)}-2g {sin ^ - sin (a + 6)] + G. 

176. Motion of a heavy bead on a smooth wire in the form 
of a helix, having its aods vertical, and revolving uniformly 
about its adds. 

Measuring 6 from the foot of the helix, the cylindrical 
co-ordinates of the bead are 

a, 6 + at, z, where z = ad tan a. 

Taking the acceleration along the tangent to the helix, 

a9 cos a + sin a = — 5f sin a, 

or z = — g sin'' «, and .'. z^=2g sin' a(h— z). 

This gives the vertical velocity, and the horizontal velocity 

= a (6 + m) = aa) + z cot a. 

For the motion on the arc of the helix, 

s = z cosec a and .". ^ = 2gQi — z). 

If R, R' be the reactions of the wire on the bead in 
directions of the principal normal and binormal of the helix, 
we have, 

ma (0 + Q))" = R, 

and m (z cos a — aO sin a) = R'— mg cos a. 

177. The motion of a bead on a tortuous wire revolving 
about a fixed axis, and acted upon by any given forces, can 
be similarly treated by the use of cylindrical co-ordinates. 

Or we can take axes of x and y revolving with the curve, 
in which case the expression for the acceleration along the 
tangent to the curve will be 

(x-w'x-2yw)-^^+(y-a>'y+2xa))-£+z^^. 
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which reduces to s — wV -j- , and if T be the sum of the 

as 

tangential forces- the equation of motion is 

If p be the radius of absolute curvature of the curve, the 
acceleration of the bead in direction of the principal normal 
is equal to 

(x -(o'x-2ym) p -^ + (y-a>'y + 2xa>) p -^^ + zp ^^, 

which reduces to 



s" , / d'x d''y\ „ f .6?y . d^x\ 



and the expression, when multiplied by the mass of the bead, 
is equal to the sum of the forces in direction of the principal 
normal, and of the reaction in that direction. 

In a similar manner the reaction of the curve in direction 
of its binormal can be determined. 



178. Motion of a heavy particle on a smooth inclined 
plane, the plane being in rigid connection with a fixed vertical 
aaois and revolving vmiformly. 

Take the line of greatest slope, drawn upwards, through 
the fixed point on the plane as the axis of x, and the normal 
to the plane as the axis of z. Then, referring to Art. (34), 

^1 = to sin a, 0^ = 0, 63 = 0) cos a, 

and therefore, z being zero, 

u = x — (oy cos a, 

v=y ^wx cos a, 

VJ= coy sin a. 

B. D. 15 
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Taking the accelerations parallel to the axes, we have, if 
B be the reaction of the plane, 

m{u — va> cos a) = — mg sin a, 

m(v — WW sin a + ttm cos a) = 0, 

m{w + va> sin a) = M — mg cos a, 

The first two of these equations give 

'x — 2a) cos ay — <u* cos'' ax = —g sin a, 

2/ + 2a) cos ax — oi^y = 0, 

thereby determining the motion, and the third equation gives 
the pressure. The integration is at once effected by aid of 
the calculus of operations, for the elimination of y leads to 

-5- + 0)^ [3 cos^ a — 1 j -jTa + «»* cos^ ax = go>'^ sin a., 

a linear equation with constant coefficients. 

If the particle be constrained to move on a smooth 
curve in the revolving plane, the motion is determined by 
taking the resultant acceleration along the tangent to the 
curve. 

This leads to the equation, 

dsc dii 

{x — 2a) cos ay — tu" cos'' ax) -r- + (y + 2(» cos ai — ta^y) -^ 

dx 
^-gsma^. 

, , dx „ dy . dx 

or s — m" cos" ax -^ — co^y -f- = — g bid. a j- . 

Take for instance the case of a head moving on a smooth 
circular wire which is made to revolve uniformly about a fixed 
vertical axis through its centre. 

If 6 be the angular distance of the bead from the axis of 
X, the preceding equation becomes 

a6 — cd'a sin" a sin cos ^ = gr sin a sin 9, 
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and the angular motion is therefore given by 

ad^ = a'a sin^ a sin' 6-2g sin a cos ^ + G. 

The radial pressure, M, on the bead, measured inwards, is 
given by the equation 

ma\6'+2(od coaa + a^ cos'' a cos''9+ co" sin'' ^)=jB+m5'sinacos0. 

179. The general problem of the motion of a particle on 
a smooth surface which is made to revolve about a fixed axis 
can be dealt with in a similar manner by aid of the general 
expressions for velocities and accelerations which are given in 
Art. (34). 

Taking axes rigidly connected with the revolving surface, 
let the plane of zx contain the fixed axis about which the 
surface is revolving, and let a be the inclination of the axis 
of z to this fixed axis. 

We have, then, 

6i = (o sin a, 6^=0, 0s = a> cos a, 
and therefore, 

u = d)—yQ) cos a, v=y — za) sin «•+ ccoa cos a, 
w = z + ycoBm a. 

The expressions for the accelerations are 

fi=u — veo cos a, 

f^ = v — w(o sin a + MM cos a, 

fs = w + vm sin a, 

and, if the acting forces are given, the equations of motion 
can be formed. 

180. As a particular instance consider the motion of a 
pendulum, or, which is the same thing, of a particle inside a 
smooth sphere rotating with the earth. 

EP being the earth's axis, let G be the position of relative 
equilibrium of the particle, and let OG meet the earth's axis 
hiE'. 

15—2 
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Neglecting the size of the smooth sphere in comparison 
vrith the distance OE, and regarding the earth as a sphere of 




which E is the centre, the direction E'Oz is defined by the ■ 
consideration that the resultant of the earth's attraction in 
the direction OE, and of the reaction at G, is the force 
moy'ON in the direction ON. 

The direction of the reaction at G is also the direction of 
the plumb-line at the place, and defines the vertical at the 
place. 

The horizontal plane at the place is the plane perpen- 
dicular to the plumb-line. 

Let F be the measure of the earth's attraction in the 
direction OE, and let mg be the pressure at G, which is called 
the weight of the particle. 
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Then, if EL be parallel to NO, and a represent the angle 
OE'N, ^ the angle EOE', and c the earth's radius, 



F 



mg : mco''o sin (a + ^) = OE : LO 
= cos a : cos (a + 0) : sin ^. 



Z^ 




From these equations, or at once, independently, we have 
m(B% sin (a + ^) sin a = the resultant force in the direction OE' 

= Fcos 4> — mg. 

Remembering that the latitude of a place on the earth's 
surface is the inclination to the equator of the plumb-line at 
the place, we observe that a is the co-latitude of the place. 

Now take E'O produced, that is, the vertical at 0, as the 
axis of z, and as the origin, and, remembering that the 
earth rotates from West to East through South, take the axis 
of y in the direction of the West, so that the positive direction 
of y will be above the plane of the paper in the first of the 
two figures of this article. 

Then the expressions for the velocities and accelerations 
are those given in Art. (1T9), with the exception of the ex- 
pression for the velocity parallel to the axis of y, which now 
becomes 

V = y — zco sin a + *co cos a— coc sin (a -I- ^). 
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The equations of motion are 

or, expressing /i,/2, and/s at full length, 

X — 2ya) cos a + w'z sin a cos a — a'a; cos^ a + co^c sin (a + 4>) cos a 



F . , Rx 
m ^ ma 



y — 2za) sin a + 2x(o cos a — ca^y = — 



Ry 
m a' 



z + 2yQ) sin a — ^jb' sin° a + ajto'' sin a cos a — a?c sin (a + </>) sin a 

^ ^ i?0 

= cos (p . 

m ^ m a 

But we have shewn above that 

J" sin (/) = mto'c sin (a + 1^) cos a, 
and ^cos<^ = m^ + ma)^csin(a + (^)sina, 

and therefore the equations become 

R x 

X — 2v(» cos a + a^z sin a cos a — a^x cos' a = , 

* ma 

V — 2iw sin a + 2i;ci) cos a — to^ = , 

S + 2ym sin a — zay^ aui? a. + xw' sin a cos a = — o, 

" ma ^ 

which are the exact equations of motion of a pendulum. 

It must be observed that in the formation of these 
equations we are neglecting the attractions of the sun and 
moon on the earth and on the pendulum. If we take 
account of these attractions fresh terms will appear on both 
sides of the equations. The terms which will appear in the 
left-hand members will be the component accelerations of 
the earth's centre due to the attractions of the sun and moon 
on the earth, so that the left-hand members will represent 
accelerations relative to the sun's centre. The terms which 
will appear in the right-hand members will be the com- 
ponents of the attractions between the sun and the pendulum, 
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and between the moon and the pendulum, divided by the 
mass of the pendulum. In omitting to take account of the 
terms thus described we are simply neglecting the differences 
between the accelerations of the earth's centre and the 
pendulum, due to the attractions of the sun and moon, 
differences which, as a matter of fact, are excessively small 
in comparison with the accelerations of the pendulum due to 
the attraction of the earth. 

181. As a matter of fact it has been shewn by observa- 
tion, that, if g be the acceleration due to gravity at the 
equator, m^o : g :: 1 : 289. 

Taking a foot and a second as units this gives 1/9 as the 
roughly approximate numerical value of a^c, a result which 
can be tested by observing that a^c is equal to 

L. !n «^ T-^000 X 5280. 
\24 X 60 X 60/ 

Since the radius of the sphere is generally about two or 
three feet, while the radius of the earth is 4000 miles, it 
follows that (o^x, eo^y, and oy^z are very small quantities in 
comparison with oj^c or with g. 

Since mg : mca'^c sin (a + </>) :: cos (a + <^) : sin^, 
it follows that, approximately, <^ = co^c sin a cos a/g. 

If the particle make very small excursions from its 
position of equilibrium, we can put z = — a, and neglect the 
squares of x and y. We then obtain the approximate 
equations, 

..0- ^* 
X — 2ya} cos a = ■-, 

" ma 

.. o . ^V 

y + 2a!&) cos a = , 

^ ma 

2ya)sma. = --g; 

and putting g = n% and elimiaating R we obtain finally, 
X - 2y(o cos a+n''x=0, y + 2xw cos a + n^^/ = 0. 
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182. From the preceding equations, we find that 
ay — yx+2co cos a (xx + yy) = 0, 
.-. aiy — ya; + o) cos a («" + y'^) = G, 
or r^6 + cor' cos oi = G. 

If the particle be started from the origin, = 0, 
.-. 6 = — CO cos a. 

We also obtain from the same equations, 
xx+yy + n' {xx + yy) = 0, 
.-. a? + y' + n" (af + y') = D, 
or r' + r'-d' + n'r' = D, 

so that r'' = (w= + co^ cos= a) (a' - r^), 

if a is the value of r when f = 0, 
and .•. »'=acos{w^+&j^cos''a}*i. 

The equation, 6 = — (o cos a, shews that the motion is in a 
vertical plane which turns round from West to East through 
North with the constant angular velocity a cos a. 

This is the case of Foucault's pendulum, and the fact is 
that CO cos a is the component angular velocity of the earth 
about the vertical at the place, so that the earth turns round 
under the pendulum, and the appearance produced is that of 
a vertical plane of motion turning round a vertical axis clock- 
wise, that is, in the dfrection West — North — East — South. 
The experimental verification of this theoretical result is one 
of the most important of the proofs of the earth's rotation 
about its polar axis. 

The experiment was suggested and tried by Foucault, and 
the details of his observations were communicated by him to 
the Acaddmie des Sciences de Parifi early in the year 1851. 

The gradual displacement of the vertical plane of motion 
had been observed in Italy nearly 200 years before, but it 
was Foucault who first recognised the cause of the displace- 
ment, and who stated that the observation of the fact is a 
direct proof of the earth's rotation*. 

* Arago'fl Astronomie Populaire, Tome iii. page 45. 
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183. In the general case, writing the equations in the 
forms 

(B' +n')x = 2£B cos a. Dy, (H" + n')y = -2a) cos a . Bx, 

we find that 

{B^+2{n? + 2a^cos-'a)B^ + n*]x = 0; 

.: x = A cos (pt + ^) + B cos (qt + 7), 

where — p' and — q' are the roots of the equation, 

/i= + 2 (w" + 2Q)'i cos^ a) /i + w* = 0, 

and the expression for y is of the same form. 

The elimination of t between these equations for x and y, 
shews that the projection of the path on the horizontal plane 
is approximately an ellipse. 

184. Motion of a projectile. 

Take the point of projection as the origin, and take the 
axes as in Art. (180), that is, let the vertical through the 
point, drawn upwards, be the axis of z, the direction of the 
North the axis of x, and the direction of the West the axis 
oiy. 

The exact equations of motion, considering the earth's 
centre fixed, are 

X — 2yco cos a + co'^z sin a cos a — to^x cos" a = 0, 

y — 2zco sin a + 2xai cos a — coh/ = 0, 

'z + 2yQ} sin a — zca" sin' a. + xco" sin a cos a = — g. 

Discarding the small terms in these equations, we obtain 
the approximate equations, 

x = 0, y = 0, z = -g, 
which have been employed in previous chapters. 

This however is the justification of the assumption that, 
in consequence of the earth's attraction, and the earth's 
rotation about its polar axis, the acceleration of a falling 
body, relative to the horizontal plane of a place, in the 
direction perpendicular to it, is measured by the quantity 
g as defined in Art. (180). 
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185. Fall of a heavy body from a considerable height. 

It is intended to consider the case of a fall of from 
200 feet to 600 feet, this being a practicable range for 
experimental tests. 

In this case ai^x, to'?/, and ay'z are excessively small in 
comparison with a^c, and may therefore be neglected for a 
first approximation. 

Again x and y will be very small compared with i, and 
therefore, for a first approximation, we have the equations, 

07 = 0, y — 2&)i sin a = 0, z=—g. 

Taking the origin to be the point from which the body is 
let fall, we find that 

« = 0, z = — \gt^, y = — ifogt" sin a. 

Hence, if the body fall through the depth h, the easterly 
deviation fi:om the vertical will be 



^co sin a 'JSh^/g. 

If we employ the results thus obtained and replace y by 
— oygt" sin a, then, for a second approximation, 

X + ^(o'gt" sin a cos a = 0, y + 2(ogt sin a = 0, 

z — f co^^i" sin' a. = —g. 

.'. x = — \a>^g1^ sin a cos a, y = — ^oogt' sin a, 

^ = - ht^ + i«» V** sill" «• 
We thus obtain a southerly deviation Aoj'oi* sin a cos a, 
or ^ sin ex. cos a, and a modification of the relation be- 
tween the time and the depth to which the body falls. 

If the body be let fall from the height h above the hori- 
zontal plane from which z is measured, we shall find that 

z = h-^gt'' + ^co'gt* sin' a, 

and that the southerly deviation on the horizontal plane is 

Sib'A' sin a cos a/2g. 
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Taking a particular case let the fall be through 100 
metres, or 328 feet nearly. 

The easterly deviation at the equator 

I'm , 27r 328x18 , 

= i'"Vy = ^- 24x60x60 ^2— ^^"^^y 
= "071 foot = '85 inch = 22 millimetres nearly. 

In latitude «■ — a, the easterly deviation 

= 22 sin a millimetres. 

This agrees with a result given by Laplace. 

It will be easily seen that the deviation to the South is 
in this case an excessively small quantity. 

Experiments were made at Bologna, by Guiglielmini, for 
the verification of this theoretical result, in the'year 1792. 

The falls were from heights of about 240 feet, and, in 
every case tried, the body fell to the ground a fraction of an 
inch to the East of the plumb-line. 

Experiments have also been made in the shaft of a mine 
at Freyberg with a fall of about 500 feet, and the results of 
observation were in close accordance with the value given 
by the theoretical formula. 

In Arago's Astronomie Populaire, Tome ill., page 35, it is 
stated that the idea of this experiment is due to Newton, and 
that it was communicated by him to the Royal Society of 
London in November, 1679, but it does not appear that it 
was tried experimentally. 

186. Case of a heavy body projected vertically upwards 
with a given velocity. 

As in the previous case the equations for a first approxi- 
mation are 

a = 0, y= 2a)i sin a, '£ — — g. 

Hence, if w is the initial velocity, 
00 = 0, z = wt— ^gt", and y = w sin a (wt^ — igt^). 
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The last result shews that during the ascent and descent, 
that is, during the time 2w/5^, the projectile has a westerly 
deviation from the vertical, which, when the projectile strikes 
the ground, is equal to 4&)w' sin aj^gK 

If allowed to fall below the horizontal plane from which 
it was projected, as for instance by falling down the shaft of 
a mine, the body will cross the vertical at the time 3w/^, and 
will afterwards have an easterly deviation. 

For a second approximation, 

X = 3a)'' sin a cos a (wt — \gt^), y = ^<o sin a{w— gt), 

z = -3ay' sin» a (wt - ^gt') - g. 

.'. x = (i3^ sin a cos a (-^wi' — ^5^^), 

y = o) sin a (wf" — \gt^'), 

z = wt- \gf - w" sin" a {^wt^ - ^gtf). 

187. Case of a heavy body projected in a given direction 
on a smooth horizontal plane. 

In this case, z = Q, and the approximate equations are 

x = 2(uy cos a, y = — 2a)X cos a, 

2ma)y sin a = iJ — mg, 

if m is the mass of the body, and R the reaction of the 
horizontal plane. 

Taking u and v as the velocities, in the directions of x 
and y, with which the body is projected from the origin, and 
writing \ for 2a) cos a, 

x=u + \y, y = v — \x. 
Integrating these equations, we obtain 
'Kx = v—vaos\t + usva. \t, 
\y = — u + u coaXt + V sin Xi, 
.'. (\x - vy + {Xy + uy = u^+if>, 

so that the path is approximately an arc of a circle trending 
in the direction West— North — East— South. 

Also, by expansion, we obtain the approximate equations, 
x = ut + oivt^ cos a, y = vt — auf cos a. 
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If u and V are positive, these equations indicate deviations 
to the North and to the East, represented respectively by 

tovt^ cos a. and aut^ cos a. 

If w or i; is negative, or if both are negative, there may 
be westerly or northerly deviations. 

Take V as the velocity of projection, and 6 as the incli- 
nation to the axis of x, that is to the direction of the North, 
of the direction of projection. 

To a spectator at the place of projection, the displace- 
ment to the right 

= wwP cos a cos 6 + avt' cos a sin 6 

= CO Vt^ cos «. 

These results are applicable to the cases of rifle bullets or 
cannon shot fired at short ranges, the angle of elevation 
being very small. 

188. Case of a railway train. 

If a railway train is travelling on a straight line of rails, 
the approximate equations of motion are 

Mx - IMcoy cos a = - i2 sin 9, 

My + 2Mo}cb cos a = ii cos 9, 

where R is the horizontal reaction of the rails measured to 
the left. 

If the velocity is uniform and equal to V, 

R = 2a>MV cos a, 

shewing that t^iere is a pressure on the rails to the right, 
looking in the direction of motion. 

189. General case of a projectile. 

Neglecting co^'x, m^y, and co'z, the equations of motion 
are 

X — 2(oy cos a = 0„ z + 2coy sin a = - g, 

y — 2a>z sin a + 2o>x cos a = 0. 
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Hence, putting \ for 2a) cos a and //. for 2a) sin a, and 
taking m, •;;, w as the components of the initial velocity, 

d!-Xy = u, z + /xy = w — gt, y—fj,z+\x = v. 

We hence obtain, to the same degree of approximation, 

y = fiw — figt — Xm, 

y =11— (\m — IJbW) t —^/J^t", 

y=vt-\{\u- ixw) f - ^fj-gt'. 

Taking vt as a first approximation to the value of y, 

x = ut+^ \vt', z =wt~\gt^ — ^fivt". 

Taking u and v positive, we observe that if /j,w < \u, 
i.e. if w < M cot a, these equations indicate deviations to the 
East and the North, and also an increase in the vertical height. 
If u and V are either or both negative these interpretations 
\vill require modification. 

In the case of a rifle bullet and of a cannon ball for 
ordinary ranges, w is usually small compared with u and v, 
so that the horizontal deviation is of sensible amount, and 
allowance must be made for it, in order to secure accurate 
practice. 

If F is the horizontal component of the velocity of 
projection, and if ff, measured from North to West, marks 
the direction of the vertical plane of projection, 

u=Vcos0 and i;=ysinft 

Hence to an observer at the place of projection, the dis- 
placement to the right, in all cases, 

= i \vt' sin d+{i (\m - /iw) t^ + i/uft'} cos 0, 

= Q) Vt" cos a — Mioi" sin a cos + ^cogt' sin a cos 0. 

Further and more close approximations can be made, and 
in fact the exact equations can be completely solved, but the 
process is lengthy and the fresh terms introduced are, in 
ordinary practical cases, excessively small. 

190. Taking a particular case, it is a fact that, in a 
Martini-Henry rifle, the muzzle velocity was 1315 feet per 
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second, and the times of flight, for ranges of 800 and 1000 
yards, were 2"6 and 3'4 seconds. 

Take the co-latitude of the place to be about 38°, and 
observe from tables of natural sines and cosines that 
cos 38° = 4/5 approximately. 

Then the theoretical expression (BF!!''cosa for the devia- 
tion to the right gives about 6 inches for the 800 yds. range 
and about 9 inches for the 1000 yds. range. 

Another particular case, of considerable interest, is that 
of a shot which was fired from a cannon in 1888 at a range 
of 21000 yards. The muzzle velocity was 2375 feet per 
second and the time of flight was 64 seconds. 

The theoretical expression gives about 73 yards as the 
deviation to the right. 

In all these calculations we have left out of consideration 
the resistance of the air, which is a most important factor in 
practical gunnery. 

In consequence of this resistance the amount of range 
obtainable is largely diminished, and the parabolic form of 
path is not maintained. 

Again, in the case of rifled guns, a large effect is pro- 
duced by drift, which is a deviation due to the rotation of 
the projectile, and is caused by the tangential action of 
the air. 

In the case of the Martini-Henry rifle at 1000 yds., the 
drift, as determined by experiment, was about 7^ inches. 
This determination was effected by firing two barrels, one 
with a right-handed and the other with a left-handed twist, 
in parallel rests at 1000 yards, the result being a spread of 
15 inches. 

In the case of the cannon shot at long range, the deflection 
observed was 1000 yards, the greater portion of which was 
due to drift*. 

• I am indebted to Professor Greenhill for the practical facts and the 
information contained in this article. 
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1. Is a railway train heavier when going east or going 
west? 

Shew that for a train weighing 180 tons, travelling 60 
miles an hour in latitude 60°, the difference is about the 
weight of two men. 

2. A particle of mass m is attached to one end of an 
elastic string, the other end of which is fastened to the vertex 
of a smooth cone of vertical angle 2a, having its axis vertical 
and vertex upwards ; prove that the particle can move with 
a constant velocity v round the surface of the cone, and with 
the string stretched to double its natural length, provided 
that the modulus of elasticity > mg cos a, and that 

2v'' cos a<ag sin" a. 

If the particle be slightly disturbed in the direction of 
the string, find the time of a small oscillation. 

3. A point describes a loxodrome on a sphere ia such a 
way that its longitude increases uniformly ; prove that the 
resultant acceleration varies as the cosine of the latitude, and 
that its direction makes with the normal an angle equal to 
the latitude. 

4. A material particle rests on a rough plane inclined at 
a given angle to the horizon, the plane begins to rotate round 
an axis perpendicular to it, with a velocity commencing from 
zero and continually increasing. Determine the velocity at 
which the particle will commence to move on the plane, and 
the condition that the commencement of the motion is 
simultaneous with that of the plane. 

5. A particle slides on a smooth helix of radius a and 
angle a under the action of a force to a fixed point in the 
axis equal to ft, times the distance. Investigate the motion, 
and prove that the pressure cannot vanish unless the greatest 
velocity of the particle be V/I a sec a. 
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6. A heavy particle moves on the inside surface of a 
smooth spherical shell ; shew that, if the velocity be due to 
falling from the level of the centre, the pressure on the 
surface will vary as the depth below the centre. 

7. A heavy particle, in contact with the lower half of 
the internal surface of a fixed smooth spherical shell, is 
projected horizontally with velocity V, the radius through 
the particle making initially an angle a with the vertical. 
Find the pressure in terms of the velocity at any time and 
prove that if V^ cos a < 2ag, the particle cannot leave the 
surface, but that if V^ cos a > 2ag, it may do so, and find the 
additional condition necessary. 

8. Two equal particles, each of unit mass, attracting 
one another with the force, p^ x distance, are placed in 
two rough straight tubes at right angles to one another, 
and the friction is equal to the pressure in each tube ; 
prove that, if they be initially at unequal distances, one 
moves for a time 7r/2p before the other begins to move, and 
that, while they are approaching the point of intersection of 
the tubes, they move in the same manner as the projections 
of the two extremities of a diameter of a circle upon a straight 
line on which the circle rolls. 

9. A particle is revolving on a smooth plane about a 
centre of force, the accelerating effect to the centre being 
fi X distance, and when the body arrives at an apse the plane 
begins to revolve with an angular velocity jV3/i about the 
apsidal line; shew that the subsequent orbit described on 
the plane will be a portion of a parabola ; and that, when the 
particle leaves the plane, its velocity will be \/B x velocity at 
the vertex. 

10. A smooth parabolic tube whose latus rectum is 4a 
rotates about its axis which is vertical, the vertex being down- 
wards, with uniform angular velocity a. Find ca in order 
that a heavy particle may be ia equilibrium at any point 
of the tube. 
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If the angular velocity of the tube be greater than this 
and a particle be projected down the tube from any point with 
velocity just suflScient to make it reach the' vertex, shew that 
the equation to the projection of the subsequent path, on a 

horizontal plane, is 

„ , 2a + V4ff=' + r-'' V4a'' + r'^ 

e = log ^ 2^^— . 

11, A small bead slides on a smooth circular ring of 
radius a, which is made to revolve round a vertical axis 
passing through its centre with uniform angular velocity w, 
the plane of the ring being inclined at a constant angle a to 
a horizontal plane. Shew that the law of angular motion of 
the bead on the ring is the same as that of a bead on a ring 
of radius a cosec a revolving round a vertical diameter with 
angular velocity w sin a. 

12. A smooth wire, in the form of a parabola, latus 
rectum I, revolves about its axis which is vertical, the vertex 
being uppermost, with uniform angular velocity = ^/^; a 
string, passing through a fixed ring at the focus carries, at 
one end, a small ring, mass m, which slides on the wire, and 
at the other end a particle, mass m, which hangs freely. 
Given the velocity, V, of the ring at the vertex, determine 
the rate at which the ring describes the parabola at any 
point. 

If m = 4m', and '2,V^ =gl, prove that, at a time t after the 
ring has passed the vertex, the angle 6 between the two parts 
of the string is given by the equation 



cot 



IVI^ 



13. Three masses mj, ttIj, TOj are fastened to a string 
which passes through a ring, and mi describes a horizontal 
circle as a conical pendulum while nii and mg hang vertically. 

If rrii drop off, prove that the instantaneous change of 
tension of the string is - 

TWi + mj' 
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14. A particle is placed between two smooth co-axial 
circular cylinders of nearly equal radii, whose common axis 
is inclined to the vertical, and slides down under gravity. 
If /S be the angular distance of its initial position from the 
lowest point of the cross-section through that position, shew 
that the particle will never press the inner surface if 2yS< tt; 
but if 2^ > IT, the particle will pass from the inner to the 
outer surface, and back again, and so on, when <p, its angular 
distance at any point from the lowest point of the cross- 
section through that point, takes the successive values given 
by 3 cos ^ = 2 cos yS. 

15. A particle moves in a smooth circular tube of radius 
a, which is made to revolve about a fixed vertical diameter 
with constant angular velocity co. 

If 9 be the angular distance of P from the lowest point 
at the time t, and if P initially be at rest relatively to 
the tube when 6= a, then 

cot n = cot n cosh ( at sin „ j . 

16. A heavy particle is moving on the interior surface of 
a smooth sphere with velocity due to the level of the centre, 
and its motion is horizontal at a depth c below the centre ; 
shew that the radius of curvature of its path at that point is 

, where a is the radius of the sphere. 

17. A particle, mass m, is projected along the surface of 
a paraboloid of revolution, of latus rectum 4a, with a velocity 
4^//ia, in the plane of the latus rectum, and is acted upon by 
a force to the focus, mij, (distance),; prove that the initial 
osculating plane of its path is inclined to the axis at the 
angle cot~' 3/.5, and that initial pressure is dmfM \/2. 

18. If a particle be moving on a smooth circular cone 
under a force to the vertex varying inversely as the square 
of the distance, prove that if the cone be developed on to a 
tangent plane the path will be developed into a conic having 
the vertex of the cone for one focus. 

16—2 
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19. Forces act along the meridians of a sphere on a 
particle moving on its surface. The particle is projected 
from a point on the equator and its path is a loxodrome. 
Determine the law of force. 

20. A particle moves on the inside of a smooth circular 
cone, vertical angle 2a, under the action of a force to the 
vertex varying inversely as the square of the distance. It is 
projected from an apse at a distance c from the axis with the 
velocity which bears to the velocity requisite for circular 
motion the ratio of >JZ to V2. Prove that the projection of 
the path on a plane perpendicular to the axis is 

3c = 2r + r- cos {6 sin a), 

that the time from one apse to the next is ir (2o cosec afj/^f/j,, 
and that the pressure of the particle on the surface of the 
cone is inversely proportional to the cube of its distance from 
the vertex. 

21. A heavy bead moves along a vertical circular wire 
which revolves about a vertical straight line in its own plane. 
Find the time of a small oscillation, and the resistance on the 
wire. 

22. A point moves on a smooth sphere under two central 
attractive forces i^jr-^r^, f'-jr^r^ in the distances r^, r^ of the 
point from the north and south poles respectively ; if the 
velocity at starting be that due to falling from infinity, then 
the path on the sphere will be a loxodrome. 

23. Two particles of masses m and wf are connected by 
a string passing through a small hole at the vertex of a cone 
having its axis vertical and vertex uppermost ; if m! hangs 
vertically, find the condition that m may describe a circle of 
radius c on the cone, and shew that if the particle be slightly 
disturbed it will oscillate about the circular path in the time 



TT 



/ ( c {mf — m cos a) ) 
V (35' {m! + m) sin a) " 



24. A parabolic wire, axis vertical and vertex downwards, 
rotates about its axis with uniform angular velocity. A ring 
slides down it under gravity ; prove that it may descend with 
constant velocity. 
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25. A heavy string of given length ia enclosed in a 
smooth straight tube, which is made to revolve uniformly 
about a vertical axis, so as to describe a right circular cone ; 
determine the motion of the string and the tension at any 
point. 

26. A surface is of the form traced out by the revolution 
of the curve z = c cos aj/c about the axis of z : the surface 
being placed with its axis vertical, a particle is projected 
upon it in such a manner that it describes a horizontal circle 
in a given time t. Prove that the number of possible circles 
is even, except in that case in which the time of revolution 
satisfies the equation 



l + ^..cos./f-0^,-l)=O. 



^c-'^^VG 



27. A heavy particle moves on a curve which revolves 
uniformly about a vertical axis ; prove that the time of an 
oscillation of the particle about a position of relative equi- 
librium will be 

lir f p sin a N* 
0) \k — p'&va.a. cos^ a/ ' 

p being the radius of curvature at the point of equilibrium, 
« the angle made by the normal at that point with the 
vertical, k the distance of the point from the axis of revolu- 
tion, and o) the angular velocity of the curve. 

28. An anchor ring is formed by the revolution of a 
circle of radius (c) about an axis in its own plane, distant (a) 
from the centre of the circle. A particle is projected along 
the equator of smaller radius with velocity (v), and is acted 
on by a centre of attractive force in the centre of the axis, 
and equal at distance r to ym^; shew that if the particle be 
slightly displaced it will continue to return to its original 
path at equal angular intervals (ff), where 

29. There are two points P and Q which move so that 
the line of motion of each relative to the other is always 
parallel to a given direction. If the motion of P, and the 



-1 
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initial position of Q be given, shew how to determine the 
surface on which it must move. If the orbit of P be plane, 
prove that this surface is a cylinder. If the motion of P be 
that of a projectile in vacuo, and the relative velocity of 
P and Q constant, determine the motion of Q. 

30. A smooth hollow ellipsoid of revolution is fixed with 
its axis (2a) vertical, and a particle is projected from a point 
in the horizontal plane through the centre and on the inside 
surface with a velocity J2ga and inclination a to the horizon. 
Find a. in order that the greatest depth below the centre 
may be 2a/3, and find in that case the greatest height 
reached. 

31. A smooth surface is generated by the revolution of 
the curve a^y = '^ about the axis of y which is vertically 
downwards, and a heavy particle is projected along the sur- 
face with velocity due to the depth below the horizontal 
plane through the origin : prove that its path intersects all 
the meridians at a constant angle. 

32. A surface of revolution is such that if it be held with 
its axis vertical, and a heavy particle be projected along it 
with suitable velocity at any point in any direction, its path 
will cut every meridian of the surface at a constant angle. 
Shew that the surface may be generated by the revolution 
round the axis of y of the curve 

h{ai'-a'')+x^y = 0. 

33. A particle, under the action of an attractive force 
varying inversely as the distance firom a given plane, is 
constrained to move on a smooth spherical surface, and 
projected with the velocity due to an infinite distance; 
prove that the resultant force on the particle always passes 
through a fixed point. 

34. A material particle is acted on by a force the 
direction of which always meets an infinite straight line AB 
at right angles, and the intensity of which is inversely 
proportional to the cube of the distance of the particle 
from the line. The particle is projected with the velocity 
from infinity from a point P at a distance a from the nearest 
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point of the line in a direction perpendicular to OP, and 
inclined at the angle a to the plane AOF. Prove that the 
particle is always on the sphere of which is the centre, that 
it meets every meridian line through AB at the angle a, and 
that it reaches the line AB in the time 



V/u. cos a 
fi being the absolute force. 

35. A heavy particle moves upon a surface of revolution, 
axis vertical, formed by the revolution of a parabola of latus 
rectum 4a about the tangent at the vertex ; prove that the 
differential equation of the projection of the path upon a 
horizontal plane is 

where X is a constant. 

36. A particle constrained to move in the surface of a 
smooth ellipsoid is under the attraction of an internal ellip- 
soidal shell, the two surfaces being confocal; prove that if the 
particle be projected. from an umbilicus with a given velocity, 
it will return to the umbilicus in a time which is independent 
of the direction of projection. 

37. Two infinite straight lines which are at right angles 
but do not meet attract according to the law of gravitation. 
Prove that, if a particle be projected from the middle point 
of the shortest distance between the lines in direction of the 
line bisecting the angle between them, it will continue to 
move in a straight line : and find the limits of the motion. 
Prove also that a particle will move with uniform velocity, 
under the attraction of the lines, in any smooth tube which 
takes the form of the curve of intersection of a certain hyper- 
bolic paraboloid with any one of a certain series of oblate 
spheroids. 

38. A small smooth groove is cut on the surface of a 
right cone, axis vertical and vertex upwards, in such a 
manner that the tangent is always inclined to the vertical 
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at the same angle /8. A particle slides down the groove 
from rest at the vertex ; shew that the time of descending a 
vertical height h is equal to the time of falling freely through 
a height Asec^yS. Shew also that the pressure is constant 
and that it makes a constant angle 6 with the pr incipal 
normal to the path, such that 2 tan 6 Jcos' a - cos^ /3 = sin a, 
2a being the angle of the cone. 

39. Three particles of equal mass which attract one 
another according to the law of the inverse square, are free 
to slide on three wires which form the edges of a prism 
whose base is an equilateral triangle. If the system is 
slightly disturbed from its position of equilibrium, prove 
that it executes a small oscillation in the time 2it Va'/Sm ; 
m being the mass of a particle and a the mutual distance 
of the wires. 

40. A particle is free to move along a helix whose axis 
is vertical, and a centre of force whose accelerating effect is 
/A X distance resides in the axis of the helix. The particle is 
so placed as to be in equilibrium, and the centre of attraction 
then begins to move vertically upwards with a velocity V; 
prove that after a time t 

yti sin^ a (s sin a - Vty + (s sin a-Vf= V\ 
s being the arc of the helix measured from the position of 
equilibrium, and a. the angle which the helix makes with the 
horizontal. Hence determine s in terms of t. 

41. A circular tube of smooth bore has its centre fixed 
above a rough horizontal plane and is made to roll uniformly 
in contact with the plane. Shew that the motion of a particle 
of unit mass within the tube is given by 

a^ — afl" sin* a sin ^ cos ^ + ^ sin a cos (^ = 0, 

and the pressures towards the centre and perpendicular to 
the plane of the tube are determined by 

a ((^ + f2 cos a)' + all" sitf a sin" (^ + jr sin a cos <^ = B, 

2a(^n sin a cos (^ + afl^ sin a cos a cos </> — £f cos a = S, 

where fi is the angular velocity of the point of contact round 

the vertical and a the inclination of the plane of the tube to 

the horizon. 



CHAPTER XI. 

THE HODOGEAPH AlTD THE BRACHISTOCHRONE. 

191. The Hodograph. If from any fixed point a straight 
line he drawn parallel to the direction of motion of a moving 
point a/nd of a length proportional to the velocity of the point, 
the locus of its extremity is the hodograph of the path of the 
point. 

Polar equation of the hodograph. 

If d be the inclination, to any fixed direction, of the 
tangent to the path, and if the velocity =f(6), 

then r=of{d) 

is the polar equation of the hodograph, c being any constant. 

For example, if a heavy particle slide down the arc of a 
smooth vertical circle from its highest point, the hodograph is 

r' = 2gc (1 - cos 0). 

Again, if a particle describe an ellipse under the action of 
a force to its centre, v x GD, Art. (114), and therefore the 
ellipse is its own hodograph. 

192. If .OP and OQ represent, in direction and magni- 
tude, the velocities of a particle at the times t and t + St, PQ 
represents, by the triangle of velocities, the velocity imparted 
during the time St, and therefore, if / be the acceleration of 
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the particle, PQ is the direction of the acceleration, and its 
length = fBt. 




Hence it follows that the tangent to the hodograph is the 
direction of the acceleration, and that, if a be the arc of the 
hodograph, y'=o-, that is, the velocity in the hodograph is 
equal to the acceleration of the particle. 

If for instance a particle move in a plane curve under the 
action of a force making a constant angle with the direction 
of motion, the hodograph is an equiangular spiral. 

In general, if x, y, z be the co-ordinates of a particle in 
motion, and ^, i), f the co-ordinates of the corresponding 
point of the hodograph, we have 

l^ = x, t]=y, f=i, 

and from these the equations of the hodograph can be found. 

Thus, if a heavy particle slide down a smooth helix, the 
axis of which is vertical, 

a; = a cos Q, y = a sin 6, z=a6 tan a, 

and 2gz='<fl = a?+'i/^ + z^=a''sQc'^a.e'';^ 

.-. ^ = Biu6 cosa.'J^gadtai.iia., r) = cosd cosa»j2ga0ta,Tia, 

and 5'= sin a'J2gad tan a. 
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Hence ^ + r)'=^^ cot^ a, shewing that the hodograph is a 
curve drawn on the surface of a right cone, a result which 
presents itself at once from the geometry ofihe case. 

193. In the particular case of central forces, the hodo- 
graph is the reciprocal polar of the path, turned through a 
right angle. 




For it 8Q = v= h/p, 8Q will be the radius vector of the 
hodograph, turned through a right angle. Or, which is the 
same thing, the hodograph is the inverse of the pedal curve 
turned through a right angle. 

Hence for a conic section described under the action of a 
force to the focus, the hodograph is a circle. 

If j9 =f(r) be the equation of a central orbit, the equation 
of the hodograph is 



r' Ap')' 



For QE, the perpendicular on SP, ia the tangent to the 
path of Q, and 
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In all cases of free motion under the action of parallel 
forces the hodograph is obviously a straight line. 

194. Conversely, if the hodograph and its mode of de- 
scription be known, the path can be determined. 

Suppose for instance the hodograph to be a helix described 
with uniform velocity. We then have, 

as = a cos (at, y = a sin mt, z = a.wt tan 7, 

and the integration of these equations gives the equations of 
the path. 

From the first two we obtain the form 

so that the path is a curve on the surface of a cylinder. 

195. If two particles describe the same curve, in the 
same direction, under the action of the same central force, 
the chord of the hodograph corresponding to their positions 
at any time represents the velocity of either relative to the 
other. 

Suppose for instance that two particles are describing 
the curve, r = c sec' J0, in the same direction and under the 
action of a force to the origin. 

The hodograph in this case is a cardioid, the cusp of 
which is at the origin, and it is a known property of this 
curve that all chords through the cusp are of equal length. 

Hence it follows that when the directions of motion of 
the two particles are parallel the sum of their velocities 
is constant. 

For another example, if two particles describe the curve, 
?"sin3^ = a, under the action of a force to the origin, the 
hodograph is a three-cusped hypocycloid. 

Now it is a known property of this hypocycloid that 
any tangent to it, bounded by the curve, is of constant 
length*. 

* Roulettes and Glissettes, Art. (25). 
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Hence we infer that whenever the directions of motion 
of the two particles meet on the curve the velocity of either, 
relative to the other, is always the same. 

The Brachistochrone. 

196. The Brachistochrone is the curve along which a 
particle can be guided in a given field of force from one 
given point, or from one given curve or surface, to another 
given point, or to another given curve or surface, so as to 
make the transit in the least possible time. We shall 
consider first some special cases and afterwards prove some 
general characteristics of brachistochrones. 

To find the brachistochrone for the case of a heavy particle 
in a vertical plane from one given point to another. 

Measuring y downwards from the starting-point 

v'=2gy, 
and the expression 

[ds Nl+p^dx . , , 

I — , or I T^ — — IS to be a minimum. 

J V J '^2gy 

Employing the ordinary processes of the Calculus of 
Variations, we obtain 

Vy VyVl+p'' ' <^y V 2c- y 

Hence x = c vers~^ - — V2c'!/ — w" 

c " " 

is the brachistochrone, and this represents a cycloid having 
its cusp at the origin. 

197. A heavy particle moves on the surface of a smooth 
circular cone, oasis vertical and vertex upwards ; it is required 
to find the brachistochrone from a given point to a given 
generating line. 

If A be the starting-point, VA = a and VP = r, 

v^ = 2g cos a (r — a). 
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and the expression, 




' ©■^'"''"-%,, 



r — a 



where <f> is the azimuthal angle, is to be a minimum, from 
which condition we obtain 

/dry „ . „ r^ sm" a — c (r — a) 
\d<l>/ c(r-a) 

as the differential equation of the brachistochrone. 




At the limit /8, employing the boundary equation, we 

find that -y-, =0, and therefore that the brachistochrone is 
a<p 

horizontal at its lower extremity. 

The fact that the curve passes through the point (a, 0) 
theoretically determines c, and the radius to the lowest point 
is given by the positive root of the equation, 

. r^ sin^ « — c (r* — a) = 0, 



IH- 
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198. Case of a heavy particle moving in a brachistochrone 
on any surface of revolution the axis of which is vertical. 

Measuring 2 vertically downwards, and employing cylin- 
drical co-ordinates, let r =f(z) be the equation of a meridian. 

Then 

ds'' = dz' + dr'' + r''dcjy', and v^ = 2g(z-c), 

and the condition that the expression 

should have a minimum value leads to the equation 
rt^ = Gvds. 

The expression Jmvds, i.e. the space integral of the 
momentum, is called the action, and the interpretation 
of the result obtained is that, for a brachistochrone, the 
area swept over by the radius . vector on the horizontal 
plane is proportional to the action. 

199. A particle moves under the action of a repulsive 
force from a fixed point varying as the distance; and starts 
with the velocity J fi, . OA from the point A. 

To find the brachistochrone to another point B, we first 
observe that, at a distance r, 

v^ = fir\ 
/dry 

and therefore f ''"' dd 



/ ^/^'^(£) 



is a minimum, the limits being constant. 

This leads to r -^ = C, 

as 

shewing that the brachistochrone is an equiangular spiral. 

If it be required to determine, in this case, the brachisto- 
chrone from the fixed point J. to a given curve, r=f{6), we 
have, in addition to the equation, rdd = Ods, the boundary 
condition. 
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Taking r^, &i as the co-ordinates of the bounding point B 
on the curve r =/{6), this condition is 






l(dr\ 



+ 



fdrV 

Kdeh 



Sn=o* 




Now, if BB' be a small arc ot the given curve and 
B0B' = d6i, and if the dotted line BF represent part of the 
brachistochrone, and B'E the slightly variated curve, meeting 
in B the radius vector OB, then Sr-j = — BE. 

From the figure it will be seen that 

BE = EL-BL = B'L cot EBO - B'L cot BBO, 

and therefore S^ = |/' {6^) - (^ \ d9,. 

Substituting in the above equation, and observing that 
d6i is an arbitrary quantity, we obtain 



(il-7%)-»-i=^ <^)' 



proving that the brachistochrone must intersect the given 
curve at right angles. 

* Bee Todhunter's Integral Calculm, Art. (358). 
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To complete the solution, we obtain from rdd = Cds, the 
equation 

r = ae*™' ", where a = OA, 

and, to find r-^, d^ and a, we have the above equation {A), 
with the equations, 



cot a 



n=f{Od, r-, = ae^^ 



200. The brachistochrone for a particle moving in a given 
field of force. 

■ The system of the particle and the field, being a conser- 
vative system, as in Art. (166), we know that the velocity 
depends upon the position of the particle, and therefore, if v 
be its velocity when passing through the point (x, y, z), 

"0 =/(«' y> ^)- 

For the brachistochrone we have to make the expression 



/f " /■ 



V 

a minimum, p and g standing for dyjdx and dzjdx. 

The methods of the Calculus of Variations (see Todhun- 
ter's Integral Calculus, Art. 364) lead to the equations. 






d (l\ d (I q \ 



k^)i 



which reduce to 

ds^ ds ds dy ' 

d'z dv dz dv _ 
ds' ds ds dz 

B. D. 17 
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Multiplying by -j- and -j- respectively, and adding the 

results, we obtain the symmetrical equation 

d?x dvdx dv _^ 
ds* ds ds dx 

Any two of these three equations determine the brachisto- 
chrone. 

201. The brachistochrone for a particle constrained to 
move on a given smooth sv/rface. 

Taking K and Z to represent the left-hand members of 
the equations (A), we have in this case 






and also, if ^ («, y,z) = be the given surface, 

We hence obtain the single condition 

d^ d^' 
dy dz 

and this equation, with <l> {x, y, z) = 0, determines the brachis- 
tochrone. 

202. In the case of a particle moving in. a field of force, 
if V be the velocity of the particle, and V the potential 
energy, the equation of energy is 

^mD=+ V=G. 
From this equation we obtain 

dv dV ^ 
ax ax 

if mX be the component of the acting force. 
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The equations of Art. (200) now become 

ds^ ds ds ' 

„ d^y dv dy „ „ 

ds^ ds ds ' 

J d'z dv dz y _n 

ds^ ds ds 

If \, fi, V be the direction cosines of the binormal we 
obtain 

\X + fiY+vZ=0; 

and hence it follows that 

the osculating plane contains the resulta/nt of the acting forces. 

Again, multiplying by the direction cosines (I, m, n) of 
the principal normal, and adding, we find that 

- + lX + ni,Y+nZ = 0; 

P 
that is, the component of the acting force in direction of the 
principal normal is equal to — mv^/p. 

Now, for free motion, the force along the principal normal 
is equal to mv'/p. 

If then the normal force be reversed in direction, the 
tangential force remaining unchanged, a free path becomes a 
brachistochrone, and the converse is equally true. 

In other words the forces are reflections, or images, of 
each other with regard to the tangent, both in direction and 
magnitude. 

This theorem is due. to Professor Townsend, and is given 
with illustrations m Vol. xiv. of the Quarterly Journal of 
Mathematics. 

For instance, if a particle move in the curve, s = 4a sin (j>, 
under the action of a force inclined to the direction of motion 
at the angle 7r/2 + (f>, it will be found that the force is 
constant. 

17—2 



260 BRACHISTOCHEONE. 

The image of this case is the cycloidal brachistochrone 
under the action of gravity. 

For another example take the case of an ellipse described 
freely under the action of forces to the two foci, each varying 
inversely as the square of the distance. 

The same ellipse will be a brachistochrone for repulsive 
forces from the two foci, each varying inversely as the square 
of the distance firom the other focus. 

203. The following case is that of a converse problem, 
viz. to find the greatest distance which can be passed over, 
under given conditions in a given time. 

The velocity of the current in a river is proportional to the 
distance from the hank, and a man who swims at a given 
rate wishes to get as far as possible down the river in a given 
time; how must he start from the hank ? 

Measuring x parallel to the bank, and taking /j,y for the 
velocity of the stream, and v the rate at which the man can 
swim, we have 

x = fiy + v cos 6 and y = vsm. d, 

so that, if T be the given time, 



«= I (/J'y+''^v'-p')dt, 
Jo 



where 'P~~jl- 

If « is a maximum. 



^yH.V.^-:P» = ^^^ + a, 



and, taking a as the initial value of d, this leads to 



V tan a. — p}t = '^{G — yi.yf — v^. 



= tan a — fit, 
and, if /3 is the final value of 6, 

tan a — tan /S = ij-t. 
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The boundary condition is 

( r^' )gyi = and .-. p, = 0, 

so that /3 = 0, and tan o = fir. 

The swimmer must therefore start at an angle, the 
tangent of which is proportional to the given time. 

EXAMPLES. 

1. A point moves in a straight line under the action of 
a force varying as the distance from a point in that line ; 
prove that the corresponding point in the hodograph moves 
as though acted upon by a similar force. 

2. One particle describes a given orbit about a centre of 
force, and another particle describes the hodograph of that 
orbit under the action of a force to the pole of the hodograph, 
shew that the product of the accelerations of the particles at 
two corresponding points of their orbits varies as the product 
of the central distances of those points. 

3. If P and Q be the tangential and normal forces, and 

(/> the inclination of the tangent to a fixed direction, the / 
hodograph is 

4. A smooth elliptic tube is placed with its major axis 
vertical and a particle allowed to slide down it, starting from 
rest at the highest point ; shew that the hodograph is given 
by the equation 

r = csin^ -Icot"^ (7 cot 6] 



4H"(v 



5. Prove that the hodograph ' of a central orbit can 
itself only be a central orbit under the action of a force 
to the origin from which its radii are drawn when the 
central orbit is an ellipse or hyperbola. 
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6. A heavy particle moves on a rough curve in a 
vertical plane so that the pressure on the curve is constant. 
Prove that its hodograph is a conic described as about a 
centre of force in the focus. 

7. If a particle describe a lemniscate under the action of 
a force to the pole, prove that the hodograph is of the form 

r^ = a? sec' — ^ — • 

8. If a particle move in a brachistochrone in an open 
field of force the pressure on the constraining curve is 
2m'yVp. 

9. A rough tube in the form of a cycloid is placed with 
its axis vertical and vertex upwards. A heavy particle is 
projected along the tube from the vertex with a given 
velocity V, find the velocity in any subsequent position. 

If the coefficient of friction be tan X, and the initial 
velocity be to that which would be acquired in descending 
freely down the tube, supposed smooth, as sin \ : 1, prove 
that the hodograph is a circle. 

10. Find the hodograph in the cases of fi-ee motion in 
a cardioid under the action of a force to the cusp. 

11. One circle rolls uniformly on the circumference of 
another, on the outside ; find the hodograph of a point on the 
circumference of the rolling circle. 

12. Find the hodograph in the cases of the motion of a 
heavy particle on a smooth cycloid, the axis of which is 
vertical and the vertex (1) upwards, (2) downwards. 

13. A particle is moving under the action of a force 
perpendicular to and proportional to the distance from the 
line of zero velocity, shew that the brachistochrone is a 
circle. 

14. Prove that a parabola is a brachistochrone, 

(1) for a constant force from the focus ; 

(2) for a force from the directrix varying inversely as 
the square of the distance from the directrix. 
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15. One circle rolls uniformly on the circumference of 
another on the inside ; find the hodograph of a point on 
the circumference of the rolling circle. 

16. If p be the radius of curvature at any point of the 
hodograph of a central orbit, and p the perpendicular from 
the pole of the hodograph on the tangent at that point, then 
the force at the corresponding point of the orbit is propor- 
tional to p^p. 

17. A projectile raoves under gravity in a uniform 
medium whose resistance varies as the velocity. Prove that 
the hodograph of the trajectory is a straight line, and that 
the velocity of the point on the hodograph is proportional 
to the horizontal velocity of the projectile. 

18. A particle moves under a central acceleration /iM™'+', 
being projected from an apse at a distance a with a velocity 

"1;h5 • Shew that the hodograph is r™ cos md = a 
constant where m = - 



Vl 



'n+\' 

19. Prove that if the force vary inversely as the cube of 
the distance from a fixed point, the brachistochrone will be 
an equilateral hyperbola. 

20. Shew that the parabola is brachistochronous for a 
force acting perpendicularly from its axis, and varying 
directly as the axial and inversely as the square of the 
focal distance, the line of no velocity coinciding with the axis. 

21. A particle moves in a vertical plane in a medium 
whose resistance is kv'^: determine the hodograph. Shew 
that it will be an algebraic curve if n be an odd integer. 

Defining the instantaneous parabola as the parabola that 
would be described if at any instant the resistance cease to 
act ; shew that the vertex of such a parabola is at any instant 
moving downwards at an angle tan~^ (^ tan j)) to the horizon, 
where <^ is the angle the particle's path makes with the 
horizontal. 

22. Two particles are describing free paths in one plane 
which are hodographs to one another ; if the particles be 
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always at corresponding points, prove that the paths must be 
conic sections, and find the nature of the forces acting on 
the particles. 

23. A body moves on a right circular cone, the velocity 
varying as the wth power of the cosine of the angle of 
inclination to the vertical, and the body moves along the 
curve of quickest descent fi-om one given point to another. 
Shew that, if the cone be developed, the path will become a 
curve such that the perpendicular on the tangent varies as 
some power of the polar subtangent ; and find the curves for 
the cases n = 1 and w = 0. 

24. If the velocity of a carriage along a road is propor- 
tional to the cube of the cosine of the inclination of the 
road to the horizon, determine the path of quickest ascent 
from the bottom to the top of a hemispherical hill, and shew 
that it consists of a spherical curve described by a point of a 
great circle which rolls on a small circle described about the 
pole with a radius 7r/6, together with an arc of a great circle. 

25. If a point move in a plane with velocity always 
proportional to the curvature of its path, prove that the 
brachistochrone of continuous curvature between any two 
given points is a complete cycloid. 

26. Prove that any curve which is a free path for a 
force to a fixed centre is also a brachistochrone for an equal 
force enveloping its caustic by reflexion from the fixed centre 
as focus. 

27. Find the hodograph of an elliptic orbit described 
under the action of a force to the focus, and hence prove that 
the mean value, taken with regard to time, of the inverse 
square of the radius vector is equal to the product of the 
reciprocals of the semiaxes. 

28. A point moves so that its velocity varies as the length 
intercepted on a fixed line between the tangent and the 
normal to its path. Prove that its quickest course between 
any two given points is part of a four-cusped hypocycloid. 

29. A particle moves freely under the action of a force 
whose direction is always parallel to a fixed plane, and 
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describes a curve which lies on a right circular cone and 
crosses the generating lines at a constant angle ; prove that 
its hodograph is a conic section. 

30. A heavy particle is projected from a given point 
along a smooth groove cut on the surface of a right circular 
cone, whose axis is vertical and vertex upwards, with the 
velocity due to the depth from the vertex. Prove that, if 
it reach another given point not more than half way round 
the cone in the least possible time, the curve of the groove 
must be such as would if the cone were developed become a 
parabola with the point corresponding to the vertex as focus. 

31. A particle, acted on by a central attractive force 

whose accelerating effect at a distance r is r-J^ — ^ , a beinsr 
s , (a^ + r^y s 

a constant, is projected from a given point with the velocity 

from infinity ; prove that the form of the groove, in which it 

must move in order to arrive at another given point in the 

shortest possible time, is an hyperbola whose centre coincides 

with the centre of force. 

32. A point moves on a cylinder of radius a and length 
I from a given point on one end to a given point on the 
other in the shortest possible time, when its velocity varies 
as the distance from a fixed plane through the axis ; shew 
that the curve described is given by 

cos 6 sinh l/a = cos a sinh x'/a + cos /S sinh os/a, 
where 6 is the inclination to the fixed plane of the plane 
drawn through the axis to a point in the curve whose dis- 
tances from the ends are x, x', and where a, /3 are the initial 
and the final values of d. 

33. Two points begin to move at the same instant and 
also stop simultaneously, and the product of their accelera- 
tions at any time varies inversely as the product of their 
velocities. If a, b, be their initial and a', b', their final 
velocities, and t be the greatest time the motion can last, 
prove that 

2aa ~ 26/3 ' 
where a, /3, are respectively their initial accelerations. 
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34. A man walks up a uniform incline from a given 
point, to reach a given height. His velocity varies as the 
sine of the angle between his path and the lines of greatest 
slope on the incline. If he exhausts himself at a rate 
proportional to the product of the whole height ascended, 
and the square of the cosine of the inclination of his path to 
the line of greatest slope, shew that he will get to the 
required height with least exertion along a curve whose 
equation is y' = aa?. 

35. A particle is constrained to move on a surface of 
revolution under the action of forces the directions of which 
pass through the axis, and which depend upon the distances 
from the axis or from fixed points in it ; find the differential 
equation, (in r and d, or in any other form,) to the projection, 
on a plane perpendicular to the axis, of the brachistochronous 
path between two points on the surface, and prove that the 
velocity at any point is proportional to the distance from the 
axis, and to the sine of the angle between the path and the 
generating curve through the point. 

If the surface be a hemisphere, and the force be attractive 
and vary as the distance from the axis, shew that when the 
starting-point is in the rim of the surface, the projection 
is a straight line. 

36. Find the differential equations of the brachistochrone 
on the surface of a sphere which is rotating round a diametral 
axis with uniform angular velocity. 

Prove that if r and Q be the co-ordinates of the projection 
of the particle on a plane perpendicular to the axis, r will be 
proportional to the resolved part of the force of constraint 
perpendicular to the meridian plane of the particle at any 
instant, and that under certain conditions the equation 
between r and Q assumes the form 

a=r cosh mQ. 

If the relative velocity of the particle at starting be equal 
to the velocitj'^ of the point on the surface from which it 
starts, prove that the relative motion in longitude will be 
uniform. 



CHAPTER XII. 



MOTION OF TWO PARTICLES ACTING ON EACH OTHER. 



204. If two particles, attracting each other, move in a 
plane, we know that their centre of gravity is either at rest 
or is in motion with a velocity constant in magnitude and 
direction. 

Having given the velocities at any instant we can find 
the velocity of the centre of gravity, and by reversing this 
velocity on the whole system we find the velocities of the 
two particles relative to their centre of gravity, and the case 
is then reduced to that of a central force. 

In all cases the force of each particle on the other is 
proportional to the produpt of the masses and a function of 
the distance, and therefore by a proper choice of units is 
represented by the expression mm' ^ (r). 

If m, m' be the masses of the particles, and u, u' their 
initial velocities relative to their centre of gravity, these 
velocities are in parallel and opposite directions, and are such 

that 

inu = mlu'. 

It is evident that the two paths about Q, their centre 
of gravity, are similar curves. 
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If PQ = r, and if mm' ^ (?■) be the force exerted by each 
particle on the other, then, considering the motion of P, this 
force 



{m + m'.p\ 



which is a function of the distance GP, and the motion is 
therefore determined as in Chapter VII. 




If the path of P with regard to be determined in the 
form, GP=f{6), the path of P relative to Q is given by the 
equation, 

m + m -^ 

Or, we can determine the path of P relative to Q by 
finding the initial velocity of P relative to Q, and observing 
that the acceleration of P relative to Q is 

(m + m')<l>(PQ), 

which again reduces the case to that of a force to a fixed 
centre. 
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205. Motion of two particles in a plane attracting each 
other with a force varying as the distance. 

The force on P = Tmn' PQ = m(m + w!) GP, and the 
acceleration of P in the direction PO = (m+ m')GP; hence 
it follows that P describes an ellipse about G as centre 
in the time 27r/Vm + m', and that, if u be the initial velocity 
of P relative to G, the semidiameter conjugate to GA 

= u/'^m + m. 

If It, u' be the initial velocities of P and Q relative to G, 
so that mu = m'u', the initial velocity of P relative to Q 

= u + u' = (m+ mf) u/m', 
and the acceleration of P relative to Q = {m + m')PQ, so 
that the periodic time is 27r/Vm + m', and the semidiameter, 
conjugate to AB, of the relative path 

= u Vm. + m'/m'. 

These last results are of course at once derivable by geometry 
from the preceding. 

206. Motion of two particles in a plane when the law of 
attraction is that of the inverse square of the distance. 

Taking the force between the particles to be 
mm'/CDistance)^, the acceleration of P in the direction PG 

= m'/PQ^ = m'%m + mj PG^, 
and hence it follows that the path of P relative to G* is a 
conic of which G is a focus. 

This conic is a parabola, ellipse, or hyperbola according as 
m" is equal to, less than or greater than 2m'^/(m, + m'Y AG. 

If the relative path is an ellipse, its transverse axis 2a is 
given by the equation 

, _ 2m'' f}__l_\ 
{m + my[AG 2aJ ' 

and the periodic time = 2'7ra* (m + m')/ni'^. 

In the same manner if the law of attraction be that of 
the inverse cube of the distance, the relative paths may be 
equiangular spirals, provided the relative velocities are 
properly adjusted at' starting. 
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207. If the two particles are not initially projected in 
the same plane, we must find the velocity of the centre of 
inertia of the system, and, by reversing it on each body of 
the system, we shall obtain their velocities relative to the 
centre of inertia. These velocities will be in parallel direc- 
tions and such that mu = vi'u', and the plane passing through 
them is the plane of the relative motion. 

Hence it is seen that the actual motion consists of the 
motion in the plane, while the plane, remaining parallel to 
itself, moves with the centre of inertia. 

208. We can also obtain these results from the equations 
of motion. 

For, if as, y, z be the co-ordinates of one particle, 
x', y', ^ of the other, r the distance between them, and 
B, the force of each on the other, the equations of motion 
are, 

mx = -R , my = -R^ — ^, mz = -R 



r " T r 

r 



Hence we obtain 



x — x _ y — y _z — z _ j^m + m 
x — a/ y — y' z — :^~ mm'r ' 

and, integrating, we find that 

{y-y'){i-z')-(^-^)(y-y') = A, 

(z-z')(d;-x')-(x-x')(z-z') = B, 
{x - x) {y - y') - (y- y') (x - g) == G, 

A, B, and G beiug constants, 

and.-. A{x-x') + B{y-y') + G{z-z') = 0, 

shewing that the line joining the particles is always perpen- 
dicular to the straight line, the direction cosines of which are 
proportional to A,B, G. 
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209. Motion of two heavy particles, connected by an 
ineootensihle string, a/nd projected in any manner. 

If the initial distance of the particles from each other be 
less than the length of the string, there will be, after a certain 
time, a jerk of the string. The velocities perpendicular to 
the string will be unchanged, and the change of the velocities 
in direction of the string will be determined by the considera- 
tion that the momentum of the system in that direction will 
not be affected by the jerk. 

For the subsequent motion, since the tension of the string 
produces equal and opposite momenta in any given time, it 
follows that the horizontal momentum, in any direction, of 
the system is constant, and that the vertical momentum 
imparted to the system is the same as . if there were no 
string. 

If then u, V be the component horizontal velocities in 
given directions, at any time, of one particle, and u', v' of the 
other, 

mu + m'u and mv + mV 

are each constant, and if w, w' be the initial vertical velocities, 
measured downwards, the vertical momentum of the system 
at the time t is 

mw + m'w' + (m + m') gt 

Taking then a, /3, 7 as the component veloc ities of the 
centre of inertia, the horizontal resultant Va" + iS" is constant 
in magnitude and direction, and 

(m + m') 7 = mw + m'w' + (m + m') gt, 
so that the motion of is the same as that of a projectile. 

Further, if we imagine the velocity and acceleration of G 
reversed on the system, we shall have the case of two 
particles connected with G by strings of given length, and 
consequently the motion of each will be circular, and the 
tension of the string will be constant. These are particular 
cases of the theorems of Arts. (45) and (49)'. 
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210. We can obtain the same result by mteans of the 
equations of motion. 

If T be the tension and I the length of the string, these 
equations are 

m'x' = T'^, m'y^Ty-^, m'z' ^mg + T^-^. 

The addition of the several pairs of equations gives the 
first result. 

Also we find as in Art. (207) that the string is always 
perpendicular to a certain fixed direction. 

Further we have 

{x-xy+{y-yj + {z-2^y=l\ 
and therefore 

{x-x')Qc-x')+{x-xJ+ =0. (a). 

But from the equations of motion 

l\x — x' 






I 



&c. 



and substituting in the equation (a) we deduce that T is 

constant. 

211. Motion of a number of free particles, attracting each 
other with forces proportional to the distance. 

In this case, by a well-known theorem, the resulting 
action on each particle is directed to the centre of gravity of 
the system, and is proportional to the distance from it. The 
particles therefore describe, relative to G, ellipses of which 
G is the centre, and in the same periodic time. 
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1. Two bodies attracting each other with a force which 
varies inversely as the cube of the distance are projected in 
parallel directions; find the condition that the relative paths 
may be equiangular spirals. 

2. If two particles of masses fi, fi! attract according to 
the law of gravitation and be projected with velocities -o, v', 
making an angle a with each other ; shew that their orbits 
relative to their common centre of gravity will be para- 
bolas, ellipses, or hyperbolas, according as 

v''-2vv'cosa + v'''<, = ,or< ^ - '^^\ 



where c is their initial distance apart. 

3. Two bodies, the masses of which are m and m, are 
projected from the points A, B, and attract each other 
according to the Newtonian law. The body m is projected 

/ vvy _1^ nvi 

from A in the direction BA with a velocity a/ — . ^ , and 
m' is projected from £ in a direction BP with a velocity 



V 



cos PBA ; 



AB 

determine completely the path of either with regard to the 
other. 

4. The co-ordinates {x, y), (x^, y^, of the simultaneous 
positions of two equal particles are given by the equations 

x = a9 — 2a sin 6, x^ = aO, 

y = a — a cos 9, yi = — a + acos0; 

prove that, if they move under their mutual attractions, 
the law of force will be that of the inverse fifth power of the 
distance. 

5. Two bodies attract each other with a force varying as 
the distance ; find the conditions that the relative orbits may 
be circles. 

B. D. • 18 
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6. Two particles, of M and m grammes respectively, 
attract according to the law of gravitation, and the relative 
orbit is a circle of radius a centimetres, prove that the 
periodic time is 

3928 ,-J'^ , a^ seconds. 

If at any instant the square of the relative velocity of m 
be doubled, -without, however, change of direction, shew that 
the distance apart will be doubled after an interval of time 
equal to 

r a* 1 
3928 4V2 -TT1-, r seconds. 

7. Two particles move under the action of their mutual 
attractions, one of them being constrained to remain on a 
fixed smooth wire in the form of a plane curve : if the path 
of the other be an involute to this curve and the two particles 
be always at corresponding points, the curve has for its 
intrinsic equation 

s=ae ''■ , 
where m is the ratio of the masses of the particles. 

8. Two equal bodies attract each other with a force 
varying inversely as the fifth power of the distance, and they 
are projected with equal velocities, in opposite directions, at 
right angles to the line joining them ; prove that there are 
two velocities, in the ratio of 1 : \/2, for each of which the 
relative orbits will be circles. 

9. Two masses m, m' are connected by an inextensible 
string of length a. The extremity A to which m is attached 
is compelled to move with uniform acceleration in a straight 
line under the action of a force P in a straight line, and the 
extremity B to which m' is attached, is compelled to describe 
a circle round A with uniform angular velocity (o under the 
action of a force Q perpendicular to AB. Find P and Q, and 
prove that the least value of P is 

mf j^ provided cmu' < 2/, 
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10. Two smooth circular rings (of radius a) are placed 
in a vertical plane with their centres in the same horizontal 
line at a distance 3a. Two equal beads (of mass m) slide on 
these rings and are connected by a thin elastic string, of 
which the natural length is 3a and modulus of elasticity 
B\mg. They are held as far apart as possible and then let go. 
Find when they come to rest. 

In the particular case in which X=l, find the whole time 
of the motion. 

11. Two equal particles can move on a fixed smooth 
circular wire and attract each other with a force varying as 
the distance between them. Prove that their centre of 
gravity moves with uniform angular velocity, and that the 
relative motion of one with respect to the other is the same 
as the motion of a simple pendulum. 

12. Two beads of equal mass repelling one another with 
a force varying inversely as the square of the distance are 
free to slide on a parabolic wire. If they are initially at the 
extremities of the latus rectum, prove that if properly 
projected the line joining them will always pass through the 
focus of the parabola. 

13. The attraction between two equal particles, each of 
mass m, is fim^jr^, when r is the distance between them, and 
they are projected with equal velocities on the same side of 
the line (c) joining them in directions not parallel but 
equally inclined to that line ; prove that the path of each 
will be an ellipse, parabola, or hyperbola, according as the 
initial component of each velocity in direction of the line c 
is less than, equal to, or greater than s/2fim/cK 

14. Two small rings each of mass m, which attract each 
other with the force mea^ x distance, are placed on smooth 
wii'es Ox, Oy, inclined to each other at a given angle, which 
commence to move in their own plane with angular velocity 
Q), and continue to move uniformly. Determine the motion 
of the rings. 
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CHAPTER XIII. 



ENERGY AND MOMENTUM. 



212. It is intended in this Chapter to illustrate the use 
of the principles of momentum and energy which were laid 
down in Articles (44), (47) and (52) of Chapter IV. 

In many cases problems of motion are very- rapidly and 
easily solved by the aid of these principles, and in all the 
cases to which they are wholly or partially applicable, the 
problem of determining the .motion of a body or a system is 
reduced to the solutioil of equations containing simple time- 
fluxes of the co-ordinates of the system. 

213. Motion of two spheres which attract each other 
according to the law of nature, of given masses m and m', and 
given radii a and a', placed originally without kinetic energy 
with their centres at a given distance cfrom each other. 

Supposing that the configuration of zero potential energy 
is when the spheres are in contact the potential energy of 
the initial configuration, which is the work done in separating 
the spheres, 



=/; 



Tnm , _ mm mm, 
a+a- r^ a + a' b 



During the subsequent motion let u and u' be the 
velocities of the two balls when their centres are at a 
distance r from each other. 
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The principles of momentum and energy give the two 
equations, 

mu = m V, 

, „ , , ,„ inm' mm' mm' mm' 

\mv? + imV^ + i = , , 

^ ' a+a r a+a c 



or 



^ (mu" + vi'u'') = mm' ( j , 



from which u and u' are at once determined in terms of the 
distance. 

214. Potential energy and kinetic energy in the case of a 
heavy body. 

In this case the system consists of the body, mass m, and 
the earth, mass M, and if we suppose that the body and the 
earth's centre have initially no motion, and that after a time 
V and u are the velocities of the body and of the earth's 
centre, we have the equation mv = Mu, and therefore it 
follows that the kinetic energies, ^Mu" and |m^, are in the 
ratio m : M, which, in all ordinary cases, is absolutely 
infinitesimal.' Hence the case becomes that of a revolving 
earth, the centre of which is fixed. 

In that case we have shewn, in Art. 184, that if mg is the 
weight of the body at the place, g is approximately the 
vertical acceleration downwards of the body when set free in 
any manner. 

We have also shewn in the particular case of a body let 
fall from a height h, that the easterly velocity, —y, is 
approximately 

2a) sin a(h — z), or agt" sin a. 

Turning now to the equations of Art. 184, we see that 
the exact equation connecting the position of the body at 
any instant relative to the place with its velocity relative to 
the place is 

a? + y" + z" — o)' [if + {zsma. — x cos a)=} = C - 2gz. 
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In the particular case of the body let fall, 

We hence see that, if we neglect the Easterly and Southerly 
deviations, we obtain the approximate equation 

i' = 2g{h- z). 

215. We can test this conclusion still further by starting 
with the equation of energy. 

When a body is let fall from a height h, it has the 

horizontal velocity, a}{c + h) sin (a + <^), in direction of the 

East, or, very approximately, wc sin a, if we neglect the 
Easterly deviation. 

As soon as the body is released, the force in action upon 
it is the attraction F of the earth in the direction of the 
earth's centre. 

If we neglect the Southerly deviation, or, in other words, 
if we neglect, for the time t, the curvature of the conical 
surface which is swept out by the vertical about the earth's 
polar axis, the force F will be in action, in the vertical plane 
through the East, in a gradually varying direction. 

Very approximately, the velocity imparted to the body by 
the action of the force will be Ft/m in the direction inclined 
at the angle ^(ot sin a to the original direction of the vertical. 

Omitting the energy due to the earth's rotation, which 
would appear on both sides, the equation of energy will be 

^m \ co'c'^ sin'' a — Icoc sin a . — i sin {\a>t sin a.)+-i—t\ [• 

+ F{c-\-z) = imo) V sin" a + i?" (c + h), 

or h\'~i'' ~ "'^'^'^' si'i' ^ [ = A — ^■, very nearly. 
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But F —mg = mco'-csin!' a, (Art. 180), to the same degree 
of approximation ; 

.-. \gt^ = h-z, 

which, since —gtis a first approximation to the value of z, 
agrees with the result before obtained. 

216. In writing down the equation of energy we have 
to express the fact that the sum of the kinetic and potential 
energies of the system is constant. 

The change of potential energy is measured by the work 
done by the forces of the system. 

Hence we may write down the equation of energy by 
expressing the fact that the change of kinetic energy is 
equal to the work done by the forces. 

la some simple cases it is convenient to employ the 
latter mode of expression ; in general however it is more 
conducive to accuracy of thought to employ the former mode 
of expression. 

217. Motion of a simple pendulum. 

If a simple pendulum of length Tstart from the inclination 
a to the vertical, the work done by gravity as the penduluni 
falls to the inclination 6 is ing (I cosd — l cos a), and the kinetic 
energy acquired is ^ml^BK 

Equating these we find that 

.25^ 



and 



G^ = -f (cos 6 - cos a), 

V 

dt fJ I 



' dd V 2^ Vcos 9 — cos a " 
If a is very small, this is approximately 

dd V^rV^TTgi' 
fi-om which we obtain ^ = a cos y' ^ t as in (Art. 126). 
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218. Motion of two equal heavy particles, fastened to the 
ends of a rod without weight, and oscillating in a vertical 
plane inside a smooth sphere. 

Taking a for the radius and 2c for the length of the rod, 
the equation of energy is 

2 {^ma^6'^} = 2mg ^a^ — c" (cos 6 — cos a), 
6 being the inclination of the rod to the horizon, 

^, 2a Va= - c= , a \ 

or $^ = — — — - (cos — cos a). 

U' 

Comparing this with the first equation of the last article 
we see that the length of the equivalent simple pendulum is 

a'^'^a'-c'. 

219. Motion of a compound pendulum, that is, of any 
rigid body, or rigidly connected system of bodies, about a fixed 
horizontal axis. 

G being the centre of gravity of the system and GO its 
distance from the axis, let be the inclination of GO to the 
vertical at any time during the motion. 

If P be the position of a particle mass m of the system, 
and if OP = r, the kinetic energy of the particle m is ^r'6', 
for the angular velocity of OP is the same as that of OG. 

Hence the Equation of energy gives 

S (imr'^e") = Mga (cos 6 - cos a), 

a OG = a, and M= the total mass. 

The expression S (mr^) is called the moment of inertia of 
the system about the axis, and is generally represented by the 
expression Mk', so that 

^» = ^(cos0-coso). 

Comparing this with the first equation of (Art. 179), we 
see that the length of the equivalent pendulum is k'-i-a, so 
that if I be the length, 

la = k\ 
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The point in OG at the distance I from is called the 
centre of oscillation of the system, the point being the 
centre of suspension. 

Since I = Mk^jMa, it will be seen that the length of the 
equivalent simple pendulum is equal to the moment of inertia 
of the system about the fixed axis, divided by the product of 
the mass of the system, and the distance, from the fixed axis, 
of its centre of gravity. 

220. The evaluation of the expression S (mr^) for parti- 
cular cases is an exercise in the Integral Calculus. 

In the performance of the calculation two facts are of 
great utility; these are 

(1) That the moment of inertia of a rigid body about any 
axis is equal to the moment of inertia about a parallel axis 
through the centre of gravity together with the product of 
the mass by the square of the distance between those parallel 
axes ; 

(2) That the moment of inertia of a plane lamina about 
any axis perpendicular to the plane is equal to the sum of 
the moments of inertia about any two axes in the plane, 
perpendicular to each other, drawn through the foot of the 
axis. 

For the first let r be the distance of any particle from 
the axis, and r its distance from the parallel axis through G. 

Then if h be the distance between the axes, 
t (mr''') = l.m (r' + h?~ 2hr cos 0) = % (mr") + Mh\ 

For the second, if x and y be the distances of any particle 
of the lamina from the axes in the plane, 

2 {mr') = tm (a;= + y^) = l (rruif) + S (my"). 

For convenience a few simple results may be stated, taking 
in all cases M as the mass of the body, and Mk'' as representing 
the moment of inertia. 

For a straight rod of length I about an axis through one 
end perpendicular to the rod, A" = JZ' ; and hence, if the axis 
pass through the middle point, ^"° =iV^°- 
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For a circular ring, about the line through its centre 
perpendicular to its plane, k' = r'. For a circular lamina 
about the line through its centre perpendicular to its plane 

For a parallelepiped of edges a, b, c, about the edge c, . 

For an elliptic area about the transverse and conjugate 
axes, 

A;' = i6^ and ia\ 

and about the line through its centre perpendicular to its 
plane, 

For a triangular area ABC about a straight line through 
A in. the plane of the area, 

where /3 and 7 are the distances of B and G from the straight 
line through A. 

For a sphere about a diameter, 

For a thin spherical shell about a diameter, 

k' = fr^. 

For a solid ellipsoid about the axis a, 

7^2 = 1(62 + 0='). 

For a thin ellipsoidal shell bounded by similar and simi- 
larly situated ellipsoids, 

A;2 = ^(i2+c2). 

221. Eecurring to the compound pendulum, suppose it 
to consist of a number of bodies of mass m, m',... and 
let h, A'... be the distance of their centres of gravity G, G',... 
from the fixed axis, and k, ¥,... the radii of gyration about 
axes through G, G,'... parallel to the fixed axis, 

the total moment of inertia = 2m {k- + /t"). 
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Again let H be the centre of gravity of the whole 
and OH its distance from the fixed axis. 

Also let a, a!,... be the angles made by the plane through 
the fixed axis, and G, Q',. . . with the plane through the fixed 
axis and OH. 

Then the mass of the system x OH 
= 2 {mh cos a). 
,•. the length of the equivalent simple pendulum is 
2m (A;» + A2)/2 (mucosa). 

222. Expressions for linear and angular momenta. 

-Considering motion in one plane, if x and y be the 
co-ordinates of a particle m of the system, the linear 
momenta parallel to the axes are 2 {mx) and 2 {rny), or, if ^, tj 
be the co-ordinates of the centre of gravity, M^ and M^. 

The moments about the origin of the momenta mx and 
my being —mxy and myx, the angular momentum of the 
system is 

2m {ay — yx). 

In polar co-ordinates mrQ is the part of the momentum 
perpendicular to the radius vector, and therefore the angular 
momentum is 

2 {mr^ 6). 

If A be the area swept over by the radius vector, 

2A—xy — yx = r^d, 

so that the angular momentum is 

22mi. 

Again, if p be the perpendicular on the tangent to the 
path of the pai'ticle m, the angular momentum of the 
system is 

2 {msp), 

and, since pds = r'^dd, andp = x-^-y-^ , 
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this expression at once transforms itself into either of those 
preceding. 

In the case of a single rigid body, revolving about an axis 
with which it is rigidly connected, d is the same for all the 
particles, and the angular momentum is 

Mk^d, or Ml<?oi>. 

223. For motion in three dimensions the expressions 
for the linear and angular momenta are 

S {mx), 2 {mil), 2 {mz), 

2m {yz — zy), 2m' (zx — xz), 2m (xy — yx). 

If we take ^, 17, ? as the co-ordinates of the centre of 
gravity, and x, y, z bs the co-ordinates, relative to G, of a 
particle m, the angular momentum about the axis of z 

= X{m{^ + x){'h+y)-{r,+y){^+x)}. 

= M{^f)- Tj^) + 2m {xy - yx), 

since 2 (mx) = 0, and 2 (my) = 0. 

Hence it follows that the angular momentum of a system, 
about any assigned axis, is the sum of the angular momentum 
due to the motion of the particles of the system relative to 
the parallel axis through the centre of gravity, and of the 
angular momentum due to the mass of the system supposed 
to be concentrated at, and moving with, the centre of 
gravity. 

It may be instructive to present the proof of this state- 
ment in another form. 

Let and G be the projections of the assigned axis and 
of the centre of gravity on a plane perpendicular to the axis, 
GA the projection of the line of motion of G, and FK the 
projection of the line of motion of a particle. 

Also let ON be perpendicular to GA,a,nd 0^ perpendicular 
to FK. 

Taking m as the mass of the particle and u as the 
component in the line FK of its velocity, and taking EG 
parallel to FK, 
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The angular momentum about the axis 

= 2(mw. OF) = 'Z (mu. OE) + 2 (mi* . GK). 

If u be the velocity of Q in the direction GA, the first 
term, which is the sum of the moments about of a number 
of momenta in lines through (?, is equal to the moment of 
their resultant, and therefore 

= Mu.ON. 




The second term 

= %{m{u-u cos 6) GK] + uX (mGK cos 6). . 

But t (mGK cos e) = l,(m. KL) = 0, 

and therefore the second term represents the angular mo- 
mentum due to the motion of the particles of the system 
relative to the centre of gravity. 

224. In the case of a single rigid body, when the motion 
is entirely in two dimensions, an expression for the angular 
momentum is 

if p and i^ be the co-ordinates of the centre of gravity. 
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Take, for instance, the case of a number of rigid bodies, 
rotating about the same fixed axis with given angular velocities, 
and becoming suddenly, or gradually, connected together. 

la this case the total angular momentum is unchanged, 
and therefore, if mk^co be the original angular momentum of 
one of the bodies, and O the final angular velocity of the 
system, 

Q,.1{mk?)='Z{mk''a>). 

225. Expressions for kinetic energy. 

For motion in two dimensions, the expression in rect- 
angular co-ordinates is 

\tm{x^ + y% 

and in polar co-ordinates, 

\tm{r^ + r^e^). 

For the case of a rigid body in motion about a fixed axis, 
the kinetic energy is 

\% (mr^d') or ^Mt8\ 

For motion in three dimensions the expression for the 
kinetic energy in rectangular co-ordinates, is 

itm(x' + y^ + z'y, 

in cylindrical co-ordinates 

^tm(r' + r'd' + z'); 

and in polar co-ordinates, 

iSm {r' + r^d' + r= sin'' 04>'). 

Other modes of expression can also be given and will be 
employed when necessary. 

If X, y, z be co-ordinates relative to the centre of gravity 
the kinetic energy 

= i . 2 {m (i + i)» + (^ -(- y)= -1- (S + i)=}, 

= iM (P + f+'^) + htm {a? + y" -I- z% 
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So that the kinetic energy is the sum of the energy due to a 
mass M at the centre of gravity and of the energy due to the 
motions of the particles of the system relative to the centre 
of gi'avity. Or, in other words, the total kinetic energy is 
the sum of the energies due to translation and rotation. 

226. In all cases in which no external forces are in 
action the linear momenta and the angular momenta remain 
constant. 

The principle of the conservation of energy of a mechanical 
system, that is to say, the assertion that the sum of the 
potential and of the visible kinetic energies is constant, 
applies to all those cases in which the potential energy 
depends on the configuration of the system, and in which 
the change of potential energy, due to a change of con- 
figuration, is independent of tbe manner in which that 
change is made. 

There is no doubt that, in any system, the total energy 
remains unchanged, unless extraneous force act on the 
system, but, as in the case of impacts taking place between 
bodies of the system, there may be an apparent loss of kinetic 
energy, which is fully accounted for by the development of 
invisible kinetic energy in the form of heat, or in some other 
form. 

Or again, kinetic energy may be created bj"" explosions, 
but in this case, the visible kinetic energy, together with the 
heat added to the system, are the equivalent of the potential 
energy which was lying dormant in the explosive matter 
while in its quiescent condition. 

Internal friction, if due to the sliding of two surfaces on 
each other, is destructive of visible kinetic energy, while, on 
the other hand, visible kinetic energy may be created by the 
action of live things, as for instance in the case of a man 
walking on a rough plank, or a rough ball, or climbing a 
moveable rope. 

In such cases the system is said to be not dynamically 
conservative, although it is really conservative if all the 
transformations of energy be taken into account. 
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227. If an elastic string form part of a system, the gain 
of potential energy due to its extension from its natm-al 
length is 

•^ (Tension) (Extension) ; 

for the work done in pulling out the string 

as may also be shewn by a simple geometrical figure. In 
such a case the contraction or extension of the string implies 
a transformation of energy, the loss, or gain, of potential 
energy due to the contraction or extension, being represented 
by a change in either, or both, of the kinetic energy, and of 
the potential energy due to configuration, irrespective of the 
string. 

Energy imparted to a system by the action of an extraneous 
couple. 

Any state of motion of a plane can be represented by a 
state of rotation about an instantaneous centre in the plane. 



JB 



If a small displacement, S<^, be made round the in- 
stantaneous centre E, the work done by the force of the 
couple 

= P.EBS<}>-P.EAS<})=P.ABB<})=GS^, 
G being the moment of the couple. 
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Hence, if 6 be the total angular twist of the couple, the 
work done 

= I Od^ = 06, if be constant. 
Jo 

We now proceed to illustrate these general statements by 
their applications to some particular cases. 

228. Motion of a heavy rod placed with its lower end in 
contact with a smooth horizontal plane and let go. 

If a be the initial inclination to the vertical and d at any 
subsequent time, the kinetic energy is 

|m {y'^ + h'^Q'^) where y = acos 0, 

and the equation of energy is 

^ma' (sin'' 6 + 1)6' + mga cos 6 = mga cos a, 

^, . ^ 6a cos a — cos 6 

so that ^ = -2 ., , „ ■ „^ , 

a 1 + 3 sitf 6 

and the rod falls flat with the angular velocity 'J{Zg cos a/2a). 

Motion of a heavy rod, constrained to slide in a vertical 
line, with its lower end on the curved surface of a smooth 
hemisphere, the hemisphere sliding on a smooth horizontal 
plane. 

If 6 be the inclination to the vertical of the radius to the 
point of contact, and a its initial value, the equation of 
energy is 

\m (-J . a cos ^ J + \Mij-, a sin ^j + mga cos 6 = mga cos a ; 

. •. (m sin" ^ + If cos" 6) a^ = mg (cos a - cos 6). 

Motion of a heterogeneous sphere rocking on a rough 
horizontal plane, the whole motion being parallel to one 
vertical plane. 

B. D. 19 
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Taking as the point of contact on the plane of the end 
of the radius vector CG through Q when it is vertical, oe, y as 
the coordinates of Q, GQ = c, and the radius = a, the equation 
of energy is 

^ {i? + y^ + ¥^'^) + mg(a — c cos d) = mg(a — c cos a), 

where a) = a6 — c sin 6, and y = a — c cos 6 \ 

.-. 6^{a?+c^- 2ac cos d + k^) = 2gc (cos d - cos a). 

Motion of a rough sphere, rolling in a straight line on a 
rough horizontal plane, and impinging on a rough fixed 
horizontal edge perpendicular to its line of motion. 

When the sphere impinges on the edge there is a 
tangential impulse, and also a normal impulse, on the 
sphere, and as these impulses have no moment about the 
edge, it follows that the angular momentum about the edge 
is unchanged. 

Let a be the radius of the sphere, a (1 — sin a) the height 
of the edge, and co, co' the angular velocities of the sphere 
just before and just after the impact. 

The equation of angular momentum is 

^MaW = Mam . a sin a + f il/a^w, 

.•. 7(1)' = (2 + 5 sin a) o>. 

If, after a time, is the inclination to the horizontal 
of the radius of the sphere through the edge, the equation of 
energy is 

J . •|ilfa=^=' + Mga sin = -^ . ^ilfaW + Mga sin a, 

so that the sphere will roll over the edge if 

w'^>^(l-sina). 

229. Motion of two equal rods, AB, BG, jointed at B and 
moving, on a smooth horizontal plane, about the fixed point A. 

In this case the angular momentum about A and the 
kinetic energy are both constant. 
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Taking 6 and ^ as the inclinations to a fixed line on the 
plane, the velocity of the centre of gravity, G, of BG is com- 
pounded of its velocity relative to B, 

that is, a<j> perpendicular to BG, and of the velocity of B, 

which is 2a^ perpendicular to AB ; 




4a^ ■ 
the angular momentum of AB is m -^ 9, and that of BG is 

m-^(f) + ma4> {a + 2a cos (0 — 6)} + m2a9 {2a + a cos (<^ - 6)] ; 

o 

hence the equation of momentum is 

^ (^ + 2 cos ^■^^) + 4) (I + 2 cos <f)-0) = G. 
Again, the square of the velocity of G 

= a^^" + ia^ff' + 4ia''(f>d cos 0-£^, 

ia" ' • 
the kinetic energy of J. 5 is im—g- 6", 

and that of BG due to rotation is ^m -^ cji^ ; 
.-. the equation of energy is 

^0' + i4)' + 4,<j>e cos <f>-0 = C", 
G and G' being constants given by the initial conditions. 
These two equations determine and (f>. 

19—2 
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230. If a solid body is rotating about a fixed axis, and 
is changing its shape and size, without the action of any 
external force, its angular momentum remains constant, and 
this determines the change of angular velocity. 

If for instance a sphere rotate about a fixed diameter, 
changing its size, but retaining its shape and its homogeneity, 
the angular momentum, which is ^Mr^co, remains constant. 

If the radius change to r', the change in the kinetic 
energy is 

^ilf(r'V-r»o)=) or ^M^^ir^ -r'')eo^ 

A case in point would be the march of a large army with 
trains and supplies from Southern to Northern regions. 

In such a case the moment of inertia of the earth is 
diminished, and its velocity of rotation would be increased in 
accordance with the equation 

Mk'W=Mk'm; 

also the kinetic energies, ^Mk'W and ^Mk^a^ are in the 
ratio of k^ to k'', so that the kinetic energy of the earth 
would be increased. 

231. Motion of a heavy rod swinging about its upper 
extremity which is freely jointed to a fixed support. 

Let m be the mass of a small element of the rod at the 
distance r fi-om the fixed end. 

Then, if 6 be the inclination of the rod to the vertical, and 
^ its azimuthal velocity, the angular momentum about the 
vertical through the fixed end and the energy are respectively, 

'S.{mr^ sm^e.^] 

and 1 2 {mr''6'' + mr'' sin" d.^^}+Mg{a-a cos 6), 

if we assume that the configuration for zero energy is when 
the rod is vertical and at rest. 

Each of these expressions being constant, we obtain for 
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the determination of 6 and ^ the equations, 
<j) sin" 9 = S1 sin= a, 
f a (^"^ + (j.= sin" 0) + 5^ (1 - cos 0) 

= f a (»» + fl" sin" a) + ^ (1 - cos a), 
<u and fi being the initial values of & and <^. 

Eliminating ^ and taking the time-flux of the resulting 
equation, we obtain 

4a^ - 4afi" sin* a cosec" cot ^ + Zg sin = 0. 

The condition that the rod may revolve uniformly, so as 
to describe a right circular cone of vertical angle 2a, is 

4aQ" cos a = ^g. 

If while thus revolving the rod receive a slight displace- 
ment, not disturbing this relation, the small vibrations in 6 
will be determined by putting 6 = a + 'y^, when i|r is small in 
the above equation. 

The result is the approximate equation, 

4a cos a-vj/ -l- S^r (1 + 3 cos"a) i^ = 0, 
so that the period of the oscillation is 

^iirja cos a / jZg (1 4- 3 cos" a). 

232. Motion of a heavy horizontal ring, fitting on a 
smooth vertical cylinder, and supported by a number of vertical 
ineostensible strings fastened to its upper edge. 

If the ring, when in equilibrium, be started with a given 
angular velocity a>, it will rise until the potential energy 
stored up by the elevation is equal to the original kinetic 
energy, that is to a height h such that 

mgh = J ma'a)\ 
a being the radius. 

As the ring rises the strings will form helices on the 
surface of the cylinder, and, takmg I for the length of each 
string, and 6 the angle through which the ring turns in 
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rising through the height z, we have the geometrical 
equation 

P=:{1- zf + a'e^, and . •. a^dd = {l-z) z. 

The equation of energy is ■ 

\m{z''+ a'B'') + mgz = \ ma^£o^ 
and these equations give 6 and z in terms of z. 

If, instead of starting the ring with an angular velocity, 
it be set in motion by a horizontal couple G, twisted through 
an angle y3, the energy imparted to the system is (ryS. 

Part of this energy appears in the form of a change of 
potential energy due to change of configuration, and its 
amount is 

The difference, 0^ — mg {I — Jl^ — a^^% is represented by 
the kinetic energy with which the ring starts off in its new 
configuration. 

233. If a heavy elastic ring, in the form of a horizontal 
circle, be placed on the surface of a smooth sphere and allowed 
to slip down, we can determine the motion by observing that 
the potential energy is diminished by the fall, and increased 
by the extension of the ring. If a be the radius of the 
sphere, 2ira sin a the initial length of the ring, and d be the 
angular distance of each point of the ring from the vertex at 
any subsequent time, the equation of energy is 

1 i6^ . a ,^ o (sin ^ -sin a)^ 

imaW + mqacos6+-^. z-rra : = mqa cos a. 

^ " 2 sin a 

The condition that the string should just slip over the 
sphere is that 

^ = Owhen^ = |, 
which gives mg sin a cos a = ttX, (1 — sin of. 
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234. A circular wire ring of mass M, carrying a small 
f head of mass m, lies on a smooth horizontal table, and is 
ca/pdble of turning about a fixed point in its circumference. 
An elastic thread the natural length of which is less than 
the diameter of the ring has one end fastened to the bead 
and the other end to the fijxed point. It is required to 
determine the motion when the initial position of the thread 
coincides very nearly with the diameter of the ring. 

The angular momentum is always zero, so that if OP the 
thread be inclined at an angle ^ to the initial position of the 
diameter OA, and iir is the length of the thread, 

M.2a^d = mr''<jj, 

where r=2a cos (0 + 6). 




Again, the equation of energy is 

^M. 2a'e' + im (^ + r'4>'') + |; (^ - If = ^^ (2a - If. 

I being the natural length of the thread, and these equations 
theoretically determine 6 and <j). 

When the string contracts to its natural length the kinetic 
energy retains a constant value until by the motion of the 
bead the string is again put into a state of tension. 
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235. If dn elastic thread, in the form of a circle on a 
smooth horizontal plane, he set rotating with a given angular i 
velocity, the principles of angular momentum and energy give 
the equations 

mi^d = ma^to, 

\m (r» + r^e^) + — (r - a)" = ^a^w', 

Cb 

a and tu being the radius and angular velocity initially and r 
and 6 at any subsequent time, and those equations determine 
r and 6 in terms of r. 

236. Motion of a wire ring on, a smooth horizontal plane 
produced by an insect alighting upon it and moving uniformly 
round the arc of the ring. ' 

As the insect starts with a finite motion there must be an 
impulsive action, that is, of the nature of a kick, between the 
insect and the ring in direction of the tangent. 

Take M, m, as the masses and u as the velocity of the 
insect relative to the ring. 

If V, V be the actual initial velocities, in contrary direc- 
tions, of the centre of the ring and of the insect, 

MV= mv. 

If o) be the initial angular velocity of the ring, we have 
the geometrical condition, 

V+a(o+v = u. 

Again, the angular momentum about any vertical line is 
equal to zero. 

Taking the angular momentum about the vertical line 
through the initial position of the centre of the ring, • 

Ma^m = mva, 

and these equations determine V, a and v. 

During the subsequent motion, 0, the centre of gravity of 
the ring and the insect, remains at rest, and the angular 
momentum about G is zero, so that if (f) and d be the angleS 
turned through by the ring and the. radius to the insect, 
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mPG^e + MGGFd - Ma'^ = 0, 
or md = (M + m)^. 



This equation, and the geometrical condition, a(&+ ^) = u, 
determine 6 and <j). 

237. A remarkable application of the principle of energy 
has been made by Professor 0. Niven in discussing the 
motion produced when a heavy elastic string, suspended 
from one end, is cut at any point*. 

To illustrate this application we take a simple case, in 
which the action of gravity has no effect. 

An elastic string has one end fastened to a fixed point on a 
smooth horizontal plane, and the other end is drawn out to 
any assigned distance, and is then let go; it is required to 
determine the subsequent miction. 

Taking a as the natural length and I as the stretched 
length of the string, the tension ? is X (Z — a)/a, and if dx be 
the natural length of an element at the end of the string, its 
potential energy, before the end is let go, which is half 
tension x extension, , 



= i-(fo = i.\(-^)W 



* On a case of Wave Motion, by Professor C. Niven, Messenger of 
Mathematics, Vol. vm., 1679. 
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When the end is let go, this energy is set free, and is 
immediately converted into kinetic energy. 

Taking m as the mass of unit length, and V as the 
instantaneous velocity of the end of the string, the kinetic 
energy is ^mda;V% and therefore, 



T_^ IX l-a 



The first element being started with this velocity the 
next element will be under the same initial conditions, and 
will acquire the same velocity, and all the elements in 
succession will acquire the same velocity, so that a wave-like 
motion will be propagated from the free end to the fixed end 
of the string. 

To find the velocity of transmission of the wave, we 
observe that when the wave is passing over the element PQ, 



I I 
A F Q B 

the tension at P is T and the tension at Q is zero, and 
therefore in the time dt the momentum generated in PQ is 
Tdt 

But this momentum is mdx . V, and therefore 

so that the velocity of transmission is constant with regard 
to the natural length. 

Hence the time in which the wave travels from B to 
A=ai\j m/n/\, and in this time the free end B will have 
traversed the space VatJmjijX which is equal to I — a. 

It follows therefore that, when the wave reaches A, the 
string is in its unstretched condition, and every element has 
the same velocity V in the direction BA. 
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If we assume that Hooka's Law holds for compression as 
well as for dilatation, the kinetic energy will be gradually 
converted into the potential energy of compression, which 
will in its turn be reconverted into the original kinetic 
energy. 

If Hooke'a law does not hold for compression or if the 
string is so constituted that it is reduced to rest on arriving 
at its natural condition, the kinetic energy, which is ap- 
parently lost, is really converted into heat. 

238. We can explain from first principles why it is that 
the release of the end of the string instantaneously results in 
the production of a finite velocity at that end. 

Considering a small element at the end B, at the moment 
of release, the force on the element is T and its mass is Tndx, 
so that we have a finite force acting on an infinitesimal 
mass. 

Now if, by means of a mental microscope, we imagine 
the mass magnified so as to become a finite mass, and the 
force T magnified in the same proportion, we shall have the 
case of a very large force acting upon a finite mass, the result 
of which is, as we know, the production of a finite velocity in 
a very small time, and the smaller we take the element at 
the end B, the more closely do we tend to the ultimate 
form, which is the instantaneous production of velocity at 
the end. 

EXAMPLES. 

1. A and B are two pegs very near together and in the 
same horizontal line. A perfectly flexible string of length 
I is fastened at A and hangs over B, the portion between A 
and B hanging down ; the loose end begins to descend from 
the position of equilibrium : prove that the final velocity of 
the string is i'^/gl/^T. 

2. If a system of bodies initially at rest be acted on by 
no forces but the attractions of its several parts, and at any 
subsequent time become united as a single solid body, shew 
that this body will be at rest. 
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3. A particle is attached to a smooth string which passes 
over a rough circular arc in a vertical plane; the particle, 
initially at the end of a horizontal diameter, is drawn up 
with constant acceleration gf-rr ; prove that the work expended 
in drawing it to the vertex of the circle is to the work which 
would be done in lifting it through the same height in the 
ratio 6 + 4/i — TT/u, : 4. 

4. A small ring moveable on a fine smooth wire in the 
form of an elliptic arc is connected with the foci by two 
elastic strings, the natural length and modulus of elasticity 
of each string being the same. If the particle be placed 
initially very near an extremity of the major axis, and if the 
natural length of each string be less than the distance of a 
focus from the nearer vertex, prove that the velocity of the 
particle in any position is proportional to its distance from 
the major axis ; and find the condition that the pressure on 
the curve may, at some point, vanish. 

5. A material straight line, of finite length, attracts 
according to the law of nature ; prove that a particle starting 
from a given point, and proceeding by any smooth tube to a 
point on the attracting fine, will arrive at the point with the 
same velocity whatever be the form of its path. 

6. A rod of given mass is rotating on a smooth horizontal 
table about its centre of gravity, and impinges on a particle 
of equal mass lying at rest to which it becomes attached; 
determine the subsequent motion. 

7. A thin straight tube, of very small bore, is moveable 
on a smooth horizontal plane about a vertical axis through 
its middle point, and it contains a thin rod of the same 
length, the centre of gravity of which very nearly coincides 
with the middle point of the tube. If the mass of the rod 
be the same as that of the tube, and if the system be set in 
motion with an angular velocity a, prove that the angular 
velocity of the tube, after the rod has left it, is f c*. 

8. An insect alights on a horizontal circular disc, rotating 
about its centre, which is fixed, and crawls with uniform 
relative velocity, so as always to approach the centre without 
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altering the motion of the disc ; prove that it will "reach the 
centre before the disc has made more than a quarter of a 
revolution. 

9. Two particles m, mf slide in a smooth circular groove 
of radius a, whose plane is vertical, and are connected by a 
weightless rod whose length subtends an angle a at the 
centre of the circle ; find an expression for the velocity of 
either particle at any instant, under given initial conditions, 
and shew that the length of the simple equivalent pendulum 
for finite oscillations is 

m + m , ^ n m'sina 

■ , where tan p ■ 



m cos y8 + m' cos (a — y8) ' m + m' cos a' , 

10. A fine string is placed in a smooth cycloidal tube of 
same length with open ends. The tube is placed in a vertical 
plane with base of cycloid horizontal and vertex upwards. 
The string being slightly disturbed, investigate the motion 
completely, finding the velocity at any subsequent time. 
Shew that when the string leaves the tube the velocity is 
that due to a fall from rest through eight-thirds of the 
diameter of the generating circle and that this takes place 
after a time Va/^r cos""' V273 from commencement of motion. 

11. A rod is oscillating about one end in a vertical plane, 
and at the instant when it is vertical, the upper end is set 
free, and the lower end is at the same instant fixed, but sd 
that the rod can move about it ; investigate the subsequent 
motion. 

12. The extremities of a uniform rod, of length 2a, slide 
on a smooth wire in the form of the curve, r = a (1 — cos 6), 
the prime radius being vertical, and the vertex of the curve 
downwards. Prove that, if the beam be placed in a vertical 
position, and displaced with a velocity just sufficient to bring 
it into a horizontal position, 

tan 6 = sinh a/ 9 *. 

where 6 is the angle through which the rod has turned after 
a time t. 
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13. The two ends of a homogeneous rod are moveable on 
the arc of a fixed smooth conic, having its axis vertical and 
vertex downwards ; if the length of the rod be greater than 
the latus-rectum, and if it be placed in a horizontal position 
and slightly displaced, find the greatest kinetic energy which 
it acquires. 

14. A particle is placed in an uniform straight tube, 
which is moveable in a horizontal plane about an axis 
through one end, and the mass of which is equal to that of 
the particle. The tube being set iu motion, shew that the 
angle, which the direction of motion of the particle makes 
with the axis of the tube on leaving it, lies between 7r/2 and 
cot-' 2. 

15. A cylinder whose surface is smooth, stands on a 
smooth horizontal plane on one of its circular ends ; find the 
impulse at a given point of its surface which will cause it to 
fall over. 

16. The nut of a smooth screw rests on a smooth horizontal 
plane, over a hole cut so as to allow a free passage for the 
screw, and the screw descends through the nut by its own 
weight; determine the motion, 1st, when the nut is fixed, 
2nd, when it is moveable. 

17. A ring slides on a smooth wire bent into the form 
of a plane vertical curve and is attached by an elastic string 
to a fixed point in the plane of the curve j if it start initially 
from a position in which the string is just not stretched, 
prove that it will descend through a vertical space which is 
a third proportional to the natural length of the string and 
its extension at the lowest position, supposing that the 
modulus of elasticity is twice the weight of the ring, and the 
string is stretched throughout the motion. 

18. The extremities of a uniform heavy rod of length 
4a slide on the circumference of a three-cusped hypocycloid 
whose plane is vertical, one of the cusps' being at the 
highest point of the circumscribing circle whose radius is 3a ; 
prove, that the length of the isochronous simple pendulum 
is 4a/3. 
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19. Four equal particles" connected by inelastic strings 
forming the sides of a square, mutually repel each other with 
a force m/x (distance) ; if one string be cut, then {6) the angle 
either string makes with its original position is given by 

e^ (2 - sin= 6) = V sin 6(2 + sin 6). 

20. A number of uniformly distributed particles move 
with the same velocity v in the same direction. In this 
medium is placed a body of any form and such that all the 
particles impinging on it adhere. Shew that, if M denote 
the mass of the body at any time, and u its velocity, 
M(v — u) will be constant. "What information can be drawn 
from this fact as to the ultimate state of motion, and the 
time when this is arrived at ? 

21. Two equal shells are connected by a thin tube, the 
whole system having no mass, and they contain matter which 
is transferred uniformly from one to the other in time t 
When the masses in each are equal the system has an 
angular velocity to communicated to it. Shew that the 
curve traced out by the middle point of the tube is given by 
the polar equation r = a tanh Wjoat, where 2a is the distance 
between the centres of the shells. 

22. A particle of given weight is fastened to a string 
which passes over a smooth circular arc in a vertical plane : 
the particle initially at the extremity of a horizontal diameter 
is drawn up to the vertex with constant acceleration g : prove 
that the work done in drawing it up the last half is to the 
work done in drawing it up the first half as 

4V2 + TT - 4 : 4 + 7r'\/2. 

23. Two equal particles are revolving in the same direc- 
tion in the same ellipse, under the action of a force tending 
to a focus ; shew that, if they become rigidly connected when 
they are at the extremities of a focal chord, they will after- 
wards move about their centre of gravity with an angular 
velocity which varies inversely as the length of the chord, 
and that, wherever this takes place, the initial velocity of the 
centre of gravity will be the same. 
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24. A heavy elastic string, in form of a ring, is placed, 
•with its plane horizontal, over a smooth cone, the axis of 
which is vertical ; find the position of equilibrium. Also, if 
the string be held in contact with the cone at its natural 
length, and let go, find how far it will descend, and the 
greatest vertical velocity during the motion. 

25. Three equal particles at rest, tied together by three 
equal strings of length a, so as to form an equilateral triangle, 
repel each other with a constant force mf. If one string be 
cut, shew that the equation to determine the motion is 

a^ (3 - 2 &in^e) = 3/(2 sin 6 - 1), 

26 being the angle between the strings. 

26. A uniform rod is placed with one extremity at the 
middle point of the line joining two equal centres of force 
attracting inversely as the square of the distance, and at 
right angles to that liae ; find the velocity with which the 
centre of the rod will reach the line. 

27. Two equal inelastic rods of given length, fastened 
together by a smooth hinge, are placed on a vertical plane 
with theii- other extremities at opposite sides of a hole of 
given size in a smooth horizontal table. If motion be allowed 
to take place, determine the condition that the rods may just 
reach their position of unstable equilibrium. 

28. A cube is rotating with angular velocity to about a 
diagonal, when one of its edges which does not meet that 
diagonal becomes fixed ; shew that the angular velocity about 
this edge will be (»/4v'3. 

29. One end of a string (length a) is attached to a 
smooth circular wire of radius a, whose plane is vertical, at 
one extremity of its horizontal diameter, and the other end 
to one extremity of an inelastic rod of length a, the other 
extremity of which is made to slide along the wire by means 
of a small ring. If the rod and string are held initially ia a 
horizontal position, and then abandoned to the action of 
gravity, the rod will first come to rest when its middle point 
is at a distance 13\/3 a/80 below the horizontal diameter. 
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30. ABODE is a pentagon, formed of five equal uniform 
rods fi-eely jointed together. The pentagon is placed with its 
plane vertical, aud angular point A uppermost ; the angles B 
and E slide freely along a smooth horizontal rod. Investigate 
a differential equation of the first order for the determina- 
tion of the inclination of BG or DE to the vertical. 

31. A ring rests upon two smooth horizontal bars which 
in the position of equilibrium subtend an angle 2a at the 
centre; shew that, if the ring be disturbed by twisting it 
through a small angle about its vertical diameter, the length 

of the simple isochronous pendulum will be - cot a cosec a. 

32. A fine circular tube, radius c, lies on a smooth 
horizontal plane, and contains two equal particles connected 
by an elastic string in the tube, the natural length of which 
is equal to half the circumference. The particles are in 
contact and fastened together, the string being stretched 
round the tube. 

If the particles become disunited, prove that the velocity 
of the tube when the string has regained its natural length is 



^/; 



27rXmc 



where M, m are the masses of the tube and each particle, and 
\ is the modulus of elasticity. 

33. If in the previous question one of the particles be 
fixed in the tube, and if the tube be moveable about the 
point at which the particle is fixed, prove that when the 
string has regained its natural length the angular velocity of 
the tube 



= / 



TrXni 



M{M+2m)c 



34. When a square lamina is revolving freely about a 
diagonal, one of the angular points not in the diagonal 
becomes fixed; prove that the angular velocity becomes 
instantaneously one-seventh of what it was at first. 

B. D. 20 
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35. Two equal rods, connected by a hinge, which allows 
them to move in a vertical plane, rotate uniformly about a 
vertical axis through the hinge ; and a string, whose length 
is double that of either rod, is fastened to their extremities, 
and supports a weight at its middle point. Determine the 
angular velocity when, in the position of relative equilibrium, 
the rods and the string form a square ; and supposing the 
weight slightly displaced in a vertical direction, find the time 
of a small oscillation. 

36. A thin uniform circular ring is set rotating when 
hot about its centre, and its radius diminishes in cooling by 
a fraction proportional to the time. If no forces act, shew 
that the angle through which the ring has revolved in time t 
is D.at/r, where a, O are initial radius and velocity, r the 
final radius. 

37. On the surface formed by the revolution of a para- 
bola about its directrix is placed a uniform elastic ring. If 
the plane of the ring be perpendicular to the directrix, shew 
that the time of a small oscillation is ^NMarrjT, where M is 
the mass of the ring, T the tension in the position of equili- 
brium, and 4a the latus rectum of the parabola. 

38. A solid hemisphere, mass M, is moveable on a 
smooth horizontal plane, on which its flat surface rests, about 
its vertical radius which is fixed. A very fine tube, the 
inside of which is smooth, is fixed on its surface, commencing 
at the vertex and cutting all the meridian lines at a constant 
angle a, and a particle, mass m, runs down this tube from the 
vertex; prove that just before the particle arrives at the 
horizontal plane the angular velocity co of the tube is such 
that 

<<)=' {ma? + Mk^) {ma? cos^ a -I- M¥) = 2m'' go? sin* a. 

If the tube be closed at the end on the plane, and the 
particle be inelastic, what is the subsequent motion of the 
system ? 

39. A circular disc rolls down a rough curve in a vertical 
plane ; if the initial and final positions of the centre of the 
disc be given, prove that, when the time of motion is the 
least possible, the curve is an involute of a cycloid. 
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40. AB is a. vertical rod and a weight C of mass m is 
suspended from A hy a, weightless rod of length I, while a 
weight of mass ilf is connected to (7 by a second rod of length 
I, and can slide freely on AB. If the whole system be made 
to rotate about AB with uniform angular -velocity w, and 6 
be the angle which AG makes with the vertical when there 
is relative equilibrium, shew that 

a g (-, 2M\ 
008(9=^ 1 + — , 

and that if the system be slightly disturbed the time of a 
small oscillation is 

CO I m^aH^ - m (2M + m)Y J ' 

41. An elastic string, of natural length I, has one end 
attached to the highest point of a perfectly rough circular 
disc, standing on a rough horizontal plane, with its centre at 
a, distance I from a fixed vertical rod in its own plane ; the 
■other end of the string, which is horizontal, is attached to 
this rod, and the circular disc is then rolled away from the 
rod, find the relation, for any position, between the stretched 
and unstretched lengths of the straight portion of the 
string. 

If an angular velocity be imparted to the disc, determine 
its subsequent motion. 

42. A tube in the form of a plane curve 

(af' + b'')y + a' = 

rotates freely about the axis of y which is vertical and 
measured upwards ; the mass of the tube is M and its radius 
•of gyration k ; a heavy particle of mass P is capable of sliding 
in the tube, and the velocity of rotation is such that P is in 
equilibrium with respect to the tube: shew that its equi- 
librium will be stable or unstable according as Pb' is greater 
or less than MIc\ 

20—2 
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43. Four equal uniform rods, jointed freely so as to form 
a rhombus, are laid upon a smooth horizontal plane; the 
system is acted on by a repulsive force, tending from the 
centre of the rhombus, and varying inversely as the square of 
the distance : prove that, if 2a be the initial value of an 
acute angle of the rhombus, 26 the angle between the rods- 
containing this angle at the time t, 

(f )' ^^''^' ^' ^"^ *^° 2 *^'' (i ~ 2) ""^ i °°* S - 1) • 

44. A perfectly rough rod is gently placed with one end 
upon another rod of equal mass and in the same vertical 
plane, moving with the velocity '\/2gc on a smooth table. If 
the initial inclination of the first rod to the horizon be a, and 
its length 2a, shew that it will just rise to a vertical position 
if 

2a (1 — sin a) (5 + 3 cos" a) = 3c sin" a. 

45. A smooth curve has its concavity upwards, is sym- 
metrical about the vertical, and the tangent at its lowest 
point is horizontal; a rod of length 2a passes through a 
smooth ring situated at a distance h measured inwards on 
the normal at the lowest point, shew that if the rod be 
slightly displaced the length of the corresponding simple 
pendulum is 

|r{a" + 3(6-a)"}/(6"-ar), 

where r is the radius of curvature at the lowest point. 

46. Every particle of two equal uniform rods, each of 
length 2a, and mass m, attracts every other particle according 
to the law of gravitation : the rods are initially, at right 
angles, and are free to move in a plane about their centres 
of gravity which are coincident : if angular velocities m, a, 
be communicated to the rods respectively, shew that at the 
time t, the angle 6 between them is given by the equation 

(dey , „, 12m, (3-2V2)(cos| + sin|+l) 

\Tt) =(--«)^+-^i°g e . ^ ' 

cos ^ + sm ^ - 1 
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47. Four equal uniform rods connected at their ex- 
tremities by hinges to form a rhombus, rotate with uniform 
angular velocity round a vertical axis passing through one 
angular point which is fixed. Find the position of relative 
equilibrium, and if the system be slightly displaced so that 
the angular point opposite the fixed point moves in a vertical 
line, find the time of a small oscillation. 

If 2a is the length of a rod, 2a the angle between the two 
highest rods when in relative equilibrium, w the angular 
velocity, shew that the length of the isochronous pendulum is 

2a 1 + 3 sin" a 

-FT • ^ — s r- • cos a. 

3 1 + 3 cos'' a 

48. Six equal uniform rods are jointed together, so as to 
form a hexagon ; every particle of each of two opposite rods 
repels every particle of the other rod with a force varying 
inversely as the square of the distance ; prove that, if the 
rods be arranged in the form of a regular hexagon, and left 
to themselves, then if 6 be the angle between either of the 
repelling rods, and one of the adjacent rods, after a time t, 

<2 + 3 cos^^) 6" varies as (1 + 4 sin'^^)* - 2 sin - 2 

. ,„ , (l + 4sin^^)* + l 
+ V3-log ^^3^.^^ . 

49. An endless string passes round the rim of an elliptic 
disc and a smooth peg in a horizontal plane in which the 
disc is revolving with uniform angular velocity oj about the 
peg, the major axis produced always passing through the 
peg. The distance between the foci is 2c, that between the 
centre and the peg is a, and the radius of gyration round a 
vertical axis through the centre is k. Shew that when a 
slight disturbance is given, small oscillations take place, 
whose periods are 2ir/n, where 

w* {a" - c") = c'u^ (a^ + k^). 

50. A ring, mass M, is placed on a smooth table, and is 
held fast while a circular disc of smaller radius and mass m. 
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is made to run round the inside of it, the coefficient of friction 
being infinite. The ring being now set free determine com- 
pletely the motion and the paths traced out by the centres of 
the ring and disc respectively. 

51. A perfectly rough sphere of radius a is placed quite 
close to the intersection of the highest generating lines of 
two fixed equal horizontal right cylinders of radius c, the 
axes being inclined at the angle 2a to each other, and is 
allowed to roll down between them. Prove that the vertical 
velocity of its centre in any position will be 

sin a cos (j> [lOg (a + c) (1 — sin 0)) VC^ — -5 cos^ ^ cos'' a]*, 

where <f> is the inclination to the horizontal of the radius to 
the point of contact. 

52. A mass M of fluid is running round a circular 
channel of radius a with velocity u ; another equal mass of 
fluid is running round a channel of radius b with velocity v ; 
the radius of the one channel is made to increase and the 
other to diminish till each has the original value of the 
other : shew that the work required to produce the change is. 



l(?.-?)('-«-)^' 



Hence shew that the motion of a fluid in a circular 
whirlpool will be stable or unstable according as the areas 
described by particles in equal times increase or diminish 
from centre to circumference. 



CHAPTER XIV. 



EQUATIONS OF MOTION. 



239. We have endeavoured in the preceding chapter to 
illustrate the application of the principles of the conservation 
of momenta, and of the conservation of energy, leading at 
once to differential equations of the first order for the 
determination of the motions of bodies. 

We now proceed to consider the more general cases in 
which, by the action of external forces, momenta, or energy, 
or both, are imparted to, or taken from, a system, and also to 
explain the method of determining the actions and reactions 
between the bodies of a system. 

It has been shewn in Chapter IV., as a result of Newton's 
Laws of Motion, that the aggregate of the time-fluxes of 
momenta of the bodies of a system is the exact equivalent of 
the aggregate of the acting forces. 

The phrase "effective forces' is usually applied to what 
we have called the time-fluxes of momenta, and, in this 
language, the system of effective forces is the exact equiva- 
lent of the system of acting forces. 

If impulses be applied to a system, the aggregate of the 
changes of momenta of the particles of the system is the 
exact equivalent of the applied impulses. 
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240. Recapitulating from Chapter IV., we observe that, 
for the determination of the motion of a body or of a system, 
we have, as a result of the laws of motion, the following 
principles : 

(1) The time-flux of the linear momentum of a system, 
in any assigned direction, is equal to the sum of the forces 
acting in that direction. 

(2) The time-flux of the angular momentum of a 
system, about any assigned axis, is equal to the sum of the 
moments, about the axis, of the acting forces. 

(3) The change, in any assigned direction, of the mo- 
mentum of a system is equal to the sum of the applied 
impulses. 

(4) The change of the angular momentum of a system, 
about any assigned axis, is equal to the sum of the moments, 
about that axis, of the applied impulses. 

241. The linear momenta, parallel to the coordinate 
axes, of a system are 

S (mi;), 2 {my), S (mi), 

and the angular momenta, about these axes, are 

2m {yz — zy), 2m {zia — xz), 2m {xy — yx). 

Hence it follows that the mathematical forms of the 
statements (1) and (2) are as follows, 

(1) 2(m^)=X, t(my)=Y, ^{mz)=Z, 

(2) 2?n (yz — zy) = L, 2m (zx — xz) = M, 2m (a;y — y'x) — N. 

Or these equations can be obtained, as in Art. 58, from 
the principle. Art. 50, that the system of the time-fluxes of 
momenta of the several particles of a system is the exact 
equivalent of the system of acting forces, and therefore that 
the sums of the components of the one system and their 
moments about the axes are the same as those of the other 
system. 
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In the case in which impulses are applied to a system, 
"the mathematical forms of the statements (3) and (4) are 

(3) tm(u'-u)=P, tm{v'-v) = Q, tm{w'-w) = R, 

(4) 2m {y (w' -w)-z(v' - v)} = G, 

Xm [z {u' — u) — x{w' — w)] = H, 

2m {x {v' — v)-y(u' — u)} = K, 

where P, Q, R are the sums of the applied impulses in 
•directions of the axes, and Q, H, K the moments about the 
axes of those impulses. 

242. Independence of the motions of the centre of gravity 
and of the system relative to the centre of gravity. 

If ?> Vj K he the coordinates of 0, the centre of gravity, 
the equations (1) become 

^2(m) = X, i72(m) = F, l2{m) = Z, 

shewing that the motion of is the same as if the whole 
mass were concentrated into a particle at that point, with 
all the extraneous forces acting upon it. 

Again, if we take x, y, z as the coordinates, relative to the 
•centre of gravity, of a particle m of the system, its accelera- 
tions are x + ^, y + rj, z + '^, and, if L, M, N be the moments 
about the axes through 0, of the acting forces, the equations 
(2) are replaced by 

2m \y (z + ?) - ^ (y + v)} = L, &c., 

•or, since 2 {my) = 0, and 2 {mz) = 0, 

2m {yz — zy) = L, &c., 

shewing that the motion relative to the centre of gravity is 
independent of the motion of the centre of gravity itself 

243. In the case of impulses being applied to the 
system, if the velocities of the centre of gravity change from 
■a, b, to a', b\ c', the equations (3) become 

M{a'-a) = P, M(b'-b) = Q. M{c'-c) = B, 

M being the mass of the whole system. 
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Again, taking the instantaneous position of the centre of 
gravity as the origin, and taking u, v, w as the velocities of 
m relative to the centre of gravity, so that the actual 
velocities of m are w+a, u+ 6, w+ c, the first of the equations 
(4) becomes 

tm{y{w' + c' -w-c)-z{v' + V -v-h)] = G, 
or 2m [y (v/ -'w) — z{v'— v)} = 0. 

These results shew that the changes of motion of the 
centre of gravity, and the changes of angular momentum 
about axes through the centre of gravity, due to impulsive 
actions, are independent of each other. 

244. In order to illustrate the use of these principles we 
proceed to the consideration of various special cases, and 
first, take the case of the motion of a heavy inelastic rod 
placed with its lower end in contact with a smooth horizontal 
plane and let go. 

With the notation of Art. 228, the time-fluxes of the 
vertical linear momentum and of the angular momentum are 
my and mk'd. 

Taking moments about the lower end of the rod, 

my . a sin ^ — mk^9 = — mga sin 0, 

or e (a= sin" + k'')+ a^d^ sin 6 cos 6 = ga sin 6, . . .(A), 

and .-. 0= (a= sin" ^ + /c'') = 25'a (cos a - cos ^). 

To find the pressure on the plane, we have 
My = R- Mg, 

R 

Ti=g + y=g — a6 sin d — ad'' cos 6. 

Hence -jj^ = ; — ;; from equation (A). 

Mg gasva.6 ^ ^ ' 

•■• Wg = {l + stin" ey % + '''' ^ - 2 COS « cos d] . 
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The fact that this expression is always positive shews- 
that the contact with the plane is unbroken during the 
motion. 

Since y = — aa sin 6, it follows that, when the rod falls 
flat, y = — ad. 

The linear momentum mad downwards and the angular 
momentum mk'^d are destroyed by the resultant impulsive 
reaction of the plane. 

Let X be the distance from the centre of the rod of the- 
point of action of this resultant impulse. 

Then, since the impulsive reaction has no moment about 
this point, 

Mh'e - MaBx =Q, and .-. « = ^a. 

If the rod be held above the plane and be let fall, let u 
be the velocity of the centre of gravity when the lower end 
strikes the plane, and take u' and a> to represent the 
velocity of the centre of gravity and the angular velocity 
just after the impact. 

The changes of linear and angular momenta are M{u' — u)> 
and Ml<?a>'. 

Since there is no change of angular momentum about 
the point of impact, 

M (u' - m) a sin a + 3Ik"co' = 0, 

and, assuming that the contact is unbroken, 

u' — aco' sin a = 0, 

so that aa' (1 + 3 sin" a) = 3m sin a. 

To find the pressure we have, as before, 

Mg ~ ga sin 8 ' 

and, if we take 6 = a, and 6 = o)', in equation (A), 

R _gasm.a — a'ta'" sin a cos a. 
Mg~ a? sin'' a + k^ ' 
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SO that the contact is broken at once if am'^ cos a > gr, or if 
9w^ sin= a cos a > 5fa (1 + 3 sin"* a)'. 

245. A rough sphere rolls on a rough horizontal plane 
in the direction perpendicular to its edge, and rolls over. 

Let V be the velocity with which it arrives at the edge, 
and 6 the inclination to the vertical of the radius vector 
through the edge at some time after. 

The equation of energy is 

^M.la^^^ + Mga cos ^ = ^ 71/ . f u^ + Mgct, 

so that a'^= = w' + ^ga (1 - cos 6). 

If R is the normal pressure of the edge on the surface, 

Mae^ = Mg Qos e - R. 

At the instant of arriving at the edge, this equation is 

M- = Mg-R; 

hence if «' > ga, the sphere will leave the edge at once, 
but if «" < ga, the sphere will turn round the edge, and will 
leave it, when 6 is such that 

^2 10 

- + y 5f (1 - cos 0) = 5r cos e. 

A sphere of radius b rolls down the outside of a fixed 
sphere of radium a, starting from the highest point. 

When 6 is the inclination to the vertical of the line 
joining the centres, the angular velocity o) of the rolling 
sphere is (a + b) 6/b, (page 26), and the equation of energy is 

I M.^b'co" + Mg(a + b) cos d = Mg{a + b), 

so that 6' = ^ /^f ■ , (1 - cos e). 

7(a + b)^ ' 

The equation, M {a -^-b) Q"" = Mg co^ Q - R, shews that 
R vanishes, and therefore that the sphere rolls off, when 
<;os^ = 10/17. 
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Motion of a heavy sphere, the centre of gravity of which 
is eccentric, on a smooth horizontal plwne. 

If the sphere have no initial kinetic energy, the centre of 
gravity moves in a vertical line GO, and if OG = y, the 
equation of moments about G or about any point in the 
vertical line CP through the point of contact P is, with the 
notation of Art. 228, 

myc sin 6 + mk'^d = — mgc sin 6, 

where y = a — c cos 6. 

Substituting, multiplying by 26 and integrating we obtain 
6^ (k' + c= sin» 0) = G+ 2gc cos d, 
which is the equation of energy. 

The reaction, R, at P is given by the equation 
iJ — mg = my. 

If the plane be rough so that the sphere rolls, the equation 
of moments about P is 

mk^d + mxy + myc sin = — mg . c sin 0, 

where x = a0 — c sin 0, and y = a — c cos 0, 

making the substitutions and integrating we obtain the result 
given in Art. 228. 

The horizontal and vertical reactions at P are given by 
the equations mic = — F, my = R — mg. 

246. A man walks on a large rough sphere, so as to 
m,ake the sphere roll in a straight line on a horizontal plane, 
the man keeping himself at a constant angular distance (a) 
from the highest point of the sphere. 

Take M, m as the masses of the sphere and the man, and 
let o) be the angular velocity of the sphere at any instant. 

The velocity of the man is am parallel to the plane, and 
the time-flux of his momentum is therefore maw. 
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For the sphere the time-fluxes of the linear momentum, 
and of the angular momentum about the centre of gravity 
are 

Maw and lf|a%. 

Hence taking moments about the horizontal axis, perpen- 
dicular to the motion, through the point of contact, we 
obtain 

Ma'^d) + M^a^o) + maah = mga sin a, 

or CO (7 Ma + 5m,h) = bmg sin a, 

where h is the constant height, above the plane, of the centre 
of gravity of the man. 

We may also solve this problem by finding the rate of 
change of the angular momentum, at any time, about the 
axis fixed in space which passes through the point of contact 
at that time. 

To do this we observe that, at any time, the angular 
momentum of the system about the point of contact is equal 
to 

^Ma^m + 7iiaha>. 

After the lapse of an interval St of time, the angular 
velocity is tu -(- Sea, and the linear velocity of the centre of the 
sphere and of the man is a(<o + Sea). 

Observing that the distances from the assigned axis of 
the lines of acceleration of the centres are the same as at the 
time t, the angular momentum at the time ^ + SHs 

Ma' (co + Sw) + f Jfa= (ea + So) + ma (co + Sw) h, 

and the rate of change is therefore 

^Ma'cb + mahcb, 

which is equal to the moment mga sin « of the acting forces. 

If the reactions and frictions be required, we observe that 
the time-fluxes of the linear momenta of the sphere and the 
man are 

Mad> and mad, 
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so that, if F' be the friction between the sphere and plane, 
and R, F the reaction and friction between the man and the 
sphere, 

Mad) + mam = F' 

mato = R sin a — Fcos a 

= R cos a + i'' sin a — mg, 

and these equations determine F, F' and jB. 

This system is not, from a purely mechanical point of 
view, a conservative system. 

The work done upon the sphere by the tangential action 
of the man on the sphere is not equal and opposite to the 
work done upon the man by the tangential action of the 
sphere upon the man, and the kinetic energy of the system 
at any time is due to the difference between the amounts of 
work done upon the two bodies. 




Thus if the figure represent two consecutive positions, P 
being the point of contact, the horizontal distance PP' = aBO, 
and if P'C'Q = SO, the point P of the sphere is carried to Q. 

Hence, it P'L, QJSl"be perpendiculars on the tangent at P, 
the work done by friction upon the sphere is F.PN, and the 
work done upon the man is F.(— PL). The sum of these 
= F . LN = FaS9, and the work done upon the system 

= J Fade. 
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But, the acceleration of the man in the direction of the 
tangent at P being am cos a, it follows that 

maw cos a = mg sin a — F, 

and therefore the work done 

= J(mga sin a — macacos a) dO. 

This is transformed into energy of motion, or kinetic- 
energy, the measure of which is 

^ilf.f aW + ^maW. 

Equating these two expressions, we find that 

^ a^co' (iM + m + m cos a) = mga sin a . ^, 

and, taking the time-fluxes of each side of this equation, we 
obtain the same equation for a as before. 

The fact that kinetic energy is produced and increased is 
a proof that potential energy is being lost somewhere. The 
explanation is that the man's power of exerting himself is 
diminishing ; he is getting tired, or, in other words, the man 
is a machine which has acquired potential energy by being 
wound up, and is running down. 

247. Motion of a heavy rod sliding between a smooth 
vertical plane and a smooth horizontal plane in a vertical 
plane perpendicular to both. 

The angular velocity in any position is at once deter- 
mined by the principle of energy, but the question. is intro- 
duced for the sake of further illustrating the meaning of the 
phrase angular momentum. 
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If J. 5 be the rod, and E the instantaneous centre of the 
motion, the velocity of Q is aw, and the angular momentum 
about E is inal^co + mh^a>, or ^ ma^m. 

After a time Sf, the rod having turned through an angle 
W, the perpendicular distance from E of the line of motion 
of Q' is 2a cos hO — a, which to the first order of infinitesimals 
is equal to a. 

Hence the new angular momentum about E is 

ma? (q) + Sco) + ml<? (ta + Sm), 

and therefore the rate of change of the angular momentum 
about E is fma^m. Equating this to the moment of the 
acting forces which is mga sin 0, we obtain 

= 1^ sin e, and 6' = |^ (cos a - cos 6). 

This is one view of the case, and another is to observe 
that ao)'' and aci are the accelerations of in the direction 
GO and perpendicular to it, so that the time-fluxes of 
momenta are mam^, maci), and mk^m, and the moments of 
these about E are equal to mga sin d. 

The reactions R, R' in the directions AE, BE are given 
by the equations, 

iJ' = ^ (mad cos d) = ma(e cos 6-6^ sin d), 

R — mg =-j-.(— inaB sin 6) = — ma (9 sin 6 + 6^ cos 6). 

It will be seen from these equations that R' vanishes and 
changes sign when 

3 cos 6 = 2 cos a, 

shewing that the rod will then leave the vertical plane. 

If it should be required to take moments about 0, it will 
be seen that the angular momentum is ma^co — mk^a and 
therefore that the equation of motion is 

fma^o) = m^a sin 0+ R' .2acosd — R.2a sin 0, 
B. D. 21 
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but then the preceding equations must be employed for the 
elimination of R and R'. 

248. Motion of a rigid body about a fixed aids. 

If a be the angular velocity of the body at any instant, 
its angular momentum is if (A;2 + A=)<b, h being the distance, 
OQ, of the centre of gravity from the axis and Mli^ the 
moment of inertia about the line through Q parallel to the 
axis. 

Hence if N be the moment of the acting forces, 

or, if 6 be the inclination of the plane through Q and the 
axis to a fixed plane through the axis. 

If r be the distance of a particle m from the axis, its 
accelerations in the directions of r and perpendicular to it 
are respectively — aflr and ra. 

Taking the fixed axis as the axis of z and OG as the axis 
of X, the components of these parallel to x and y are 

— ay^x — cny and — ofiy + ax. 

Hence the time-fluxes of the momenta and their moments 
about the axes are respectively 

2m (— a'^x — wy), 1,m (— m'^y-'r wx), o, 

and 2m (co'yz — wxz), 1m (— w'^xz — myz), 2 {mw {x^ + y"^)}, 

or, —Ma'h, Mah, a, 

and Dco^-Eib, -Ear'-Da, M{k^ + h?)a), 

where D and E represent the quantities, "Zmyz, and 2m^a;. 

The first three of these expressions are equal to the sums 
of the acting forces and of the reactionary stresses of the axis, 
and the next three are equal to the sums of the moments 
about the axes, of the same quantities *- 

* It will be seen In the next chapter that these expressions can be 
also obtained by first writing the expressions for the angular momenta and 
then employing the general expressions given in that chapter for the rates of 
change of the angular momenta. 
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Suppose that the body is connected with the axis at two 
points at distances c and c' from 0, and that U, V, W, and 
U', V, W are the stresses upon the axis at these points. 

Then, if X, Y, Z, L, M, N be the sums and moments of 
the acting forces, we shall have the equations 

-Mto'^h^X-U-U', 

M6oh=Y- V-V, 

o = Z-W-W', 

I)w'-Ew = L-Vc- V'c, 

-Eco'-Dd) = M-Uc- JJ'd. 

249. Impulses applied to a body in motion about a fixed 
axis. 

If a — CO be the change of angular velocity due to the 
application of impulses, and K the moment of the impulses, 
the change of angular momentum is given by the equation 

M{B + h')(<o'-co)=K. 

Taking the axes as in the last article, and observing that 
m(a)' — co)r is the change of momentum of the particle m in 
the direction perpendicular to r, of which the components 
are — m {a>' — &>) y, and m (ta' — a>) x, we find that the sums 
and moments of the changes of momenta are respectively 

0, M (co' — (o) h, 0, 

and - ^ (ft)' - w), -Dim'- w), M {k"" + ¥) {a'-w). 

Equating these expressions to the sums and moments of 
the applied impulses, and of the reactionary stresses, we can 
calculate the latter quantities. 

The right-hand members of the equations in the preceding 
article will be the expressions for the sums and moments, if 
the symbols employed be supposed to represent the applied 
impulses and the impulsive stresses on the axis at two 
points. 

250. We have defined, in Art. 219, the centre of oscilla- 
tion of a compound pendulum. 

21—2 
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We can shew that the centres of oscillation and suspension 
E and are convertible. 

For OE.OG = 0&' + k\ 

whence OO.EO = k\ 

shewing that and E are convertible. 

Centre of percussion. 

If a single impulse can be applied to a rigid body which 
is capable of motion about a fixed axis, so as to produce no 
impulsive stress on the axis, the line of the impulse is called 
the line of percussion, and the point in which it meets the 
plane through perpendicular to the axis is called the 
centre of percussion. 

If o) be the angular velocity produced by the impulse 
the sums and moments of the changes of momenta will be 

0, Mwh, 0, -Eco, -Deo, M (k' + h") a) ; 

OG being the axis of x, and Oz the fixed axis as in Art. 248. 

The single impulse P must therefore be in the direction 
of the axis of y, and, if f , ^ be the coordinates of the point in 
which its line of action meets the plane zsc, we must have 

-iw = -P?, -Da>=o, M{k'+h?)o>=P^, 

so that siQce P = Ma>h, ^ = (]<?■{■ 1i')lh. 

Hence it follows, as a necessary condition for the existence 
of a centre of percussion, that D, or S {myz), must vanish, 
and that, if there is a centre of percussion, its distance from 
the axis is the same as that of the centre of oscillation. 

When E, or 2 (mzx), vanishes, the centres of oscillation 
and percussion are coincident. 

251. Motion of two heavy rods AB, BG jointed at B, and 
swinging in a vertical plane about the end A which is jointed 
to a fixed horizontal axis. 

If 6 and <^ be the inclinations of AB and BG to the 
vertical, the angular momentum of the system about A^ 2a 
and 26 being the lengths of the rods, is 
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m=^e+m%^ + m'b^ [b + 2a cos (<j> - 6)} 

+ m'2ad {2a + b cos (^ - 6)}, 

and the time-flux of this expression 

= — mga sin — m'g (2a sin ^ + 6 sin <^). 

Next, the accelerations of G being compounded of 6^ and 
b^" perpendicular and parallel to GB, and of 2a^ and 2a6^ 
perpendicular and parallel to BA, we obtain by taking 
moments about B for the rod BG, and dividing by m' 

.. 6= .. .. 

6=^ + g (J) + 2ae b cos {(j>-d) + 2adH) sin {4>-e) = -gh sin ^, 

or |6^ + 2a (6 cos (<^ - ^) + 6^ sin {^-0)} = -g sin <f>. 

Or for a second equation we might have expressed the 
constancy of the energy which is 

^d'e'' + ^m'6=<^= + ^[b^^^ + 4a=0» + 4a&<|)^ cos (^ - ff)] 

— mga cos 6 — m'g (2a cos ^ + 6 cos ^). 

In either case we obtain two equations for the determina- 
tion of 6 and <^. 

The horizontal and vertical components of the momentum 
of the system are respectively 

mad cos 9 + m'b^ cos <^ + m'2ad cos 9, 
and maO sin 9 + m'b^ sin ^ + m'2ad sin 9. 

The time-flux of the first of these is the horizontal com- 
ponent of the stress at A, and the time-flux of the second 
increased by the weight of the rods is the vertical com- 
ponent. 

In the same manner the stress at B is determined by 
writing down the horizontal and vertical components of the 
momentum of the rod BG. 
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252. Motion of a plane lamina, of any given shape, on a 
smooth plane, when a given point of_ the lamina is made to 
move in a given manner, and the lamina is besides acted upon 
by known forces. 

If A be the given point, and G the centre of inertia of 
the lamina, take ^.as the inclination of ^G to a fixed line in 
the plane, so that 6 is the angular velocity of the lamina. 

If / and /' be the accelerations of the point A in the 
direction AG and perpendicular to it, which are known 
functions of the position of -4, or of the time, the accelera- 
tions of G in the same directions are /— aO', and /' + a9, 
and the time-flux of the angular momentum about G is 

Mk'd. 

Hence, if N be the moment about A of the acting forces, 

M{f + ae)a + Mk'e=N; 

the equation which determines the angular motion of A G. 

If P, Q be the requisite constraining stresses at A, and 
X, Y the resultant forces, in the direction AG and perpen- 
dicular to it, 

M(f-ae') = X + P, and M(f + ae) = Y+Q. 

253. Motion of a plane lamina, boimded by a curve, 
rolling on a fixed curve under the action of given forces. 

We have first to solve the kinematical question of the 
time-flux of the angular momentum about the point of 
contact. 

The angular momentum being the sum of the angular 
momenta due to the rotation and the motion of the centre of 
gravity, the first part is Mk'co. 

For the second, taking « as the angular velocity when the 
point P of the rolling curve is in contact with the point A 
of the fixed curve, and Q as the consecutive point of contact, 
the angular momentum at ^ = Mr'ca, if 

AG = PG' = r. 
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In the consecutive position, when the motion of G' is 
perpendicular to QQ-', the angular momentum about A 




remembering that AP is an infinitesimal of the second 
order, and the difference 

= Mr (rS« + (oh-). 

Hence the time-flux of the angular momentum due to 
the motion of G 

= Mr^m + Mtorf, 

and consequently the equation of motion is 

M {¥ + r") o) + Marr = L, 

L being the moment about A of the acting forces. 

If we put ^ for (o, the equation may be written in the 
form 

If p, p' be the radii of curvature at P of the rolling curve 
and the fixed curve, and if the arc J.Q = &, 

J. Is , Is 

P P 
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and, if 6 be the angle between the line AG and the normal 
at A, 



asrr = — wr sin 6s = — co'r sin 6 



PR 



P + P" 
so that the equation of motion takes the form 

Jf (fc» + r^) d) - iftuV sin 6 -~-, = L. 

r ~^ r 

If the fixed curve be a straight line 

(oht = — , 
P 

and the equation is then 

M{k'' + 7^)w- Mw'pr sin = L. 

254. The result of the preceding article may be other- 
wise obtained. 

In Art. 22, it is shewn that the acceleration of the point 
P, when at A, in direction of the normal at A is 

^W/(P+P')- 

The acceleration of G relative to A, in the direction 
perpendicular to .4 ff is rw, and therefore the actual accelera- 
tion of G perpendicular to J. C is 

rd) — a'pp' sin 6/{p + p'). 

Hence, equating momenta about A, 

Mk^w + Mr {rw - m^pp sin Bj^p + p')} = L. 

255. The investigation of the two preceding articles is 
the infinitesimal case of the following general statement. 

If Q be the linear momentum of a body, in motion in one 
plane, when P is the instantaneous centre, and Q' at a 
subsequent time when P' is the instantaneous centre, Q 
being the centre of inertia, the change of the angular 
momentum about P is 

M¥ (o)' - Qj) -t- Q' {r' + PF cos 6) - Qr. 
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256. Since the motion of an area in its own plane can 
always be represented by the rolling of a moving centrode on 
a fixed centrode*, it follows that the case of the three pre- 
ceding articles is really the case of any motion of a rigid 
body in one plane. 

It may be presented analytically as follows. 

Let a, j8 be the coordinates of the instantaneous centre 
at any instant, and x, y the coordinates of the centre of 
gravity. 

The time-fluxes of linear and angular momenta of the 
body consist of Mx, My, and Ml<?w. 

Hence, taking L to be the moment about the instant- 
aneous centre of the acting forces, 

L = Mx {^ — y) - My {oL- x) + MJd'cb. 

But a; — o) (/3 — 2/) = 0, and y + a(a — x) = 0; 

.'. La> = M {x'x + yy -^ Jd'aym) 

= T7 {Kinetic Energy} 
* See Boulettes and Olissettes, art. 60. 
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where / is the moment of inertia of the body about the 
straight line through the instantaneous centre perpendicular 
to the plane of motion. 

Putting cj) for m, the equation becomes 

^(*^"=) = ^- 

257. As a particular case consider the motion of a heavy 
uniform circular disc of radius c rolling on the curve, 
s = cf(ej}), starting from the highest point, from which s and 
<j) are measured. 

In this case, 6 = 0, 
and a,= |i+^^|c/(<^)<i. = (l+/0)</,, 

and the equation of motion becomes 

M f {[1 +/ (</.)] <;> +f"{i>)<i>'} = Mgc sin <f>. 
Suppose the curve to be a cycloid, s = c sin (j!) ; 
then cos|^-sin|(^'' = f.|sin|, 

the integral of which is 

34«cos*| = 25r(^l-cos*|), 

and therefore ©" = ^ (l - cos^ | j . 

To find the pressure we have the equation, 

M — ^ = Mg cos d) — R, 

shewing that R vanishes, and therefore that the disc flies off, 
when 5 cos ^ = 3. 

At the instant of flying off, co" = 24igj25c, and the velocity 
of the centre of the disc is 2'/6gcl5. 
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258. Change of motion produced in a lamina, moving in 
any manner in its plane, produced by its impact on a roiyh 
curve. 

We suppose the roughness to be so great that there is no 
sliding, and we have simply to express the fact that the 
angular momentum round the point of contact is unchanged. 

P being the point, let v be the component perpendicular 
to OP of the velocity of 0, a and to' the angular velocities 
just before and after the impact ; then 

M (k' + rO &)' = Mh^o) + Mvr. 

Suppose for example that the disc of the preceding 
article, just after flying off the cycloidal arc impinges on a 
fixed rough peg just beneath its lowest point. 

In this case 

-jj- w = — ft) + c'd) cos (p, 

from which we obtain 15©' = llw. 

The disc will then turn round the peg as a fixed point, 
and the equations of motion will determine the angle 
through which it turns before leaving the peg. 

259. In general if a rigid body, or system of any kind, 
be in motion, and if a straight line of the system suddenly 
become fixed, the angular momentum of the system about 
the axis is unchanged. 

In the case of. a single rigid body this at once determines 
the angular velocity about the axis. 

Thus, if Q be the linear momentum of a rigid body 
perpendicular to the axis which becomes fixed, p the distance 
from the axis of its centre of inertia Gt, and H the angular 
momentum about the line through Gt parallel to the axis, 
the angular velocity is given by the equation 

if ft'ft) = Q,p-\-E, 

M¥ being the moment of inertia about the axis which 
becomes fixed. 
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260. Tendency of a rod in motion to break at any assigned 
point. 

Imagine a rod of small section and of any shape, its axis 
however being a plane curve, to be in motion in that plane 
under the action of forces in the plane. 

Taking any cross section, through any point P of the axis, 
the stress at this section, that is, the action and reaction 
between the two parts of the rod separated by the cross 
section, may be represented by two forces T and iV at P in 
directions of the tangent and normal to the axis, and a couple 
Q in the plane of the axis. 

The velocities and accelerations of the various points of 
the axis having been previously determined, the quantities 
T, N, and G can be found by writing down the equations of 
motion of either of the two parts of the rod, including T, N, 
and G amongst the acting forces. 

Now a rod may break in three ways; the internal 
molecular forces may not be sufficient to withstand the force 
T in direction of the tangent, or they may give way in 
direction of the normal, or the moment about P of the mole- 
cular forces may be overpowered by the couple G. 

In other words the rod may break by tearing, by shearing, 
or by snapping, and the quantities T, N, and are, respec- 
tively, the measures of the tendencies to lareak in these three 
ways. 

To illustrate, take the case of a heavy straight rod swing- 
ing in a vertical plane about one end, and examine the 
tendency to break at the middle point. 

Writing down the equations of motion of the lower half 
of the rod, and taking r as the distance from the axis of a 
point in the rod, we obtain 

I m ^ 7-0 = N — ^g sin 0, I m-^rQ^ = T—^g cosd, 



I' 

J a 



21 clr 
'>n~-r{r — a)6=G — ^rnga sin d, 
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where 6 and 6 are known functions of 6, and these equations 
determine the values of T, N, and Q at the middle point of 
the rod. 

If a rod have its state of motion suddenly changed 
by impulsive action, impulsive stresses are created at all 
points of the rod, and the method of determining them is the 
same as in the previous case. 

If for instance the free end of the swinging rod, supposed 
inelastic, be' suddenly stopped by impinging against a fixed 
surface, and if T, N, and G then represent impulsive actions 
at the middle point of the rod, the equations are 



ria 

T = 0. - 

J a 



"E'-^-^-P. 



/. 



2a dr 



2a 

where P, the impulse at the free end, is given by the equation, 
2mad = 3P. 

261. Determination of initial stresses, and initial accele- 
rations, when some of the constraints of a system, previously in 
equilibrium, are removed. 

In such cases the equations of motion should be written 
down for the configuration of the system at the instant of 
release from constraint. 

These equations, in combination with the kinematical 
relations of the system, will be sufficient for the determination 
of the required stresses. 

The equations are simplified by the fact that the linear 
and angular velocities are zero, so that radial and transversal 
accelerations take the forms r and rS, and normal accelerations 
are evanescent*. 

* Some illustrations of the method of finding initial stresses are given in 
an article in the Mathematical Messenger for 1866. 



334 



INITIAL STRESSES. 



Examples. (1) Two rods AB, CD, of lengths 2a and 
26, are connected by equal strings AG, BD, of length c, and 
the system is supported, with the rods horizontal, by a fixed 
horizontal aads through the middle point of AB ; if one string 
AG he cut, it is required to find the initial tension of the other. 

Let (o, &)', and a" be the initial angular accelerations, in 
the directions figured, of the two rods and the string. 







The vertical acceleration of G, the centre of gravity of GJ), 

= ba> + CO)" cos a + aw, 

and its horizontal acceleration = ecu" sin a. 

Hence the equations of motion are 

a^ 
m-nU> = Ta sin a, 

m' (bm + ca" cos a + aw) = wig — T sin a, 
mew'' sin a = T cos o, 

m'^ w' =T .hsma, 

which determine the tension and the angular accelerations. 

(2) A heavy rod, of length 2a, is supported against a 
smooth fijEed sphere by a horizontal string fastened to its upper 
end A, and also to the highest point of the sphere; if the 
string he cut it is required to find the initial pressure on the 
sphere. 
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If a be the angular distance of the vertex from P the 
point of contact, it will be found that PG = a sin'' a. Observ- 
ing that the acceleration of P is wholly tangential, and taking 
£0 as the initial angular acceleration of the rod, it follows 
that caPQ is the acceleration of perpendicular to the rod, 
and therefore taking moments about P 

0." 

m -5- o) + mPO'ci) = mgPO cos a. 

o 

We have also mcoPG = mg cos a—R, 
and we obtain iJ (1 + 3 sin^ a) = mg cos a. 

262. Determination of the initial radii of curvature of 
the paths of assigned points of a system, when the system is set 
in motion in any given manner, or, being in a state of equi- 
librium, has some of its constraints removed. 

If the velocity and direction of motion of an assigned 
point of the system be known, the expression for the normal 
acceleration, v^jp, determines the curvature, 1//3, for the 
acceleration of the point in the direction of the normal to its 
path is obtainable from the equations of motion of the 
system. 

Examples. (1) Two particles, m and fi, are connected 
by a string passing over a smooth fixed horizontal rail, and, 
the portions of string, of lengths a and b, being vertical, 
the particles are projected horizontally, in opposite directions 
perpendicular to the rail. 

The initial equations of motion are 

m{r-r0') = mg-T, m(r9+2re) = 0, 

fi (p - p4>') = fig-T, p, (p4> + 2p^) = 0. 

If u and V be the velocities of projection, then, initially, 

r=a, p = b, r = 0, p = 0, ad = u, b^ = v, 

and therefore 6 = 0, ^ = 0, 



m 



(r-^) = mg-T, p.[p-^j=p.g-T, 
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and these equations, with the equation r + p = 0, determine 
r, p, and T. 

The initial radii of curvature B, R' of the paths of m and 
fi are given by the equations 



m^ = T-mg, m^, = T-fj,g, 

assuming the concavities to be upwards. 

If T is less than either mg, or fig, the concavity in that 
case will be downwards. 

(2) A rod AB is moveable in a vertical plane about the 
end A, and a string BG carries a heavy particle at G ; the 
particle is held in a given position in the vertical plane throu'gh 
the rod, and is projected in the direction perpendicular to BG 
in the vertical plane. 

If 6 and (f> be the inclinations of AB and BG to the 
vertical at the moment of projection, the initial equations of 
motion are 

M -^ e + mb^ {h + 2a COB {<}) - 0)} -mb^' 2a sin (^ - 0) 
o 

+ m2a9 {2a + b cos (<f) - 0)} + m2a6^ b sin (^ - 0) 

= — Mga sin — mg (2a sin + & sin <f>), 

and 6$ + 2ad cos ((j)-0) + 2a6^ sin (^ - ^) = - gr sin <^, 

where 2a and b are the lengths ot AB and BG. 

Initially, if u be the velocity of projection, 

= 0, and u = b^, 

and the preceding equations determine 6 and $. 

The acceleration of the particle in the direction GB is 
initially fecj)" — 2a6 sin ((/> — 0), and this is equal to u^/p if p be 
the initial radius of curvature of the path of G. 

263. If a system have initially no motion, and we wish 
to find the initial curvature of the path of any assigned 
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point of the system, we must first find the initial direction 
of motion, and then, observing the small displacements which 
take place in a very short time, we can sometimes obtain the 
curvature by an immediate application of the Newtonian 
expression for the diameter of curvature, viz. (arc)^ -i- perpen- 
dicular subtense. Sometimes however it is necessary to take 
the analytical expression, in Cartesian or polar co-ordinates, 
or in some other system, and to expand, in ascending powers 
of the time, the various terms contained in these expressions. 
An illustration of each case will be sufficient to explain the 
methods. 

(1) Two rods, AB, BG, freely jointed together at B, and 
moveable about the end A, are held in a horizontal position so 
as to form a straight line ABG, and are then let go ; it is 
required to find the initial curvature of the path of G. 

Let fi, m be the masses and 2a, 26 the lengths o{ AB 
and BG, then, if a> and to' be the initial angular accelerations 
of AB and BG, it can be sheT\'n, by taking moments about A 
for the system and about B for the rod BG, and combining 
the equations, that 

CO _ b m + 2fj, 
co' a jj, ' 

Now supposing that, after a short time t, 6 and are 
the inclinations oi AB and BG to the horizontal, it follows 
that the horizontal and vertical displacements of G are 

2a + 2b — 2a cos — 2b cos j>, and 2a sin -I- 26 sin <^, 

or, approximately, 

ad^ + 60» and 2ae + 2b<f). 

The initial tangent to the path of G is vertical, and 
consequently 

2p = Limit of Ig,^^^/ . 
The first approximations to 9 and 4> are 

B. D. 22 
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and we hence obtain 

(m + fj,y 



2ab b(m+2/j.y + a/j,'' 

(2) A plane lamina, which is moveable about a horizontal 
aaiis in its plane, passing through its centre of gravity, is inclined 
to the horizontal at an angle^a, and a heavy particle m is placed 
upon it at a distance cfrom the axis and below the aads ; it is 
required to determine the initial curvature of the path of the 
particle. 

If 6 be the inclination at any time, and r the distance 
of the particle from the axis, the equations of motion are 

Mk^'d + mr (r'6 + 2rd) = mgr cos 6, 

f — rd' = g sin 0. 

The expression for the radius of curvature is 

(r^e^ + r')* 

r^e' + 2r^d -r(er- rd) '' 

and we have to expand, in powers of t, the various terms of 
this expression, which can be effected by Maclaurin's 
Theorem. 

Taking mP to represent Mk^ + mxi^, we obtain, from the 

equations of motion, 

• n qc cos a ... . x 
n=gsma, ^0 = ^— 7i — . n = 0, 6o = 0, 



l" 
„ _ ff'c cos' a / 2cn .„ ff'sinacosg / Tc^'N 

r. — F— l^+yj- ^° = — T' — i^-yj- 

Now = 6ot -'r ..., r = rot+ ..., 



and er-re = (Oy; - rod':) | + ■ 

and therefore 

(n" + c%'f 

Pa — 



c%'+2uA-^(e,r';-ue':) 
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and, making the requisite substitutions, we obtain p„ in terms 
of a, I, and c. 

If a = 0, it will be found that 

Sc^ 3mc» 



^0 = 



c^-f- Mk" 



the negative sign shewing that the concavity of the initial 
path is outwards from the axis. 

264. Application of the principle of, virtual work. 

If at any instant the geometrical configuration of a 
system be contemplated, and if a geometrical displacement 
be imagined, the virtual work of the time-fluxes of momenta, 
or of the effective forces, and of the acting forces will be the 
same. 

We must however include in the phrase acting forces 
any internal forces such as the tensions of elastic strings, 
or sliding frictions, by means of which work is done on the 
system. 

Considering a single rigid body, i.e. a material system of 
invariable form, if F be the time-flux of the linear momentum 
in any direction, and Ss the displacement of the centre of 
gravity in that direction ; and if K be the time-flux of the 
angular momentum about an assigned axis through the 
centre of gravity, and B<f> the angular displacement about the 
axis, then the corresponding portions of the virtual work 
are FBs and Kd<f>. 

(1) Consider for example the case of the two rods in 
Art. 251. 

Taking x and y as the horizontal and vertical co-ordinates 
of 0, we obtain 



m -— idSd + m'^ ^B(j} + rn'xBx + m'yBy = m'gSy — mga sin 6hd. 
3 o 
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Now a! = 2asm9 + bsin^, and y = 2ct cos ^ + 6 cos (^, 
from which Sx and By are obtained in terms of 86 and 8^, 
and observing that 80 and S^ are arbitrary quantities and 
independent of each other, their coeflScients must each 
vanish, and we thus obtain the equations for the determina- 
tion of and ^, 

Example. (2) Motion of an extensible circular ring, 
placed horizontally over a smooth surface of revolution the axis 
of which is vertical. 

Let s represent the distance along a meridian arc from a 
fixed level to the ring, r its radius and z the depth of its 
plane. The accelerations of any point of the ring down the 
meridian arc and perpendicular to it are s and s^jp, and there- 
fore, if we imagine a displacement by slightly shifting the 
ring downwards on the surface the equation of virtual work 
is, m being the mass of the ring, 

rnshs = mghz — Th {^irr), 

dz a rpdr 
ms = mgj-27rT-^^, 

an equation which can also be obtained by considering the 
meridional motion of an element of the ring. 

Observing that T='K(r — a)/a, and that r—f{z), this 
equation determines the acceleration along any meridian. 

(3) Four equal rods, of length 2a, are jointed together in 
the form of a square OADB, and suspended from the joint 
0, the square form being maintained by a string OB; 
if the string be cut it is required to find the change of stress 
at 0. 

Take a) as the expression for the initial angular accelera- 
tion of each rod ; then if and H be the centres of gravity 
of OA and AD, the initial vertical accelerations of Q and H 

are aco/»j2 and 3aeo/\/2, 

' the initial horizontal accelerations are each aa)/\/2, and the 
time-flux of the angular momentum of each rod is 

ma^cojS. 
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If we imagine D pulled through a small space, so as to 
displace each rod angularly through the small angle 6, the 
linear displacements of and H are, vertically, a6/>^2, 
3a0/i\/2, and horizontally each is ad/\/2 ; also the vertical dis- 
placement of the centre of gravity K of the system is a^/VS. 

Hence we obtain 

2m— g— + 2m— n h 4m — ^ + 4m — s— = 4m5^a5\/2, 

from which 10aa) = 3g/>J2, and therefore the acceleration of 
K is Bg/5, shewing that the pressure on the point of support 
is instantaneously diminished by three-fifths of the weight of 
the system. 

If P be the horizontal stress at D, it can be determined 
by giving the rod AD a small arbitrary twist, 0, about A, 
breaking the connection at D. 

The equation of virtual work will be 

a" n 3ma«B ad maw ad aO ^^ „ ,„ 

'^S "^ + -72- • ^72-^72■ ■ V2 = '"^V2 + "^^^^^' 

from which P = — y^ . 

If Q and R be the actions at A upon OA in the directions 
BA and OA, these quantities may be found b}' giving BA a 
twist about B, and OA a twist about 0, breaking in each 
case the connection at A. 

The equations obtained are 
ma^to n Smaco aO , mao) ad „ „ „ a0 

a'co n mam aO mam a0 ^ ^ „ a6 

-"^ -3-^-72-- V2-"V2--72 = ^-^'*^-'^^V2' 
and from these we find that 

B = -^mg^2 and Q = -^^mgis/2. 
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In solving this question our object has been to illustrate 

the use of the principle of work, but the same result may be 

obtained from the initial equations of motion of the rods, 

which are 

4TOa°a) mga _ ^ 
— ^^-2aQ, 

rrw?a> „ , Pa 

265. Impact of smooth am,d rough inelastic bodies on each 
other. 

If smooth inelastic bodies impinge on each other, it must 
be carefully borne in mind, that the velocities, immediately 
after impact, of the points of the bodies in contact with each 
other, are the same in the direction of the common normal 
to their surfaces. 

If however two perfectly rough inelastic bodies impinge 
on each other, the geometrical condition is that the velocities 
of the points of contact are the same in any direction. 

Impact of smooth elastic bodies. 

When two such bodies impinge on each other the action 
which takes place consists of a force of pompression, R, 
followed by a force of restitution, eR, where e is a constant 
quantity, less than unity, depending upon the nature of the 
bodies. 

If we imagine that e can be equal to unity, the ideal 
bodies thus thought of are called perfectly elastic. 

In solving questions relating to smooth elastic bodies, the 
equations of motion must be written down on the hypothesis 
that the bodies are inelastic, and the geometrical conditions 
introduced that the velocities of points of two surfaces in 
contact with each other are the same, immediately after the 
impact, in the direction of the common normal to the two 
surfaces. 
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The forces of compression are thus found, and if in the 
equations of motion any mutual impulse M is replaced by 
iJ (1 + e) the changes of velocities due to the whole action 
will be determined. 

Example (1). Three equal spherical balls are moving with ' 
equal velocities on a smooth horizontal plane towards the same 
point, in directions equally inclined to each other, and the balls 
impinge on each other at the same instant. 

If u is the velocity of each before impact, and if R is the 
impulsive action between each two, on the hypothesis that 
the balls are inelastic, 

TOM = 222 cos 30° =^^3, 
since the velocity of each is destroyed by the impact. 

If the balls are elastic, let v be the velocity with which 
each recoils ; 

then m(v + u) = R{l+e) a/3, 

so that V = eu. 

Example (2). A heavy particle of mass m is suspended 
from a fixed point by a fine string of length c, and a heavy 
rod of mass M, and of length greater than c, is suspended by 
one end from the same point. The rod is then elevated and let 
go so as to impinge on the particle. 

Taking the bodies to be inelastic, let R be the horizontal 
impulse between them. Then if co, w are the angular veloci- 
ties of the rod just before and just after the impact, and if v 
is the velocity imparted to the particle, 

Mh^ (ft)' — 0)) = — Re, and mv = R. 

We also have the geometrical condition, v = ceo', so that 

R (Mk^ + mc') = Mmk'cat: 

Taking account of elasticity, let fl and u be the angular 
and linear velocities after impact. 
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Then 

ifA^(fi-(B) = -(l+e)iJc and mu = (l+e)R; 

and (Mk^ + mc^) m = (1 + e) m^cw. 

If M1& = erru^, the motion of the rod will be stopped, and 
the particle will start off with the velocity eca>. 



EXAMPLES. 

1. A smooth sphere is at rest on a smooth horizontal 
plane, and an equal sphere is placed gently upon it, so as to be 
in contact very nearly at the highest point ; prove that the 
centre of the upper sphere will describe a portion of the arc 
of an ellipse, and that when 6 is the inclination to the 
vertical of the line of centres, 

ae^ (1 + sin" 6) = 2g{l- cos 6). 

Shew that the spheres will part company when 

cos ^ = V3 - 1. 

2. If two weights be suspended by a weightless string, 
passing over a rough circular cylinder moveable about its 
axis, which is horizontal, the space described by either in any 
time is independent of the radius of the cylinder. 

3. Two equal smooth spheres are placed one upon the 
other and both in contact with a smooth vertical wall. 
If the lower one just leave the wall, prove that they will 
separate when the line joining their centres is inclined to the 
vertical at an angle cos~^(|), the motion being supposed to 
take place in a vertical plane. 

4. Four equal rods are jointed together so as to form a 
square ABGD, and the system is suspended from the point 
A, the square form being maintained by a string connecting 
A and C, Find the tension of the string. 
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If the string be cut, prove that during the subsequent 
motion, 

ae^ (1 + 3 sin» 6) = S^r (cos 6 - 1/V2), 

2a being the length of each rod, and 6 the inclination to the 
vertical. 

5. Three equal smooth balls are kept in contact with 
each other on a smooth horizontal plane by a string passing 
round them, and a fourth equal ball rests upon the three ; if 
the string be cut, what is the initial change of pressure 
between the upper ball and each of the lower ones? 

6. A solid sphere resting on a smooth horizontal plane, 
is suddenly divided into two equal parts by a vertical plane 
through its centre. It is required to determine the initial 
horizontal pressure between the two parts and the initial 
vertical re-action of the plane. 

7. A rod of mass M lying on a horizontal plane has one 
end fixed and an inelastic particle of mass m lies in contact 
with it. Find its position so that when the rod receives a 
blow at its free end the particle may move with a maximum 
velocity. 

8. The lower extremities of two equal heavy rods are 
connected by a string, and rest on a smooth horizontal plane, 
while the upper extremities rest against one another. Shew 
that if the string be cut, the pressure between the rods is 
immediately changed in the ratio 3 cos" a : 2 ; 2a being the 
initial angle between the rods. 

Determine whether, in the course of the motion, the rods 
will separate from one another. 

9. A rough circular homogeneous cylinder of radius a 
rolls inside a fixed horizontal cylinder of radius 3a. Prove 
that the plane through the axes of the cylinders will move 
like a simple circular pendulum of length 3a. 

10. A weight P is fastened to the ends of a horizontal 
rod, (weight W), which is moveable about its middle point. 
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by two strings, each of which is equal in length to the rod : 
supposing one of them to be cut, prove that there will be no 
instantaneous change in the tension of the other if 

2W = 9P. 

11. Two equal rods AB, BG are jointed at one extremity 
B of each, and the other end A of one is fixed ; if C be held in 
such a position that ABC is a right angle and AG horizontal, 
prove that when is suddenly let go the initial pressure at 
B will be J of the weight of either rod, and horizontal. 

12. A heavy uniform rod is supported against a smooth 
fixed sphere by a horizontal string fastened to its upper end, 
and also to the highest point of the sphere ; if the string be 
cut, prove that the pressure on the sphere is changed in the 
ratio of cos' a : 1 + 3 sin* a, where a is the angular distance 
from the vertex of the point of contact. 

13. Two equal rods AB, BG, jointed at B, are placed on 
a smooth horizontal plane at right angles to each other ; 
prove that, if a blow is applied to AB at the end A in the 
direction perpendicular to its length, the initial velocities of 
the ends A and G are in the ratio 8:1. 

14. A uniform circular ring moves on a rough curve 
under the action of no forces, the curvature of the curve 
being everywhere less than that of the ring. If the ring be 
projected without rotation from a point A of the curve and 
begin to roll at a point B, the angle between the normals at 
A and B is log 2 -^ /i, where /a is the coefficient of friction. . 

15. Two equal rods AG, GB, hinged at Cand having their 
extremities A, B, connected by a fine thread so that AGB is 
a right angle, are revolving in their own plane about A, 
which is fixed, with uniform angular velocity. Prove that if 
the string be cut the stress at the hinge is instantaneously 
changed in the ratio V5 : 4. 

16. A uniform beam is revolving uniformly in a vertical 
plane about a horizontal axis through its middle point ; and, 
at the instant it is passing through its horizontal position, a 
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perfectly elastic ball, the mass of which is one-third that of 
the beam, is projected horizontally from a point vertically 
above the axis, so as to hit the beam at one extremity, then 
to rebound to the other, and so on for ever, bounding and 
rebounding along the same path ; shew that if 8 be the 
angle, on each side of its horizontal position, through which 
the beam revolves, will be given by the equation 

0tan6' = l. 

17. A circular disc (radius c) is placed within a vertical 
circle (radius a) so as to be in contact with it at the ex- 
tremity of a horizontal diameter, and is then projected 
vertically. The interior being perfectly rough, find the 
initial angular velocity, and the point at which the disc will 
leave the curve, when its angular velocity on leaving it 

= '-/g(a-c)/c. 

18. A sphere on a smooth horizontal plane is placed in 
contact with a rough vertical plane, which is made to revolve 
with an uniform angular velocity a> about a vertical axis in 
itself: if a be the initial distance of the point of contact from 
the axis, r the distance after a time t, and c the radius of the 
sphere, prove that 

Also shew that the ratio of the friction to the pressure 
approximates, as t increases indefinitely to 1 : \/35. 

19. Three equal and similar rods moveable about one 
common extremity, are held at right angles to each other so 
that the three other extremities are in a horizontal plane. 
Shew that if they be dropped upon a smooth inelastic 
horizontal plane their vertical velocity will be diminished 
one half. 

20. The middle point of a uniform rod is fixed midway 
between two centres of force, which attract with a force 
varying inversely as the square of the distance. Prove that 
the time of a small oscillation is 

7r(a»-c»)V-3^/V3;itac, 
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where M is the mass of the rod, 2c its length, 2a the distance 
between the centres of force, and jjbhxjr^ the attraction on an 
element Sa; of the rod at a distance r. 

21. A rod of given length is formed into the quadrantal 
arc of a circle, and is made to rotate about an axis through 
one end perpendicular to its plane. 

Supposing the arc to become suddenly fixed to its axis, 
find the measure of the tendency to break off; and shew 
that, if the rod were formed into a semi-circular arc, the 
tendencies to break off in the two cases would be compared 
by the ratio 47r — 8 : tt. 

22. A rough cylinder rests on a horizontal plane. Find 
the least velocity of a second cylinder of given larger radius, 
which will, after impinging upon it, pass over it. 

23. If a bullet of mass m be fired with velocity u per- 
pendicular to the face of a block of wood of mass M, placed 
on a smooth horizontal plane, and remains just imbedded, 
prove that the angular velocity acquired by the block is 

mbu/{{M + m) k' + m(a' + b')}, 

where a is the distance of the centre of gravity of the block 
from the face struck, and b is the distance of the point struck 
from the foot of the perpendicular drawn from the centre of 
gravity of the block to the face. 

24. A uniform rod of length 2a is rotating, in a vertical 
plane, abo ut its middle point, which is fixed, with an angular 
velocity "JG-Trg/a. At the instant the rod is horizontal, the 
ascending end is struck by a ball of equal mass, which was 
dropped from a height 37ra ; and when it is next horizontal, 
the same extremity is struck by a second equal ball similarly 
dropped. The elasticity being perfect, determine the suTdsc- 
quent motion of the rod and balls. 

25. A wire in the form of the portion of the curve 
r = a(l+cos^) cut off by the initial line rotates about the 
origin with angular velocity to; shew that the tendency to 
break at the point ^ = 7r/2 is measured by ]2V2m(BW/5, 
where m is the mass of a unit of length of the wire. 
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26. A rod rests horizontally upon two supports ; if one 
support be suddenly withdrawn, find an equation to deter- 
mine where the initial strain on the rod is greatest. 

27. A rough cylinder of radius a loaded so that its 
centre of gravity is at a distance h from its axis is placed on 
a board of n times its mass, which can move on a smooth 
horizontal plane. Find the time of an oscillation when the 
system is slightly disturbed from its position of stable , 
equilibrium, and prove that if I be the length of the simple 
equivalent pendulum 

(n + l){lh-k^) = n(a-hy. 

28. A circular ring, mass M and radius a, lies on a 
smooth horizontal plane, and a fly, mass m, alighting upon it 
starts off and crawls round the ring, with a velocity v, which 
is uniform relative to the ring. Prove that the angular 
velocity of the ring = mv/(M+ 2m) a. 

29. If the ring in the previous question be vertical and 
moveable about its centre of gravity, and if the fly start off 
and as before move uniformly relative to the ring, find its 
angular velocity in any position, supposing the fly to start 
from the lowest point. Also find the least ratio of the 
masses in order that the fly may ever be at the highest point 
of the ring. 

30. A straight rod on a smooth horizontal plane has its 
ends moveable on two fixed straight lines at right angles to 
each other, and an insect walks uniformly along the rod; 
determine the motion. 

Also determine the motion when the two ends of the rod 
are moveable on the arc of a smooth circular wire, which is 
lying upon the horizontal plane. 

31. A smooth spherical shell of mass M rests on an 
inclined plane, being fastened to a point of the plane by a 
string; a particle m rests inside the sphere; prove that if 
the string be cut, the ratio of the initial pressure between 
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the sphere and the particle to that between the sphere and 
the plane is 

m cos a : M + m, 

where a is the inclination of the plane to the horizontal. 

32. The ends of a straight rod are moveable on two 
smooth fixed rods, intersecting each other at right angles ; if 
the rod be set in motion, prove that when 6 is its inclination 
to either fixed rod, the measure of the tendency to break 
at any point is proportional to sin 2d. 

33. Two equal rods AB, AG are jointed together and 
rest symmetrically over a smooth sphere ; the junction of 
the rods at A being severed, what is the initial pressure of 
each rod on the sphere ? 

Suppose the sphere divided by a vertical plane through 
A, perpendicular to the plane of the rods, and imagine the 
left-hand hemisphere to be suddenly annihilated ; it is 
required to determine the initial action at A. 

34. P and Q are two points in a uniform rod equidistant 
from its centre. The rod can move freely about a hinge at P. 
The hinge is constrained to move up and down in a vertical 
line. If the motion be such that Q moves in a horizontal 
line, determine the velocity when the rod has any given 
inclination, the rod being supposed to start from rest in a 
horizontal position. 

In the case in which the whole length of the rod = V3 . PQ, 
shew that the time of a complete oscillation 

= (27r)*(ri)-^VPQ/2^. 

In this case also find the equation to the hodograph of 
the middle point of the rod. 

35. A number (n) of equal uniform rods, AA,,, AiA^, 
A^At, &c., are jointed together at their ends A^, A^,... and 
the end A of the first rod is attached to a fixed point. The 
rods are held so as to form a straight line AA-^...An, the end 
An being free, and the supports are simultaneously removed. 
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Prove that if w be the weight of a rod, and a =15°, the 
initial action at A^ is equal to 

w{— 4)'" sin"" a cos°" a — cos'^ a. . sin"* g 
"2^(3) ' sin™ a + cos'"' a * 

36. AB, BG, CD are three equal uniform rods freely 
jointed together and moveable about the extremity A ; 
the rods fall from a horizontal position of rest: prove that 
the radius of curvature of the initial path of the extremity 
D of the further rod is 81a/131, where a is the length of each 
rod. Prove also that the initial stresses at G, B and A are 
in the ratio of 1, 4 and 15, 

37. An arc of a circle is placed in its position of equi- 
librium in a vertical plane resting on a perfectly rough 
horizontal plane and slightly disturbed in the former plane ; 
shew that the square of the time of oscillation varies as 
aa sin a, a being the radius of the circle, and 2a the angle 
subtended at its centre by the arc. 

38. A ball is projected from a point in a perfectly rough 
horizontal plane, without any rotation ; if the coefficient of 
frictional elasticity be 2/5, prove that the horizontal velocity 

of the ball, after the w"" rebound, will be i^ +( — §)''-=- , where 

u is the horizontal velocity of projection. 

39. Two equal rods, connected by a hinge, which allows 
them to move in a vertical plane, rotate uniformly about a 
vertical axis through the hinge ; and a string, whose length 
is double that of either rod, is fastened to their extremities, 
and supports a weight at its middle point. Determine the 
angular velocity when in the position of relative equilibrium 
the rods and the string form a square; and supposing the 
weight slightly displaced in a vertical direction, find the 
time of a small oscillation. 



40. A smooth hemisphere of mass M is at rest with its 
face downwards on a smooth horizontal plane, and a particle 
of mass m is placed on it at the angular distance a from the 
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highest point. Prove that the initial radius of curvature of 
the path of the particle is to the radius of the hemisphere in 
the ratio 

{M" + (2Mm + m") sin^a}* ■.M(M+ m)«. 

41. A smooth plane of mass M is freely moveable about 
a horizontal axis lying within it and passing through its 
centre of gravity, the radius of gyration of the plane about 
the axis being k. The plane being inclined at an angle a to 
the vertical, a sphere of mass m is placed gently upon it. If 
initially the centre of the sphere be in a vertical through 
the axis of the plane, and if h be its initial height above 
that axis, shew that the angle <f>, which the initial direction 
of motion of the centre makes with the vertical, is given by 

(Mk'' + mif) tan <^ = Mk'^ tan a. 

42. A uniform beam of mass M and length 2a can turn 
round a fixed horizontal axis at one end ; to the other end of 
the beam a string of length I is attached, and at the end of 
the string is a particle of mass m. Determine the relation 
that must hold in order that, during a small oscillation of 
the system, the inclination of the string to the vertical may 
be twice that of the beam. 

43. A uniform heavy beam of length 2c is supported in 
a horizontal position by means of two strings, without weight, 
each of length 6, which are fastened to its ends, the other 
ends of the strings being fixed ; in equilibrium each of the 
strings makes an angle a with the horizon : find the time of 
a small oscillation when the system is slightly displaced in 
the vertical plane in which it is situated, the strings not 
being slackened. 

44. A thin spherical shell of uniform thickness and 
weight W is built up of a very great number of equal 
portions bounded by meridians and hinged at the south 
pole ; if it be kept spherical by a clasp at the north pole, 
that suddenly becomes loose when the whole rests on a 
smooth table with the south pole lowest, then the pressure 
on the table is immediately reduced by 77^32 of the weight 
of the shell. 
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45. A rough right circular cylinder of mass m has its 
centre of inertia at a distance c from its axis, and rests on a 
uniform flat board of mass M whose upper surface is rough 
and lower smooth, and in contact with a smooth table. A 
blow of magnitude MV is applied to the board so that the 
whole motion is in one plane ; shew that the cylinder will 
make a complete revolution provided 

y > ^90 [-j^) L M(a-cy 

46. A circular ring hangs in a vertical plane on two 
pegs. If one be removed, prove that, Pj, P^ being the 
instantaneous pressures on the other peg, calculated on the 
supposition that the ring is (1) smooth, (2) rough, 

Pi'':P3»::4 :4+tan»a, 

where a is the angle which the line drawn from the centre of 
the ring to the peg makes with the vertical. 

47. A heavy bar is suspended in a horizontal position by 
two eqiial and parallel vertical strings attached to its ends, it 
is then set swinging so that the strings move in vertical 
planes perpendicular to the bar, if one string breaks when 
the rod is in its lowest position, prove that the tension of the 
other string is instantaneously diminished by one half its 
value. 

If the second string be cut when the bar is vertical, prove 
that the subsequent rotation will be uniform and round a 
horizontal axis fixed in direction; but if the second string 
be cut at any other time, the vertical plane containing the 
bar will rotate with an angular velocity varying as sec'^, and 
d will increase at a rate varying as Va + 6sec*0, where 9 is 
the inclination to the horizontal and a, b are constant. 

48. A chain of mass m and length I hangs in equilibrium 
over a smooth pulley, an insect of mass M alights gently at 
one end and begins crawling up with uniform relative velocity 
V; shew that the velocity with which the chain leaves the 
pulley will be 

{M'V + (M+ m),(M+im) gl]i/iM+ m). 

B. D. 23 
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49. A mail walks on a large rough ball so as to make 
the ball roll straight up an inclined plane of inclination a, 
keeping himself at an angular distance /3 from the highest 
point of the ball ; if the weights of the man and the ball are 
equal, prove that the acceleration of each is 

5g (sin /3 - 2 sin a)/[12 + 5 cos (a + /3)}. 

50. A light uniform lamina in the form of a regular 
trapezoid is suspended by one of the parallel edges, and a 
weight mg is uniformly distributed over the opposite edge ; 
supposing the lamina to be elastic only in the direction of 
the breadth, find the position of equilibrium. 

Shew that the time of a small oscillation is 



2-7r 'J ml (log a — log &)/2X (a — 6), 

when 2a and 26 are the lengths of the parallel edges, I is the 
breadth of the lamina when unstretched, and X the modulus 
of elasticity. 

51. The extremities of a uniform heavy rod of length 2c 
slide on a smooth wire in the form of the parabola x^—4eay=0, 
the axis of the parabola being vertical, and c > 2a. If the 
rod be slightly displaced from its position of stable equili- 
brium, prove that the time of a small oscillation is 

27r {^acjZg (c - 2a)}i. 

52. Four equal uniform rods are jointed together so as 
to form a square ABGD, and the system is suspended from 
the joint A, the square form being maintained by an elastic 
string joining A and C. 

Find the tension of the string, and, the modulus of 
elasticity being twice the weight of one of the rods, prove 
that, if C be slightly depressed, the length of the simple 
isochronous pendulum will be 5ACJ12. If, when there is 
equilibrium, the string be cut, prove that the initial pressure 
at (7 is equal to one-tenth of the weight of one of the rods, 
and that the initial acceleration of G is equal to 65^/5. 

53. Three particles A, B, G are connected by two strings 
AB, AG and placed in a line, on a smooth table. The 
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extreme particles B and G are then projected at right angles 
to the strings with velocities u, v. Prove that the initial 
curvatures of the paths of the extreme particles are respec- 
tively 

(q + m) v?h + qv^a , (p + m) v^a + pu% 
(p + g + m) u^ab (p + g + m) if ah ' 

m, p, q being the masses of the particles, and a, b, the 
lengths of the strings. 

54. Two particles of masses m, m' are tied to the ends 
of a string which passes through a bead of mass fi, and the 
whole system is placed on a smooth table with m, m! at the 
acute angles and /n at the right angle of a right-angled 
triangle. If the particles are projected with velocities u, v 
and at right angles to the respective portions of string, the 
lengths of which are a and b, prove that, if p, p' are the 
initial radii of curvature of their paths, 



mu" _ m V 



a b I \m jM ml 



55. A circular disc of mass m, radius a, and moment of 
inertia about the centre wJ^, is spinning with angular velocity 
«M on a smooth horizontal plane and impinges normal on the 
middle point of a rough rod lying on the plane. Prove that 
the angular velocity immediately after impact is 

(m -t- m') A;=w/{mV -H (m -|- m') ¥\. 

56. Two uniform rods AB, BO of masses m, m' freely 
jointed at B lie upon a smooth horizontal table and AB is 
struck perpendicular to its length at a point between A and 
B ; shew that the point B will begin to move in a direction 
making with BG an angle tan~' {4 cot ai{m,-\- TO')/(4m -1- m')} ; 
« being the angle between the rods. 

57. A cube of mass 4m, with a spherical cavity of radius 
•a cut out of it contains a particle of mass m ; if it be placed 
on a smooth inclined plane of inclination a. to the horizon 
and allowed to slide down the plane under gravity, shew 

23—2 
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that the angular motion of the particle relatively to the 
normal to the plane is the same as the rate of change of 
the eccentric angle of a ring constrained to move on a fixed 
elliptic wire of eccentricity 1/2, whose major axis is vertical 
and of length 2a sec a. 

58. A spherical shell of mass m, whose outer surface is 
rough and of radius a, has its inner surface smooth and of 
radius I ; a particle of mass m moves inside while the shell 
rolls on a rough table, shew that if the excursions of the 
particle be a on either side of the vertical, then 

[M (a^ Jr¥)+ ma? sin'' 6'] bd^ 

= 2g [M (a= + k^) + ma"] [cos - cos a]. 

59. A smooth massless rod HM of length l + 2a turns 
freely about a hinge at one end H. A string of length I is 
fastened at the end M and also at a point S in a horizontal 
line with H and at a distance 2a^/2 from H. A smooth ring 
of mass m is slipped over the rod and string at M and moved 
up the rod until the string is tight and the rod horizontal ; 
it is then allowed to fall, find tbe velocity of the ring at any 
instant before it slips off the rod. Shew that the tension of 
the string when the ring has fallen through a vertical height 
2/ is 

n,^mg Sa'+2y' 
2a ' a" + 22/' '^' 

mg being the weight of the ring. 

60. A smooth thin spherical shell of mass M and radius 
a rests on a smooth inclined plane by means of an elastic 
string which is attached to the sphere and to a peg at the 
same distance from the plane as the centre of the sphere and 
a particle of mass m rests on the inner surface of the shell. 
In the position of equilibrium the string is parallel to the 
plane, find the times of oscillation of the system when it is 
slightly displaced in a vertical plane and prove that the arc 
traversed by the particle and the distance traversed by tjhe 
centre of the shell from their positions of equilibrium can 
always be equal if 

Mg + mgr (1 + cos a) = \a (1 + cos a)/c. 
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where X is the coefficient of elasticity of the string, and c its 
natural length. 

61. A uniform circular disc moving in any way is placed 
gently upon a rough horizontal plane. Assuming that the 
friction between any element of the disc and the plane varies 
as the relative velocity and is in a direction opposite to it, 
find the motion of the disc, and shew that if u and a be the 
velocity of the centre and the angular velocity about it at any 
instant, ua^ = Uo<o, where u^ and <o^ are the initial values of u 
and a>. 

G2. A homogeneous straight rod .45 is constrained to 
move in a vertical plane with its middle point in a horizontal 
groove, and its upper extremity against a smooth curve; find 
the nature of the curve when the rod descends from one 
given position to another in the least time possible, the 
initial angular velocity being given. 

63. A number (m) of equal uniform rods AiGiBi,Afi^B^, 
...are placed on a smooth horizontal plane so that the end 
J.2 of the 2nd is in contact with the middle point G^, of 
the first, the end A3 in contact with G^. . . and the angles 
C^A^Bi, GaAaB^... aie each equal to 0, so that the figure 
AjG-fiiGi---Gn is a portion of a regular polygon. At the end 
.4i an impulse P is applied inwards in the direction making 
an angle 77/2 — 6 with AtP^,. Prove that the impulse between 
the r'" and r + 1 I'", supposing them smooth and rigid, 

= P (yS"a'- - a.''^)l{^ - a"), 

where a and /S are the roots of the equation 

i!« - (2 sec ^ + 3 cos ^) 2; + 1 = 0. 

64. A homogeneous inelastic hemisphere of radius a 
and mass m is let fall with its base vertical on a smooth 
inelastic horizontal plane. Prove that its pressure on the 
plane when the base is horizontal is equal to 



173 675 m«» 

^"^^ + 1328-^' • 

where v is the velocity with which it strikes the plane. 
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Shew that the hemisphere will leave the plane immedi- 
ately upon its base becomiBg vertical if 15?; > 16 ijag, and 
that, if 67o«V10247ra^ is an integer, the hemisphere will 
again strike the plane with its base vertical." 

65. A solid body of mass M rests with its flat base on a 
smooth horizontal plane, on which it is free to slide. Two 
points inside the solid, both lying in a vertical plane through 
its centre of gravity, are coimected by a fine smooth hollow 
tube, down which a particle of mass m slides from the 
highest point to the lowest. If the tube is the brachisto- 
chrone, prove that its intrinsic equation is 

s ti tan i> sec (f> 1 . , Vl —ti? tan <& 
^ L L- _i_ Sin — ~ 

o w'' + tan=(^ Vl-ji^ VnM^tan^"/)' 

where v? = M/(M+ m). 

66. A solid hemisphere of mass M rests on a perfectly 
rough horizontal plane, its upper surface, which is a perfectly 
smooth plane, being horizontal. Prove that if a particle of 
mass m is gently placed on it at a distance c from the centre, 
the initial radius of curvature of the path described by it 
will be equal to Sm^/Mk", where k is the radius of gyration 
of the hemisphere about a tangent at its lowest point in the 
undisturbed position. 



CHAPTER XV. 



MOTION IN THREE DIMENSIONS. 

266. We now proceed to consider the motion of a 
system referred to three rectangular axes, either fixed, or 
moving in a given manner. 

As in Art. (34) we employ ^i, 9.^, and 6^ to represent the 
angular velocities of the system of axes. 

Taking Wj, Wj, and 0)3 as the angular velocities, at any 
instant, of a rigid body about the axes, it follows as in 
Art. (34) that the angular accelerations are respectively 

&)i — (0^63 + 0)3^2, 

0)3 — a)s0i + 0)1^3, 

From the definition of the linear momenta and the 
angular momenta of a system it follows that these quantities 
are vectors and are subject to the parallelogrammic law. 

Let jOi,p2,_p3 represent the linear momenta of a system 
in the directions of the axes, and h^, h^, A3 the angular 
momenta of the system about those axes. 

Then it follows, as in Art. 34, that, if we take OL, OM, 
and ON to represent either the quantities pi, p^, pa or the 
quantities fh, h^.Ih, the rates of change of these quantities 
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ai-e, OD the same scale, the velocities of the point of which 
OL, OM, OiV are co-ordinates, and are therefore respectively 

ih - Pi^i + ps^s"! K- hA + ^3^2] 

pi-pA+pA\ and K-hA + hSa\' 
ps -pA+ pA I h - fh&i + hA) 

The equations of motion of the system are obtained by 
equating these expressions to the components of the acting 
forces and of the acting couples. 

The equations of motion, in the forms thus obtained, 
were first given by Mr R. B. Hayward, F.R.S., of St John's 
College, Cambridge. 

They are contained in a paper, published in 1856, in 
Part I., Vol. X., of the Cambridge Philosophical Transactions. 

267. If X, y, z be the co-ordinates of a particle m of 
the system, and if u, v, w be the component velocities of the 
particle, 

j)i = Smu, ps = Smw, pi = l,inw ; 

h^ = Swi (wy — vz), hi = Sm (uz — was), /ij = 1m (vx — uy). 

The total motion of the system at the instant in 
question is thus represented by three linear momenta in 
the directions of the axes and three angular momenta about 
those axes. 

These are equivalent to a single linear momentum and a 
single angular momentum. 

268. If the origin is not a fixed point, the expressions 
for the rates of change of the linear momenta are unaffected, 
but the expressions for the rates of change of angular 
momenta will require modification. 

Let a, /3, 7 be the component velocities of the origin, and 
suppose the axes to have no rotation. 

Since h^ = 2m {wy — vz), 



EQUATIONS OF MOTION. 361 

the angular momentum, at the time t + Si, about the axis Oiv, 
fixed in space 

= tm {(w + Sw) (y + By + ^St) -(v + Sv) (z + Sz + ySt)} 

= A, + SAi +' (ps/S - p^y) Bt, 

and, subtracting h^ and dividing by Bt, we obtain the ad- 
ditional term 

Ps^-Pay, 
so that the complete expression for the time-flux, about the 
instantaneous position of the axis, of the angular momentum 
is 

fh - ha6s + hs9i + pS - p^y. 

If the origin be the centre of gravity of the system, the 
expressions for angular momenta and their rates of change 
are those of Art. (266). 

It will be seen that the terms p^^ —p%y of the previous 
article disappear in this case, for 

Pi = M^, and p^ = My. 

269. Motion of a rigid body about a fixed point. 

In this case 

u = zcOi — ywg, V = xa>3 — zaj^, w^ytoi — xco^, 

and therefore 

A, = Sm (y" + z") G>i — 2 (mxy) {o^—'Z (mxy) cog, 

and, if we represent the three moments of inertia by A, B, C 
and the three products of inertia by D, E, F we have 

hi = Aco-i — FcOi — JScog, 

h.2 = Ba)2 — i)«3 — -F&>i, 

A, = Gcos — E<Oi — D(Oi. 

If the expressions B, E, F all vanish the axes are said to 
be principal axes ; if two vanish, the corresponding axis is a 
principal axis. 

In the case of a sphere, or a solid bounded by any 
regular polyhedron, when the centre is the origin, B, E, F all 
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vanish, and A, B, G are all the same, so that the angular 
momenta take the forms 

Aa>u Aa>3, Acos. 

In the case of a solid of revolution, or of a regular 
pyramid, the axis of which is one of the axes, D, E, F all 
vanish, and the angular momenta are' 

Aaii, Aco,, Ccog. 

In the case of a plane lamina, when one axis is pei-pen- 
dicular to its plane, D and E vanish, and the angular 
momenta are 

Awi — Fco^, Ba)2 - Fcoi, (A + B) Wj. 

270. If the axis of ^ be fixed in space, the time- 
fluxes of angular momenta about the instantaneous positions 
of the axes are 

It may be instructive to obtain these expressions directly. 
Thus, at the time t + St, the angular momenta about Ox', Oy', 
the consecutive positions of Otc, Oy, being hi + Bhi, hi+ Sh^, 
it follows that the angular momenta about Ox and Oy are 
respectively 

(^1 + Bhi) cos O^Bt — {hi + Sh^) sin d^St, 
(hi + Bhi) cos O^Bt + {hi + Bh^) sin 0i,Bt, 

and, subtracting h^ and h^ and dividing by Bt, we obtain, in 
the limit, the expressions given above. 

The general expressions of Art. 266 may be obtained in a 
similar manner. 

271. We are now in a position to solve some problems, 
and we commence with the motion of a sphere on a roibgh 
plane, under the action of forces the resultant of which passes 
through the centre of the sphere. 

Referring to fixed axes the linear momenta are mx, my, 
and the time-fluxes of the angular momenta are 

Adji, Aw2, Aa, where A = 2m<?jS, 
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Assuming X, Y as the forces, and taking moments about 
the lines in the plane through the point of contact parallel to 
X and y, we obtain 

— myc + Ad>i — — Yc, mxo + Aa>i = Xo. 

We have also the geometrical conditions, 

X — CCBa = 0, y + C(Oi = 0, 

and we hence obtain 

7nx = ^X, my = ^Y. 

If the ftictional reactions be required, they are given by 
the equations 

mx = F+ X, my = Q+ Y, 

so that F=:-fX SLud G=-fY. 

If the plane be made to revolve uniformly, with the 
angular velocity il, about the axis of z, the equations of 
motion are the same, but the geometrical conditions are 

X — ca>2 = — fly, y + C(Bi = Ha?. 

If in this case there be no forces in action, the elimination 
of Ml and <B2 leads to the equations 

7x + 2ny = 0, 7y-2D,x = 0, 
or, writing n for 2X1/7, 

iD+n'(x-a) = 0, y + n'(y-b) = 0, 
where a and b are constants. 

Integrating these equations and eliminating the time, we 
shall find that the path of the centre of the sphere is an 
ellipse, of which the point {a, b) is the centre. 

272. To illustrate the use of two moving axes, consider 
the motion of a rigid body about a fixed axis. 

Taking, as in Art. 248, the line OG as the axis of x and 
the fixed axis as the axis of z, 

u = — yto, V = XO), w = 0, 
and therefore, 

hi — — Ew, Aj = — Deo, A3 = C(o. 
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Hence K — h^d, = — Ea + Da', 

and equating these expressions to the moments of the 
acting forces, we obtain, as in Art. 248, the stresses on 
the axis. 

273. A circular disc, the plane of which is vertical, and 
centre fixed, is rotating about a horizontal axis through its 
centre perpendicular to its plane, which axis is itself rotating 
freely in the horizontal plane through the centre, and an 
insect crawls in a given manner on the disc. 

Taking the figure of Art. (.302), let ZG be the plane of the 
disc, OG being a given radius of the disc. 

The equations of motion are obtained by observing that 
the angular momentum about Oz is constant, and that the 
time-flux of the angular momentum about OF is equal to the 
moment about OF of the weight of the insect. 

Let p be the distance of the insect from 0, and <f) the 
angular distance of p from OG measured in the direction GE, 
so that p and <j> are known functions of the time. 

Putting ZG= e, and XZG = y}r, we obtain 

Mt--^ + mp' sin" (d + <f>)'^ = G. 

li hi, h,he the angular momenta about OK and OF, 

Jh = — nip--^ sin (0 + (f) cos {6 + ^), 

hi = 2Mk''9 + mp" (6 + 4>). 

Hence we obtain, since h^ + Ji^-^ is the time-flux of the 
angular momentum about OF, 

2Mk'd+m.p'{e+4>)+2mpp(6+ ^)-mp''-f'''sm(e + (f>)cos{0+^) 

= mgp sin (d+4>), 
and 8 and -v/r are determined by these equations. 

274. Motion of a heavy sphere on the interior rough 
surface of a vertical cylinder. 

The figure being a section by the horizontal plane through 
the centre of the sphere, take the axis (3) through C vertically 
upwards and measure z upwards. 
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The accelerations of G in the directions (1) (2) and (3) are 
— (a — c) (^^ (a — c) ^, z. 

In this case, since ^ = Aco^, h^ = Ato^, and ^3 = <^, the time- 
fluxes of the angular momenta about the instantaneous 
positions of the lines (1), (2), and (3) are 

Aw-i—Aw^^, Aa)i+ -4a)i^, Ao)^. 




T 

Taking moments about GP, PT, and the vertical through 
P, we obtain 

Wi — Q)j<^ = 0, A&ii + Aw-i^ + mcz = — mgo, 

Ad>g — m(a — c)c^ = 0. 

Expressing the fact that the point P has no velocity, the 
geometrical conditions are 

(a — c) ^ + ccrjj = 0, i — C(»2 = 0. 

From the third and fourth of these equations we see that 
a>s and ^ are each constant. 

If we take o) and D, to represent these constant values, 
we obtain, from the first and fifth equations, 

CftJi = ilz, so that ctoi = ilz + G. 
Hence, from the second equation, it follows that 
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shewing that the ball rolls up and down, between two 
fixed levels, in the time 

7rV7/nV2. 
Suppose that, initially, 

then z + ^n.'z = -^g-^ cnD., 

and .-. z' + }n.'z'=-^gz-^cnD.z. 

From this result it appears that the ball will begin by 
rising if n is negative and numerically greater than 5g/2c£l. 

If the cylinder, instead of being fixed, be made to revolve 
with a constant angular velocity a> about a vertical generating 
line through the point in the figure, the angular velocity 
of the line CE is io+ ^, and the accelerations of G in the 
directions (1), (2), (3) are, putting b for a—c, 

aoo' CU3 <p — b(a) + ^f, b^ — aco^ sin <f>, z. 

Hence, taking moments about the same axes as before, 
we obtain, 

d)i - 0)2 (cr) + <|)) = 0, |ca)2 + fcctfi (ft) + <^) + ^ = - g, 

|c&)3 — b^ + aco' sin (^ = 0. 

The geometrical conditions are that the velocities of the 
point P of the sphere and of the point P of the cylinder are 
the same ; 

. ". ccog + 6 (o) + (f>) — ao) cos <p = aa) — aa> cos if> 

or cat, + 6 (ft) + <^) = ao), 

and z — Cft)2 = 0. 

Eliminating (Og we find that 

76^ = Saft)" sin (p, 

an equation which determines the angular motion of the 
centre of the sphere relative to the cylinder. 
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275. Motion of a heavy sphere on the interior rough 
swrface of a cone having its axii vertical and vertex 
downwards. 

The figure being a section of the system by the vertical 
plane through the axis of the cone and the centre of the 
sphere, the accelerations of G are 

r — r^^, r^ + 2f ^, z, 

and the time-fluxes of angular momenta are the same as in 
the preceding case. 

The geometrical conditions are 

r — ccOiSma = (1) 

r<j> +00}^ sin a + ccog cos a = (2) 

z — ctBa cosa = (3). 

Taking moments about PE, PG, and the line through P 
perpendicular to the plane of the figure we obtain 

(Acbi — Ato^j)) sin a + Aa^cosa — m (r^ + 2r<^) c = 0. . .(4) 

(Awi — A co^tj)) COS a — Acossiu a. = (5) 

Awi + Aci)i<j> + m (r — r^')c sin a+mzc cos a = — mgc cosa. ..(6) 
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From (4) and (2) we find that r<j> + 2r^ = 0, or that ■i^^=h. 

From (4) and (5) it follows that Wj = 0, or that to, = n. 

Lastly from (6), with the aid of (1), (2), (3), and the 
preceding results, we find, if we write u for l/r, the equation, 

dhi 2 + 5sin''a .cr sin a cos a „OTCOsa ,,.. 
d^»+ 7 ^ = ^— I^^? ^^— •<^)- 

Since r^^ = h, it follows that there is no friction in the 
direction perpendicular to the plane GPE. 

If i?" and R represent the friction in the direction PE and 
the normal reaction at P, 

m{r — r^') = Fsm a — i? cos a 

m'£=F cos a + iJ sin a. 

Observing that z = c cosec a + r cot a, and that 

we obtain 

(d/^u \ 

-jT. — M sin" a J , R = mhV cos a, 

so that, taking account of (7), F and R are determined in 
terms of r, the distance of the centre of the sphere from the 
axis of the cone. 

276. The general problem of the motion of a sphere on 
any surface of revolution may be treated in the same manner, 
or we may employ three moving axes. 

Taking the axes as in the figure, and taking u,v,w as the 
velocities of C in the directions (1), (2), and (3), the geo- 
metrical conditions are 

M— CtO2=0, V + C(Oi = 0, w=0. 

Since Oi = ^ cos 0, 6^= 9, ^j = cf) sin 9, 

u — v9i + 'w9i = ciBa + cwi^ sin 9, 
V — w9i + u9i = — ca>i + caji<f> sin 0, 
li) — U02 + v9i = — cws:9 — ct»i^ cos 0, 
which are the accelerations of G. 
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Hence, if L, M, N be the moments of the acting forces 
about PT, about the line through P perpendicular to the 
plane AGP, and about PC, the equations of motion are 

A (w, — (Bacj) sin d + (0^6) — mc (— cwi + C(i>ij> sin 6) = L,...i, 

A (wj — Ws^ cos 6 + o)i^ sin ff) + mc (cwi + ccoi^ sin 6) = M,.. .ii, 

A (0)3 — (lOiO + (Oi^ cos 0) = N.. .iii. 




It will be seen that G moves on a parallel surface of 
which A is the vertex, and if AN = z and GN = r, the 
relation between r and z is known, so that z=f(r). 

Hence if s be the arc AG 

cwi = u = s = — pO, 

if p be the radius of curvature of J. (7 at G. 

We also have cwi = —v = — r^. 

If gravity is the only force in action, and if the axis of the 
surface of revolution is vertical. 



L = 0, iV" = 0, and M=- mgc cos d. 



B. D. 
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When the motion is steady, that is, when the centre of the 
sphere moves uniformly in a horizontal plane, we have ^ = 
and (f) = O, so that 

o)j = 0, and ccbi = — rH,. 

From equation iii, 0)3 = 0, or m^ = n, and, from equation, 
(ii), we obtain the condition necessary for steady motion, 

7rfl^ + 2cnQ, cot a = og cot a, 

a. being the constant value of 6. 

The sphere may be so started that n = 0, in which case we 
have the condition 

IrSl' = 5g cot a. 

277. If the surface of revolution is a sphere, of which G- 
is the centre, and if GG = a, 

coy^ = — ad and cwi = — a<^ cos d, 

and therefore, from equation (iii), 

tBj = 0, or 0)3 = n. 

These values of toi, 0)^, w, being substituted in equation, 
(i), we obtain 

a cos 6^ — 2a sin 6 6^ = ^ end, 
and therefore 

cos=^<i> = (7+f — sin6'. 
^ ' a 

Substituting in equation (ii) and integrating we obtain a 
differential equation of the first order for 6. 

This last however is more easily obtained from the 
equation of energy which is 

A (a-ff' + a" cos'i d^") + ^c'' {a^ + <b/ + asf) = D + ga sin 0, 
and leads to the relation 

^ + sec''^(a + f^sineY = ^+^sin^, 

G and E being constants determined by initial conditions. 
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If the surface of revolution is made to revolve about its 
axis with the uniform angular velocity <o, the dynamical 
equations for the motion of the sphere are unchanged, but the 
geometrical equations are 

cwa + jO0 = 0, ccoi + r(^ = o) (r + c cos 8). 

278. Motion of a rough sphere on the surface of a flat 
disc, which is moveable on a smooth horizontal plane, the 
upper surface of the disc being perfectly rough. 





y 



We shall suppose that the centre of gravity of the system 
has no motion ; this will be the case if the disc be initially at 
rest, and if the sphere, in a state of rotation about a diameter, 
be placed gently upon the disc. 

In the figure is the projection on a horizontal plane of 
the centre of gravity of the system, E of the centre of gravity 
of the disc, and Q of the centre of the sphere ; Ox, Oy are 
fixed directions. 

Taking ^, -t), and a?, y, as the co-ordinates of E and C, 
measured in opposite directions, and fl as the angular velocity 
of the disc, the geometrical conditions are 

*-C(Bj=- j-n(2/-l-7?) (1), 

^ + c«i = -^ + n(a; + ^) (2). 

24—2 
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Taking moments, for the motion of the sphere, about the 
horizontal tangent lines parallel to the axes, 

mice + mJiPdji = 0, myc — nilifcbi = 0, 

and therefore a; + fcwj = A, y- f cwi = -B (3), (4). 

The angular momentum of the system about any 
assigned vertical line is constant, and if the sphere have 
initially no rotation about the vertical diameter this constant 
is zero. 

Taking moments about the vertical line, fixed in space, 
through which E is passing, 

or M'K'>Cl = m(m + M){d;y-yx) (5). 

We have besides mx = M^, and my = Mri, and we thus 
have seven equations to determine the seven unknown 
quantities. 

If the original axis of rotation of the sphere be above the 
line Ox and parallel to it, so that initially 

<Bi = n, and Wj = 0, 

we obtain x + fctua = 0, y — fcoJi = B, 

The elimination of o)i and Wj leads to 

2x {M+ m) + 5Mx = - 2yD, (Jf + m), 

21/ {M + m) + 5My - 5MB = 2x0, (M + m), 

and, substituting for €1 its value from (5), these equations 
take the forms 

{a + hy'^) X = hxy y, (a + i«?) y = hxy x + c, 

where a, h and c are constants. 

The integration of the first of these equations gives 

a-\-hy"-= Co^, 

shewing that the path in space of the centre of the sphere is 
a hyperbola, (a result given in the Tripos Examination, 
Jan. 1882). 
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It should be mentioned that n is the initial angular 
Telocity of the sphere just after having been placed in contact 
with the disc. 

If CO be the angular velocity of the sphere about the 
diameter parallel to the axis of as before the contact, and if \ 
be the angular velocity of the disc immediately after the 
impact, n and \ are determined by the equation 

m](hi — mi/ifl = mk^ai, 

combined with the preceding equations (1), (2), and (5) in 
their initial forms. 

279. Motion of a heavy rod AB, the ends of which slide 
on a fixed vertical rod OB, and a horizontal rod OA, which is 
made to revolve uniformly. 

If r be the distance from 0, in the direction OA, of a 
point P of the rod, the accelerations /, /' of the point in the 

directions LP and NP, are ^PL-oy^PL, and ^.PN, 

where PL, PN are the perpendiculars upon OB and OA, so 
that PL = (a + r) cos 6, and PN ={a-r) sin d. 

Taking moments about the line through E perpendicular 
to the plane OAB, we obtain 



/■ 



m g- {(a + r)f sin — (a — r)f' cos 6] = mga cos 0. 



a 2a 



Substituting for / and /' their values, and integrating, 
this reduces to 

Q + a>' sin 9cos6--r^ cos d. 
4a 

We have solved this question by an appeal to first princi- 
ples, but it may be instructive to indicate the method of 
dealing with it by the aid of the expressions for angular 
momenta. 

Taking for axes the line GA, and the lines through (? 
perpendicular to and in the plane OAB, 

0^ = — a> sin 6, 02 = 0, 03 = (o cos 0, 
and Ai = 0, hi = mh^(Oi, h3 = mk'o}s. 
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The acceleration of Q in the plane OAB, perpendicular 
to 00 in the upward direction 

= a^ + a sin ^ cos 6 . eB^ Art. 28, 

and the rate of change of the angular momentum about the 

second axis = ink'^a)^ + mkl'aii a> sin 9. 




-T ^ 



Hence the equation of moments about the line through E 
perpendicular to the plane is 

ma' {B + sin cos da') + m -5- tuj + m ^ cosco sin = — mga cos 9 ; 

o o 

and, observing that 6)2 = ^ and that <Os = co cos 9, this reduces 
to the equation previously obtained. 

If the system instead of being made to revolve uniformly 
be set in motion and left to itself, we shall have, taking (jt for 
the azimuthal motion, and neglecting the inertia of the rods 
OA, OB, 

e + (j)" sin 9co89 = -^ cos 9, 

with the additional equation, derived from the fact that the 
angular momentum about OB is constant, 



/: 



dr 



TO s- (a + rf cos'9 .^ = G. 



SOLID OF REVOLUTION. 
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280. A heavy rod can turn freely about one end which is 
fixed, while the other end moves on a smooth plane inclined at 
the angle a to the horizontal. It is required to determine the 
motion when the rod is just disturbed from its position of 
unstable equilibrium, and to find whether the contact of the 
rod with the plane remains mibroken. 

In order to illustrate different methods of treatment we 
shall give three solutions of this question, from three different 
points of view. 

C 




Let G be the fixed end of the rod, GO the perpendicular 
from G on the plane, GA' the position of unstable equili- 
brium, and ^ the angle through which the plane AGO has 
turned at some time during the motion. 

Taking an element mSr/2a at the distance r (GP) from 
C, the time-fluxes of momenta, or the effective forces, of the 
element are, ii /3 represents the angle AGO, 

mjr-{— r<p^ sin /3) in the direction parallel to OA, 

and m-^(r(f> sin/3) perpendicular to the plane ACQ. 

Taking moments about OG, 

Xm -g- r^lj) sin'' /3 = m^r sin a . a sin ;S sin ^ (i) ; 

/. 2a^'' sin /3 = S^r sin a (1 - cos ^) (ii), 
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an equation which might have been obtained at once from 
the principle of energy. 

In order to find the reaction, R, of the plane, take 
moments about the straight line through G perpendicular to 
the plane AGO; we then obtain the equation 

%m ^ r^4>^ sin /S cos /3 

= mg sin a cos (j) . a cos/3 + mg cos a . a sin/8 — i? . 2a sin/3. . .(iii). 

If the lower end of the rod leaves the plane, R vanishes, 
and the condition that this should be the case is 

4a^^ sin /3 cos /3 = 3g sin a cos /8 cos <^ + Sg cos a sin yS, 

whence, by help of (ii), • 

3 tan a cos ^ = 2 tan a — tan /3, 

and a^' sin 2/3 = gr sin (a 4 /8). 

Hence it follows tbat the contact of the rod with the 
plane will remain unbroken if 5 tan a < tan ;S. 

We shall now solve the question by calculating the ex- 
pressions for the angular momenta about OG, about the line 
through G parallel to OA, and about the line through G 
perpendicular to the plane AGO, and then making use of 
the expressions given, in article 270, for the time-fluxes of 
the angular momenta. 

The angular momentum, h^, about OG 

= l,m-^r^ sin^" fi.ej> = ^rrw?^ svo? /3. 

The angular momentum h^, about the line through G 
parallel to OA 

= 2m s- ^ sin /3^ . r cos ;8 = ^ma?^ sin /3 cos /3, 

and the angular momentum, h^, about the line through G 
perpendicular to the plane OGA = 0. 

By article 270, the time-fluxes of the angular momenta 
about these lines are 

hi — »20, h^ — ^lyj "»• 
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Equating these to the moments of the acting forces, we 
obtain the equations (i) and (iii). 

Again, we may give a different form to the solution by 
reducing the system to the time-fluxes of linear momenta 
due to the motion of G, and of angular momenta due to the 
components of rotation about axes through Q. These are, 
for the linear momenta, 

— ma, sin /3 . <^^ parallel to OA, 

ma sin /3 . (f), perpendicular to the plane AGO* 

and, for the angular momenta about the lines through G 
parallel to OA, perpendicular to the plane AGO, and parallel 
to 00, 

fiiia"^ sin /S cos /3, fma'cf)^ sin /3 cos yS, ^ma^cj) sin" ^S. 

Taking the moments of this system of time-fluxes of 
momenta about the lines through G, parallel to the lines 
through G above mentioned, and equating them to the 
moments of the acting forces, we shall again obtain the 
equations (i) and (iii). 

281. We have already given, in the first four articles of 
Chapter XIV., the principles which determine the effects of 
impulses, and the general equations for the calculation of 
those effects. We now proceed to employ the notation of 
the present chapter and to present these equations in a more 
useful form. 

Gase of a rigid body of which one point is fixed. 

Let hi, hi, hg be the angular momenta about three axes- 
through the fixed points just before, and h^', h,', hi just after 
impulsive forces have been applied to the body. 

Then if G, H, K are the moments about the axes of the 
impulses, 

hi'-K = G, h,'-K = H, h,'-h, = K, 

these equations being the mathematical expression of th& 
statement in paragraph (4) of art. 240. 
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As in art. 269, the values ot hi, Ih, h, are given by the 
equations, 

hi = Aaii — Fco2 — Ea, 

h^ = Bwi — Bcos - Foji, 

h, = Gwa — Bwi — Dwi. 

If the axes are principal axes of the body, the equations 
take the forms, 

A (qj/ — Wi) = G, B (0)2' — CO2) = H, G (coa — 0)3) = K. 

Case of a free body or of any system of bodies. 

Let u, V, w be the velocities of the centre of gravity of the 
system in three directions at right angles to each other just 
before, and u', v', w', just after the impulses are applied. 
Then taking ^, A^, Ag to represent the angular momenta about 
the axes through the centre of gravity parallel to the three 
directions, the mathematical expression of paragraphs (3) 
and (4) of article 240 gives the system, 

M{u'-u) = P, M{v'-v) = Q, M{w'-w) = R, 

hi'-hi=G, h,'-h, = H, h^-h, = K. 

282. If, when a system is in motion, a straight line in 
the system is suddenly fixed, the impulses called into action 
have no moment about the line, and consequently the 
angular momentum about it remains unchanged. 

In the case of a single rigid body of mass M, if Mu is the 
component, perpendicular to the line which is suddenly fixed, 
■of the linear momentum, p the shortest distance between 
these two directions, h the component of the angular mo- 
mentum about the line through parallel to the line which 
becomes fixed, and I the moment of inertia about this line, 
the angular velocity after the fixture is given by the equation 

/ft) = Mii,p + h. 

Again, if a point of the system is suddenly fixed, the 
change of motion is determined by the fact that the angular 
momentum about any straight line whatever, through the 
fixed point, remains unchanged. 
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In the case of a single rigid body take the principal axes 
at the centre of gravity as coordinate axes, and let x, y, z be 
the coordinates of the point P which is suddenly fixed. Let 
w, v, w, Wi, 0)2, o)s represent the motion just before, and 
■u', v', w', Wi', ft)/, 0)3' just after the fixture. 

We then obtain the equations, 

.4a),' + Mv'z - Mw'y = Ami + Mvz - Mwy 

Bw^ + Mw'x - Muz = B(Oi + Mwx - Muy 

Co), + Mu'y — Mv'x = Cajs + Muy - Mvx, 

-with the conditions, given by the fact that P has no velocity, 

u' — 2/6)3' + zco^' = 0, 

v' — zcoi + xcoa = 0, 

w' — XCO2' + yoL>i = 0. 

It will be seen that (b/, o);', (oJ are the angular velocities, 
after the fixture, about the axes through P parallel to the 
principal axes. 

283. Virtual Work. The solution of problems involving 
impulses may sometimes be facilitated by the use of the 
principle of virtual work. 

Since the system of changes of linear and angular mo- 
menta, or effective impulses and effective impulsive couples, 
is the exact equivalent of the system of applied impulses, it 
follows that, for any imagined geometrical displacement the 
"virtual moment of the- changes of linear and angular 
momenta is equal to the virtual moment of the applied 
impulses. 

It may be well to notice that if a couple be displaced 
about a line parallel to its plane, the virtual work is zero ; so 
that if a couple be displaced about a line not perpendicular 
to its plane, all that is necessary is to find the component of 
the couple about the axis of displacement. 
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Initial stresses. In a similar manner the principle of 
virtual work may be sometimes usefully employed in the 
determination of initial accelerations and initial stresses, 
when some of the constraints of a system in equilibrium are 
suddenly removed. 

In such cases the virtual moment of the system of time- 
fluxes of momenta, for any imagined geometrical displace- 
ment, is equal to the virtual moment of the acting forces. 

The following solutions of two problems will serve as 
illustrations of these statements. 

A system consisting of four equal rods forming a square 
ABGD, having universal joints at A, B, G, D, is rotating 
freely with an angular velocity n about the line EF joining the 
middle points of EG and DA ; it is required to determine the 
changes of motion when the point A is suddenly fixed. 

In order to mark directions take the axis of z perpen- 
dicular to the plane of the square, and let oji, to^, Wj, wj be 
the angular velocities of AB, BG, GD, DA immediately after 
A is fixed. 

Also let the angular velocity n be measured from x to z. 

Expressing the fact that the angular momentum of the 
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rods AB, BC about the straight line AG is unchanged, we 
obtain 

a^toj , .a a'a)„ a?n a^n 

or 5a)i + cBa = — 2n. 

Further the angular momenta of ABG about AC, and 
of BCB about BD are unchanged, and therefore 

•or 60)4+ 0)3 = 2n, 

Soji + 2&)2 + 2&)3 + 36)4 = 2n. 

Further we have the geometrical condition obtained by 
equating the two expressions for the velocity of G which is 

2(10)2 + 2aci)i = 2aa)3 + 2aa)4 

■or ft)i + 0)2 = 0)3 + 0)4. 

From these equations we find that 
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If P, Q, i2 be the impulses at B, G, B, we obtain, by 
taking moments about A, B, G, for the rods AB, BG, GD, 

m (k'coi + a-toi + d'n) = 2aP, 

m {a' (0)2 + 2o)i) + k' {co^ - n)] = 2aQ, 

TO {a'' (0)3 + 20)4) — a^ — ^0)3} = 2aR, 

and therefore Q = 0, 14P = ?nna, 14P = — mna. 

Finally the impulse at A which is the change of linear 
momentum of the system 

= acoi + (aft)a + 2ao)i) + (0,0)3 + 2aa)i) + aeo^ = f na. 
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284 A cube, the edges of which are twelve equal uniform 
rods hinged together, is hung up by one corner, the cube form 
being maintained by a string joining this corner with the 
lowest comer. It is required to find the initial change of stress: 
at the point of support when the string is cut. 




The corner being the point of support and the diagonal 
OD vertical, it is clear that the initial angular accelerations 
of OA, OB, OG will be respectively in the planes AOD, 
BOD, COB and will be equal to each other; and further 
that the angular accelerations of all the other rods will 
be the same and will be, respectively, in parallel planes. 

If (B represent this initial angular acceleration, 2aa), which 
we shall call 2/, will be the linear acceleration of A in the 
direction AD, of B in direction BD, and of G in direction GD. 

Taking accelerations parallel to OA, OB, and OG, we 
obtain the following forms, where K and L are the centres of 
the rods GE, ED. 

The accelerations of G are 

/V2,/V2, 0, 

the accelerations of K relative to C are 

0,//V2,//V2, 
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of E relative to G, 

0,/V2,/V2, 
and of L relative to E, 

fl^%0,fl^% 

Therefore the actual accelerations of K are 

and of L 

Zf\^% 2/V2, 3//V2. 

Now suppose a displacement made by slightly increasing- 
the length of OB, so as to turn every rod through a small 
angle Q. 

The displacements of the various points follow the law of 
the accelerations and are of the same forms, replacing &> 
by^. 

Observing that there are six rods under the same con- 
ditions as GE, three under the same conditions as ED, and 
three other rods OA, OB, OG, the equation of virtual 
work is 

Qmfae (2 + 1 + i) + ZmfaO (« + 8 + 1) 

+ 3m -=- (o6 + 9m -^o)d = limgad'JQ, 
o o 

for the displacement of D is the resultant of the displace- 
ments of A, B, and G. 

From this equation we obtain 

25aas = Zgs/Q, 

and since the acceleration of D is 2a(o\/Q, it follows that the 
acceleration of G is a(o\/Q and is therefore 18^/25. 

Hence it follows that the diminution of stress at is 
18/25 of the total weight of the system. 

The initial stresses at the several joints can be obtained 
by giving independent displacements to the several rods, 
breaking the connections at the different joints. 
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EXAMPLES. 

1. A nnmber of concentric rough spherical shells, fitting 
■each other, so as to have sliding contact, are set rotating 
about different axes; find the ultimate angular velocity of 
the system when their relative motions are destroyed by 
friction. 

2. A sphere is projected horizontally on an inclined 
plane, the surface of which is perfectly rough ; shew that its 
centre will describe a parabola. 

3. Two particles of masses m, 2m are fixed to the ends 
of a weightless rod of length 2a which is freely moveable 
about its middle point. Prove that if 6 be the inclination of 
the rod to the vertical when the particles are moving with 
uniform angular velocity a>, Sco'a cos = g. 

4. A solid rectangular parallelepiped with edges of 
length a, b, c, is acted on by instantaneous couples with axes 
parallel to these edges and of moments proportional to 
p : q : r; shew that the direction cosines of the instantaneous 
axis of rotation are in the ratio 

P . 9 . ^ 



b' + c"' ' d' + a'' ' a'^ + b^' 

5. A rod, of mass 3m and length 2a, is moveable in a 
vertical plane about its middle point, and carries at one end 
a particle of mass m; if the vertical plane be made to revolve, 
with uniform angular velocity a, about the vertical through 
the middle point, prove that the equation of motion of the 
rod is 

2a'd - 2aa)' sin 6cos6+gsm0 = 0. 

6. A rigid body moveable about a fixed point is struck 
by a blow of given magnitude at a given point : if the 
angular velocity thus impressed upon the body be the 
greatest possible, prove that, a, b, c, being the coordinates 
of the given point in relation to the principal axes through 
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the fixed point, and I, m, n, being the direction-cosines of 
the blow, 

A, B, G, being the moments of inertia of the body about the 
principal axes at the fixed point. 

7. If an octant of an ellipsoid bounded by three principal 
planes be rotating about the axis a with angular velocity w, 
and if this axis suddenly become free, and the axis b fixed, 
shew that the new angular velocity is 2ab<o/Tr {a^ + c^). 

8. A rectangular parallelepiped is dropped on to a 
smooth floor so that one angular point first comes in contact; 
if the edges be 2a, 2b, 2c and equally inclined to the vertical 
at the instant of striking, find the impulse sustained by the 
floor. 

9. A ring rests upon two smooth horizontal bars which 
in the position of equilibrium subtend an angle 2a at the 
centre; shew that, if the ring be disturbed by twisting it 
through a small angle about its vertical diameter, the length 
of the simple isochronous pendulum will be ^c cot a cosec a. 

10. A heavy, uniform, and inextensible string is in 
equilibrium in the form of a horizontal ring on a smooth 
sphere; prove that, if it be cut at a point A, the initial 
change of tension at a point P will be to the weight of the 
string in the ratio 

cos h (<^ cos a) : 27r cot a cos h (tt cos a), 

a being the angular distance of the string from the vertex of 
the sphere, and tt — (/> the angle subtended at the centre of 
the ring by the arc PA. 

11. A frame consists of four equal uniform rods loosely- 
jointed at their ends so as to form a square, and one of the 
rods carries a light ling fastened to it at its middle point. 
The frame moves with uniform velocity on a table. All 
kinds of friction being neglected, prove that when a vertical 
bolt is shot through the ring the frame will be brought 
absolutely to rest. 

B. D. 25 



386 EXAMPLES. 

12. A square lamina is revolving about a vertical 
diagonal, the highest point of which is fixed, with the 
angular velocity &>. If suddenly one of the angular points in 
motion becomes fixed, prove that the square will just revolve 
round the fixed side, if aa? = 965'\/2, where a is the length 
of a side of the square. Prove also that the impulses at the 
fixed points are in the ratio of 3 to 5. 

13. One end of a heavy rod rests on a horizontal plane 
and against the foot of a vertical wall, the other end rests 
against a parallel vertical wall, all the surfaces being smooth. 
Shew that if it slips down, the angle ^ through which it 
turns round the common normal to the vertical walls is 
given by the equation 



^1 (1 + 3 cos^'^) =G-6g sin ^/Va^-i^ 

where 2a is the length of the rod, and 2b the distance 
between the walls. 

14. A smooth plate inclined at an angle <f> to the horizon 
is made to rotate about a vertical axis AB with uniform 
angular velocity co. A rod of mass m is compelled by guides 
to be always vertical, and at a distance r from AB, while it 
rests with one end in contact with the plate, sliding up and 
down as the latter rotates. Shew that, if the rod be initially 
in its lowest position, the pressure on the plate at the end of 
the time t will be 

m (g cos ^ + ra>' cos a>t sin (/>) sec^^. 

15, A rhombus of mass M, formed of four equal rods 
jointed together, is moving in the direction of a diagonal 
with velocity u, and suddenly a particle of mass m becomes 
affixed to one end of the diagonal ; prove that, if 2a be the 
length of each rod, the angular velocity w suddenly acquired 
by each rod is such that 

2aa} {ilf + m (1 4- 3 sin'' a)} = 3mu sin a, 

and that the kinetic energy lost is 

i Mmu^/{M + m (1 + 3 sin^'a)}. 
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16. A sphere rolls inside a rough right circular cylinder. 
A force P through the centre of the sphere parallel to the 
axis constrains the centre of the sphere to describe a helix 
uniformly. Prove that if O is the angular velocity of the 
centre round the axis, and z the space described parallel 
to the axis, 

17. A heavy sphere is held in contact with a rough 
circular wire, which is fixed in a horizontal plane, and a 
horizontal impulse is then applied to the sphere, causing it 
to roll round steadily. If c is the radius of the ring and h 
that of the sphere, and if a. is the constant inclination to the 
vertical of the radius through the point of contact, prove 
that the angular velocity O of the point of contact is given 
by the equation 

711° (c — 6 sin a) = Zg tan a, 

and that the impulse requii-ed to produce this motion is 
such as would impart to the sphere, if it were free, the 
velocity 

|X1 (c - 6 sin a). 

18. A heavy sphere moves on a rough horizontal plane 
which can revolve about a fixed vertical axis. The system 
being set in motion in any manner, prove that the curve 
described in space by the centre of the sphere is given by 
equations which can be put in the form 

a; = c I cos f (^ - </)') -f + & cos ^ (0 - a). 



2/ = cfsinH^-f) Y + ^^i^TC-^-a). 

where ^ is the angle turned through by the plane, and (/>' is 
put equal to ^ after integration. 

19. A perfectly rough vertical plane revolves with a 
uniform angular velocity /* about an axis perpendicular to 
itself, and also with a uniform angular velocity fl about 

25—2 
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a vertical axis in its owa plane, which meets the former axis. 
A heavy uniform sphere, of radius c, is placed in contact 
with the plane ; prove that the position of its centre, at any 
time t, will be determined by the equations 

7^ _ 5 Q^l = 2jai, 7z + 2n=i + 2/i (? + n=^) = 0, 

e denoting the distance of the centre from the horizontal 
plane through the horizontal axis of revolution, and | that 
from the plane through the two axes. 

Prove also that if a and b be the initial values of ^ and z; 
u and V those of f and z ; 

1u = 7cfl + 2/x6, *Iv + 2/iia = 0. 

20. A rough plane is made to revolve uniformly, with 
angular velocity tu, about a horizontal line in itself, and a 
sphere is projected so as to move upon it, determine the 
motion ; and if, when the plane is horizontal, the centre of 
the sphere be vertically above the axis of revolution, and be 
moving parallel to it, prove that the contact will cease when 
the plane has revolved through an angle 6 given by the 
equation 

llg cos = 6aa)= + S^r cosh (^ V5/7). 

21. A vertical hollow infinitely rough cylinder is move- 
able about its axis. A sphere is projected horizontally in 
contact with the cylinder. Shew that the cylinder will move 
during the subsequent motion with a constant angular 
velocity, and find its magnitude, having given V the velocity 
of projection of the sphere before it touched the surface, a, m 
the radius and mass of the sphere, and 6, M those of the 
cylinder. 

22. A perfectly rough plane, inclined at a fixed angle to 
the vertical, rotates about a vertical line with uniform 
angular velocity; shew that the path of a sphere which is 
placed upon it is given by two equations of the forms 

y+ax + hy=0, x-ay + b'x = c, 

the origin being the point where the vertical line meets the 
plane, and the axis of y being the straight line in the plane 
which is always horizontal. 
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23. A body in the form of a hollow circular cone of 
semi-vertical angle a spins about its axis which is fixed and 
vertical, the vertex being the lowest point. Shew that, if a 
sphere of uniform density and of unit mass be placed on the 
interior of the cone which is rough, 

(/+fa=sin=a)a)=JX2„, 

where Oj is the initial angular velocity of the cone, m its 
angular velocity immediately after the sphere has been put 
on, I the moment of inertia of the cone about its axis and a 
the distance of the point of contact from the vertex. 

Prove that, if O be the angular velocity at any subsequent 
period of the motion and r the distance of the point of 
contact, 

(7 + f r= sin^a) (7 + |a= sin^a) fl» = 7»fl„^ 

24. A sphere is rolling on the rough surface of a cylinder, 
the cross section of which is the curve, 3r = a\/2 . exp. O^fijf; 
prove that, if there be no forces, the path of the point of 
contact becomes, when the cylinder is developed into a plane, 
a curve of the form, 

2/ = (a + ySa;) cos (log xjc) + (7 + 8a;) sin (log xjc). 

25. A sphere moves under the action of gravity on the 
inside of a rough cylindrical surface, of which the generating 
lines are inclined at an angle a to the horizon, and the 
transverse section perpendicular to the generating lines is a 
cycloid with its vertex at the lowest generating line. 

The sphere is projected initially with a velocity V along 
the generating line at which the curvatures of the sphere 
and cycloid are equal. 

Prove that the motion will be comprised within a length 
14iV 'J'iajbgcos a. of the cylinder, and that the time between 
successive instants of the sphere reaching the original 
generating line is 47rv'7a/5^cosa, where a is the radius of 
the generating circle of the cycloid. 

26. A rough heavy sphere, radius c, rolls on a fixed 
rough surface, of the form generated by the revolution of a 
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circle, radius h, about a vertical axis in its own plane, distant 
a from the centre, a being greater than b+c. Prove that if, 
at the time t, </> be the angle through which the plane 
through the vertical axis and centre of the sphere has 
turned, d the inclination to the vertical of the common 
normal, w, the angular velocity about that common normal, a 
and X the initial values of 6 and </>, and if 6 and a)^ be initially 
zero, and l = b + c, 

ceils = a6^, 

p^ + (a-l sin ey (j>'' - \= (a - ? sin a)= + fc^ 

= ^p-gl (cos a — cos 6), 

^ |(a - ; sin ey ^\ + ^aco, (a - 1 sin 9) = 0. 

27. Two equal spheres attracting each other, the force 
varying as the distance, are rolled upoa a perfectly rough 
horizontal plane. Prove that they will describe ellipses 
about each other in the periodic time 27r'\/7/10/i. 

If the plane revolve with a imiform angular velocity q> 
about a vertical axis, prove that their centre of gravity will 

2ri 

move in a circle with uniform angular velocity -s- ; and that 

their relative orbits will be such that each will appear to the 
other to describe a circle with uniform angular velocity 

while the centre of that circle moves with uniform angular 
velocity 

|{\/70/i + w" + 0)} 
in another circle. 

28. A tetrahedron having its opposite edges equal to 
one another is turning with uniform angular velocity about 
one edge when suddenly the opposite edge becomes fixed. 
Shew that the angular velocity is reduced in the ratio 

4c^ {a^ ~ 6^) : 5c^ (a'' + 6=) + a" (6" + c') + b' (c= + a''), 

where a, b, c are the shortest distances between pairs of 
opposite edges, c being that between the old and new axes of 
rotation. 



EXAMPLES. 391 

29. The motion of a body A of mass M is constrained 
with regard to a body £ by a smooth screw of pitch X 
attached to it moving in a nut attached to B, while B is free 
to rotate about an axis coinciding with that of the screw. 
The relative motion is suddenly arrested, when A is moving 
with angular velocity m and B is at rest, by the end of the 
screw impinging directly on a smooth inelastic plane forming 
part of the surface of B. Prove that the impulse on this 
surface is equal to {\~' AB{A-^ B)~^ + MX] w, the moments 
of inertia of the two bodies about the axis of the screw being 
A and B. 

30. One of the points of a rigid body in motion suddenly 
becomes fixed. The instantaneous axis just before the 
fixture is the line 

x'^A(B-C) = z^G{A-B), y = 0, 

the coordinate axes being the principal axes at the centre of 
gravity and A, B, G, the principal moments of inertia. 

Prove that if the point which is suddenly fixed lies on 
the hyperbolic cylinder 

a?{A-B) + z^(B-G) 

+ zx{A + G) V(J. -B)(B- G)jCA =B(G- A), 

the new instantaneous axis will be at right angles to the 
former. 



CHAPTER XVI. 

MOTION OF A TOP, MOTION UNDER NO FORCES, STEADY 
MOTION OF ROLLING DISC, EULER's EQUATIONS. 

285. We propose in this chapter to give some further 
illustrations of the use of the expressions, in Art. 266, for the 
time-fluxes of linear and angular momenta, and we commence 
with the case of 

The steady motion of a heavy body in the form of a solid 
of revolution, rotating uniformly about its axis, one point of 
which is fixed while the axis has a constant inclination to the 
vertical (a), and a constant azimuthal motion (D,). 
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Taking moving axes as in the figure, the second axis 
being perpendicular to the plane of the paper, 

6i = — D, sin a, 6^=0, 6^=0, cos a. 

Also (Bj = 0, and wj = — fl sin «, 

and therefore, taking moments about the axes, we obtain 

Awi^O, CojiD, sin a + AwiD, cos a = mga sin a, Ca)3=0. 

Putting n for toj this gives 

CD,n — AD,^ cos a = mga, 

as the condition for steady motion. 

If a = n , CD,n = mga, so that if the angular velocity n be 

imparted to the body about OG, when OG is horizontal, 
and OG be then started with the angular velocity mga/Gn 
about Oz, the axis OG will continue to revolve in a horizontal 
plane. 

286. In the general case, when the motion is not steady, 
take A/r as the azimuthal motion, so that 

^j = — 1^ sin 0, 6i=d, 03 = -^ cos 0, 
and therefore 

Aa>i — Aco^yjr cos + Ga^d = 0, 

Ad)i + Ccos-yp- sin + Acoiyjr cos = mga sin 0, 

Gws — Ami0 — Aco^yjr sin ^ = 0. 

Now cOi= — yjr sin 0, and tuj = 0, and, substituting in the 
third equation, we find that Wj = 0. 

Hence, if n be the constant value of Wj, we obtain 

- ^^ sin ^ - 2A-<lr0 cos + Gn0 = 0, 

A0+ Gn-^ sin — A^^siii0 cos = mga sin 0, 

two equations which completely determine the motion. 

Multiplying the first of these equations by sin 0, and 
integrating, 

A'^ sin'' + Gn cos 0= D. 
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This is the expression of the fact that the angular 
momentum about Oz is constant, for the angular momentum 

is 

— Aa^sinO + Gcog cos 9, 

and, since oi = - 1^ sin 0, and o),=n, we obtain the equation 
above. 

Again, multiplying the first equation by 2>irsin0, and 
the second by 26, subtracting the first from the second, and 
integrating, 

Ayjr" sin" + Aff^ = E- Imga cos 6, 

which might have been written down at once, as being the 
equation of energy, if we first prove that eos is constant. 

The equations just obtained give -^ and 6 in terms of 6. 

If the motion be very nearly steady the small oscillations 
are determined by putting 

6 = a+ j>, and i/r = fl + pj;, 

and neglecting the squares and products of the small quan- 
tities <^ and -x- 

The preceding is the case of a top spinning on a 
horizontal plane, so rough that the end of the top on the 
plane cannot slip. 

If we imagine a top spinning steadily on a perfectly 
smooth plane, the centre of gravity of the top will have no 
motion, and the vertical reaction of the plane will be equal 
to the weight of the top. 

Taking the point to be the centre of gravity and 
employing the figure and the notation of the last article, 
with the exception that a now represents the distance from 
of the point sliding on the plane, we obtain the same 
equations, and the same condition for steady motion. 

287. A solid of revolution which is capable of rotation 
about a straight rod coincident with the axis of the solid is 
sometimes called a gyrostat. 
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The case of several gyrostats on the same axis, one point 
of which is fixed, can be treated as in Art. 285. 

Taking for instance two gyrostats on the axis OG, fig. Art. 
284, let a and a' be the distances OG' and OG' of their centres 
of gravity from the fixed point 0. 

Since <Bi = — off sin 0, and co^ = d for each gyrostat, it 
follows, as in Art. 285, that w^ is constant for each of them. 

For the system of the two gyrostats, neglecting the mass 
of the rod about which they are revolving, 

A, = _(^ + ^').,^sin^, }H=={A+A')e, h^=Gn + G'n', 

where n, n' are the values of m, for the two gyrostats, and 
A, G, A', G' are the principal moments of inertia. 

We can now take moments about the axes as in Art. 285, 
or we can write down the equations of energy and the 
expression of the fact that the angular momentum about 
the vertical through is constant, leading to the equa- 
tions, 

{A + A')ir sin'' e-ir{Gn+ C'n') cos e = D, 
{A + A') (-f' sin^ e + e^) = E-2 (ma + m'a!) g cos 0. 

288. The results of the preceding articles are roughly 
illustrabed by observing the motion of an ordinary spinning 
top on a horizontal plane. 

The most complete illustration is obtained by means of a 
Gyroscope. 

A heavy brass solid ring is moveable about the diameter 
OG of a circular brass framework, and, holding this frame- 
work, a rapid rotation can be imparted to the ring. This 
can be effected by looping a string to a peg at E, winding up 
the string and pulling it out sharply. 

This being done, the point may be held by a string, 
aaid OG placed at any inclination to the vertical. 
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Or, if a small peg be fixed at underaeath the rim of 
OG, this may be placed on the cup JT of a fixed vertical 




stand KL, and then the axis OG may be seen to revolve 
horizontally. 



289. Motion of a rigid body about a fixed point under 
the action of no extraneous forces, the body being so constituted 
that A and B are equal at the point 0. 

The body is supposed to be set in motion in a given 
manner, or by means of given impulses. 

The moments about the principal axes of the given 
impulses are the initial values of the angular momenta 

Acoi, Aco^, C'oja. 

There being no forces in action the angular momenta 
about any fixed lines through the point remain unchanged 
and therefore the resultant angular momentum is a constant 
quantity, H, and the axis of resultant angular momentum is 
a fixed line. 

This line, which is called the invariable line, we shall take 
for Oz. 



MOTION UNDER NO FORCES. 397 

Take, for the moving axes, as in the figure of Art. 285, 
the line OG, about which G is the moment of inertia, as the 
axis of (3), and for axes of (1) and (2) the line in the moving 
plane zOG perpendicular to OG, and the perpendicular to the 
plane zOG. 

Then, if d represents the angle zOG, and i/r the inclination 
of the plane zOG to a fixed plane through Oz, 

01 = -fjr sin 0, 0i=d, 03 = -^jr cos 0, 

and the equations of motion are 

A6)i — Aco^sfr cos + G(Oi0 = (i), 

Aai^-\- Ccflsi^ sin + Awi^ cos = (ii), 

Gass — Aca^d - Aw.^ sin ^ = (iii). 

We have also cdi = — i^ sin 0, and lo^ = 0, and therefore 
it follows from (iii) that a^ is constant. 

Now H cos = Gcos, so that is constant and a^ = 0. 

From equation (i) we now find that Wj is constant, and 
therefore that ■^ is constant. 

Further, since AQ}i = — Hsm 0, we obtain A'yjr = H. 

Taking sin to be positive, it will be seen that a>i and ijr 
have contrary signs. 

The conclusion is that the angular velocity about OG is 
constant, that the angle zOG is constant, and that the plane 
zOG revolves with the uniform angular velocity H/A about 
the axis of resultant angular momentum Oz. 

If we take a, n and D, to represent the constant values of 
0, (Us and ■^, we obtain, from equation (ii), the relation, 
Gn = AD, cos a. 

If the angle is initially zero, it is always zero, so that if 
the body is set rotating about OG, this axis will remain fixed 
in direction, and will be a permanent axis of rotation. 
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290. What has been proved of motion about a fixed 
point is equally true of the motion of a rigid body relative 
to its centre of gravity. 

This can be easily illustrated by tossing into the air a 
solid body of any symmetrical shape, such as a piece of wood 
in the form of a circular cylinder, or in the form of a cir- 
cular cone, or any regular prism or regular pyramid, taking 
care to give the body rather a rapid rotation about its axis. 

In all such cases, in whatever manner the body may be 
thrown up, its axis will be seen to describe uniformly a right 
circular cone about a line through the centre of gravity the 
direction of which remains unchanged. 

This line is the axis of the resultant angular momentum 
originally imparted to the body. 

If the Gyroscope described in Art. (288) be mounted in 
a fixed framework so as to give the diameter OG free motion 
about the fixed point Q, we obtain an apparatus for directly 
demonstrating the fact that the earth has a motion of 
rotation independently of its motion of translation. 

The ring being set rotating with great rapidity about its 
axis 00, so as to continue rotating for some hours, it will be 
seen that its position relative to the room in which the 
machine is situated gradually changes ; and, as we know 
that the direction of the axis of rotation of the ring does 
not change, it follows that the earth itself is in a state of 
rotation. 

291. Gmeral case of the motion of a rigid body about a 
fixed point when there are no external forces in action. 

The angular momentum about any fixed axis passing 
through the fixed point remains constant, and the kinetic 
energy also remains constant. 

If we take Wj, toj, Wg to be the angular velocities, at any 
instant, about the principal axes through the fixed point, 
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and if K represents twice the kinetic energy, and H the 
resultant angular momentum, 

Aw^ + Bcoi + Ca>i^ = K (1), 

A''ai^^-\-&coi + G'a>i = H^ (2). 

The invariable line and the invariable plane. 

Since the angular momenta about all fixed axes through 
the fixed point are constant, it follows that the axis of 
resultant angular momentum is a fixed line. 

This line is called the invariable line, and any plane 
perpendicular to it is called an invariable plane. 

The direction cosines of the invariable line, referred to 
the principal axes of the body, are 

Aa,,/H, BfoJH, Ocos/K 

The direction cosines of the resultant angular velocity 
are 

Wl/&), Ws/q), (Bs/o), 

where tu" = Wj^ + Wj' + tuj^ 

292. The momental ellipsoid. 

An ellipsoid, the equation of which is 

Aofi + By^ + Gz^=Mc^, 

where c is any constant length, is called the momental 
ellipsoid. 

Taking r to represent the length of the radius vector in 
the direction of the axis of resultant angular velocity, we 
have the equation, 

u4(»i= + B(oi + Ga^^ = Mc'm^r' 

so that the resultant angular velocity is proportional to the 
length of the radius vector in the direction of its axis. 

The equation of the tangent plane to the momental 
ellipsoid at the end of this radius vector is 

Aw-^m + Bas^y + Qw^ = Mc^a/r, 
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and, if p is the perpendicular from the fixed point on this 
plane, 

p {A^w^^ + B'a^^ + CW}* = Mc*(olr, 
or prH= Mc*Q). 

Hence we obtain 

so that p is constant. 

Moreover the direction cosines of the normal to the 
plane are the same as those of the axis of resultant angular 
momentum. 

It follows that the plane is fixed, and is an invariable 
plane. 

The extremity of the radius vector, being a point on the 
axis of resultant angular velocity, has no motion, and there- 
fore it follows that the motion of the body is completely 
represented by the rolling of the momenta! ellipsoid upon 
the invariable plane. 

We may remark that the angular velocity about the 
invariable line is constant, for it is 

Acoj^ Bco^ GcOi 

which is equal to K/H. 

293. The equations of the instantaneous axis of rotation 
are 

V«"i = yhi = ^hs i 
we therefore obtain, from the equations (1) and (2) of Art. 
291, 

K {AV + B'y^ + G'-z') = B" {Ax^ + By'' + Gz% 

as the equation of the quadric cone swept out in the body 
by the instantaneous axis. 

The instantaneous axis also sweeps out a cone which is 
fixed in space, and it follows therefore that the motion can 
be completely represented by the rolling of the first cone 
upon the second. 
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The curve traced out on the surface of the ellipsoid by 
its point of contact with the invariable plane is called the 
polhode, and the curve traced out by the same point on the 
invariable plane is called the herpolhode. 

294. The polhode is the locus of the points on the 
surface of the momental ellipsoid, the tangent planes at 
which are at a constant distance from its centre, and it is, in 
general, a tortuous curve. 

If the body is set in motion about an axis which is 
nearly coincident with the greatest or least axes of the 
ellipsoid, the polhode will be a very small curve enclosing 
the corresponding vertex, and the body will be always 
rotating about an axis very near the greatest or least 
axis. 

Consequently these axes are called axes of permanent 
I'otation, or axes of stability. 

If we take the case in which Ap^ = Mc*, or, since 

the case in which H^=AK, the equation 

K {A}x^ + £y + CPz^) = if^ (^ar* + By^ + Cz^ 
takes the form, 

{B -A)Bf + {G-A) Gz' = 0. 

Taking A, B, G in ascending order of magnitude, this 
equation represents the longest axis of the ellipsoid. 

Similarly if H^ = GK, we obtain the shortest axis of the 
ellipsoid. 

But if we take the case in which H^ = BK, we obtain 
{G-B)Gz-' = {B-A)Ax\ 

Hence it appears that the polhode in this case consists of 
two ellipses. 

If the body then be set rotating about an axis near the 
mean axis, its motion will be unstable. 

B. D. 26 
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In the particular case in which A=B, the momental 
ellipsoid is a spheroid, and it is clear that the polhodes and 
herpolhodes are circles, and that the motion can be repre- 
sented by the rolling of a right circular cone upon a fixed 
right circular cone having the same vertex. 

It is also clear that the axis of the spheroid will describe 
a right circular cone about the invariable line. 

These particular results were previously obtained in Art. 
(289). 

The preceding representations of the motion of a rigid 
body about a fixed point were originally given by Poinsot in 
the Nouvelle Thdorie de la Rotation des Corps Bolides, 
published in 1851. 

295. Steady motion of a thin circular disc on a smooth 
horizontal plane. 

Let a represent the constant inclination of the plane of 
the disc to the horizontal, and take moving axes as in the 




figure, viz., the radius OA through A the point of contact, 
the horizontal diameter, perpendicular to the plane of the 
paper, and the normal 00 to the disc. 

The centre of gravity has no motion, and therefore the 
reaction at A is equal to the weight. 

Then, if fi is the constant azimuthal motion of the normal 
about the vertical, 

6i = — Q, sin a, 6^ = 0, 03=il cos a. 
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Also, wi = - n sin a, and ca^ = 0, and, taking moments 
about the axes, 

j1<Bi = 0, C'&)3.flsina + J. (Bi.n cos a = — ilf5rc cos a, 00)3 = 0. 

Hence, if n represents the constant value of ws, we have 
for the condition of steady motion, 

cO" cos a — 2cnD, = Asg cot a. 

296. In the general case, when the motion is not steady, 
we can write down the equation for the vertical motion of 
the centre, and also take moments about the axes. 

Or we can obtain two differential equations of the first 
order by forming the equation of energy, and by expressing 
the fact that the angular momentum about the vertical 
through the centre is constant. 

Let 6 be the_ inclination of the plane of the disc to the 
horizontal, and ■^ the azimuthal motion, and observe that 

(Bj = — 1^ sin 6, and toa = 6. 

Taking moments about the normal to the disc we find 
that IBs is constant. 

The principle of energy gives the equation, 

^Mii^ + \A (toi" + to/) + Mgc sin ^ = a constant, 

or 02(i^.4cog2^)^.^2sin=^+8^sin6l = ^, 

and, the angular momentum about the vertical being 

— A(o^ava.9+ Cas^ cos 6, 
we also obtain the equation 

•\irsin''^ + 2n,cos^=Z), 

the constants E and D being determined by the initial 
conditions. 

When the motion is nearly steady, we can determine the 
small oscillations by putting 

e = a + <^, if- = n + x, 

where and % are very sniall quantities. 

26—2 
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297. Steady motion of a thin circular disc, symmetrical 
with regard to its centre, on a rough horizontal plane. 

Let a be the constant inclination of the disc to the 
horizontal, and r the radius of the circle in which the centre 
moves. 

Then, if D, is the azimuthal motion of the centre, 

rSl + cn = 0. 

Since the centre is moving uniformly, the frictional 
reaction is wholly in the direction of the centre of the 
circle described by the point of contact, and if F represent 
this reaction, 

Mn'r = F. 

Taking the axes as in the previous case, and taking 
moments about the horizontal diameter, 

Cojs . D,sm a + Aci)i.£l cos a = Jb sin a — Re cos a, 

.-. GnD, - Ail" cos a = ifcflV - Mgc cot a, 

is the condition for steady motion. 

If the disc is of uniform thickness and density the 
condition becomes 

cV tan a{6r + c cos a) = igr^. . 

298. General case of the motion of a thin circular disc on 
a rough horizontal plane. 

Taking the figure of Art. 295, let 6 be the inclination to 
the vertical of the normal QG to the plane of the disc, and i/f 
the azimuthal motion of the vertical plane AGG. 

Then 

01= Wi= — -^ sin 0, 6^ = W2=0, 0a = '<jr cos 0. 

Let u and v be the horizontal velocities of G in the 
direction NA and perpendicular to it, and let GN=z, so 
that z = 0510. 6. 
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If /i) .^j /a represent the horizontal and vertical accelera- 
tions of G, 

and therefore, observing that 

u — 00)2 sin ^ = 0, and v + ca), = 0, 

/i = cQ sin + cQ^ cos d + cu>^-^, 

/a = — cw, + c^i/r sin 6, 

fs = cecosd-cd'sm6. 

Taking moments about the axis of (1), and about the 
lines through A parallel to the axes of (2) and (3), we obtain 
the equations, 

Ad)i — Aw^-^ cos 6 + Cwid = 0, 

A(b2 + Gwsfjr sin + Aa)i-^ cos 6 + Mf-fi sin 6 + Mfs,c cos 6 

= — Mgc cos 6, 

Gws — AcoJ— Am^yjr sin - Mf.fi = 0. 

Substituting for /i, f^, /g the expressions previously 
obtained, these equations reduce to 

^(^•v^sin»e)-Cco3^sin^ = (i), 

(A + Mc^) d + {G + Md") (Osf sin 

- A-^^ sin ^ cos ^ + Mgc cos = (ii), 

(C + Md')o>s-Mc^0^irsm0 = O (iii). 

To deduce the condition for steady motion, put 

= a, ijr = D,, «Bs = w ; 

we then obtain 

(C + Mc') nD,sma — AiP sin a cos a + Mgc cos a = 0. 

If r is the radius of the circle which is the path of G, 

D,r + cn = 0, 

and, if the disc be of uniform thickness, this condition 
becomes the same as that already obtained in the previous 
article. 
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299. We can now determine the least angular velocity 
with which the disc must be started in order that it may 
roll steadily in a straight line or very nearly in a straight 
line. 

In other words we have to find the condition that this 
rectilinear motion may have the characteristic of stability. 

Taking to be nearly ir/2, and taking 6 and i/r to be 
very small, we find from (iii) that tos is constant. 

Putting n for (Bj, the equation (i) gives 

Aifr sin" 6 + On cos = D, 

and equation (ii) then becomes 

{A + Jf c") e + n{G + Mc^) (D - Gn cos 0)/A sin"" 

+ Mgc cos ^ = 0, 

and if we put = 7r/2 + x> where % is very small, this reduces 
to 

A{A+ Md^) x+{GnHG + Mc') - AMgc] % = a constant. 
The motion is therefore stable, if 

Gn'(G+Mc')>AMgc. 

If the disc is of uniform thickness, the condition for 
stability is that 

n''>g/3c, 

or, if t) is the velocity of the centre, 

V' > \gc. 

300. Steady motion of any solid of revolution on a 
smooth horizontal plane. 

Let AGhQ the axis of revolution and take axes as in the 
figure, the axis not marked being perpendicular to the plane 
of the paper. 

The centre of gravity, G, having no motion, the reaction 
at P, the point of contact, is equal to the weight of the 
solid. 



ON SMOOTH PLANE. 
In this case, if O is the azimuthal motion, 
^1 = fl sin «, ^2 = 0. 03 = 0, cos a. 
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Let y represent PL, the perpendicular from P on the 
axis, and let GE=c. 

Then, taking moments about the axis of (2), 

— (7(1)8 . XI sin a + J.Q)i . O cos a = — Mgc sin a. 

But wi = n sin a, and Wj = n, 

.: GnD, — AD,' cos a = Mgc tan a 

is the condition requisite for steady motion. 

301. Steady motion of a solid of revolution on a rough 
horizontal plane. 

Taking the figure of Art. 300, let r be the radius of the 
circle traced out by G. Then the frictional reaction at 
P=ilfflV in the direction PN. 

Taking moments about the axis of (2), we have the 
equation 
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— CcD,. flsina + A o)i.D,cosa = MD,'¥(c cos a + ycosec a) 

— Mgc sin a, 
with the conditions, «»i = fl sin a, ojj =0, 0)3 = n, 
fir + eoi (c + 2/ cot o)- ya^ = 0. 

Assuming that n and a are given, we obtain a quadratic 
for il by the elimination of r and Mi, and, if the roots of this 
equation are real, a steady motion is possible, and we may 
observe that, by making n sufficiently large, the roots of the 
equations can always be made real. 

302. Motion of a heavy rigid body, which is spitted on a 
smooth drcularly-cylindrical rod, on which it can slide, and 
which passes through its centre of gravity, when the rod is 
made to rotate uniformly with angular velocity u> in a right 
circular cone, semi-vertical angle a, about a vertical aods. 

The motion of the body about the rod is independent of 
the motion of G along the rod, which is simply that of a 
particle in a revolving tube. 

Let OGG be the rod and take axes GA, GB fixed in the 
body at right angles to each other and to QG. 

OZ being the vertical through 0, and ZGA' perpendicular 
to the rod, let A be the angle between the planes GGA and 
CGA'. 

Then, for the axes GA, GB, GG, 

0i= — cositia cos 0, 62=10 sin a sin ^, 0^=^ + a cos a, 

and, since the axes are fixed in the body, 

01 = OJi, 0i = Ctfa, 0a = a>i. 

Now, Art. 269, if A, B, G, D, E, F are the moments and 
products of inertia, 

hi = A(Oi - Fio^ — Eeog, 

Aa = BcOi — Dcog — Fcoi, 

hs = Ccoi — Ecoi — DcDj. 

Taking moments about the rod, we have 

^3-^2 + ^2^1 = 0, 
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and, if we employ the previous equations, we finally obtain 
the equation, 

C<f) = 0)2 sin^ a {(B - A) sin ^ cos ^ + i^cos 2<p} 

— Qi' sin a cos a {^ sin ^ + D cos <f>]. 

If a = 7r/2, this becomes 

2Cif) = co''{(B-A) sin 2^ + 2J?'cos 2^}, 

shewing that if ^ = /S in the position of relative equilibrium 

(A-B)tsin2^ = 2F. 

If we put + 6 ioT ^ and take 6 very small, we obtain 

C6 + m^e {2Fsm 20 + (A- B) cos 2/3} = 0, 

or Ce + 2q)'9F cosec 20 = 0, 

shewing that if i^ cosec 20 is positive the body will oscillate 
through its position of relative equilibrium, and that 

2Trla)'J2Fcosec 20 
will be the time of a complete oscillation. 

303. Euler's Equations. 

In the case of the motion of a single rigid body about a 
fixed point or about its centre of gravity, if we take for our 
moving axes three straight lines fixed in the body and passing 
through the fixed point, or through the centre of gravity, we 
shall have 

If further we take these three lines to be the principal 
axes at the fixed point, 

Ai = Ao)^, h^ = Boa^, As = Ga)g. 

Hence, if L, M, N are the moments, about the principal 
axes, of the acting forces, the equations of motion take the 
forms 

Aiii — iB — G) (BjWs = L, 

Bioi -(G-A) 6)36)1 = M, 

CcDg — {A-B) 6)16)2 = H, 

which are Euler's Equations. 
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APPLICATION OF 



304. Oeometrical equations connecting the angular mo- 
tions about three moving axes fixed in the body with the 
motion of the body referred to lines fixed in space. 

If OA, OB, 00 be three lines fixed in the body, and OX, 
OY, OZ three lines fixed in space, and if these lines end on 
the surface of a sphere, the position of the body will be 
completely determined by the quantities •\/r, 6, ^, if 

f = CZZ, e = ZG, <j> = AOE. 




Moreover the motion is completely determined by the 
rotation 6 about OF, the rotation ■^ about OZ and by the 
rate of separation ^ of the plane OCA in the body from the 
moving plane ZGE. 

This system must be equivalent to the system of angular 
rotations ajj, oj, and toj about OA, OB and 0(7. 

Expressing this equivalence we obtain, 

u)i=d cos FA + 1^ cos ZA = ^ sin ^ — 1^ sin cos (}>, 

ft)2 = 6 cos FB + tJt cos ZB = 9 cos (]> + ■^ sin sin 0, 

(B3 = 1^ cos ^ + ij). 
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305. Application of Euler's equations to the case of a 
body in motion about a fixed point when there are no external 
forces in action. 

The equations expressing the constancy of the kinetic 
energy and of the resultant angular momentum, which can 
also be deduced from Euler's equations, give two relations 
between a)i, a>2, and Wg, so that two of them can be deter- 
mined in terms of the third. 

The results of substitution in Euler's equations lead in 
general to elliptic integrals, but there are two cases in which 
the equations can be completely integrated. 

One of these is when J. = 5, in which case we see that 
CD, is constant, and that if cos = n, and HA — C=A\ the first 
two equations take the forms 

Wi — Xwwj = 0, 0)2 + Xnu)i — 0. 

From these it follows that w^ + a^ is constant, and there- 
fore that the resultant angular velocity is constant. 

Also ©1 + Woji = 0, 

.". 6)i = -D cos i}jnt + a), and Wa = — Z) sin (\w< + a). 

Now take the axis of Z to be the invariable line ; then 

ila>i = — irsin^cos(^, .4<Ba = irsin ^sin(^, 

.•. tan (f>= — Wa/wi = tan (\nt + a). 

Hence, from the equations of Art. 304, we find that 
= 0, and yjr sm = —D, so that and i^ are both constant, 
results which were previously obtained in Art. 289. 

Moreover the angular velocity about the moving line OE 

= Q)i cos ^ — (»2 sin <^ = — -^ sin ^ = i), 

and this is a confirmation of the remark in Art. 289, that -^ 
and the angular velocity about the axis of (1), which in that 
article is the line OE, are of contrary signs. 
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306. The other case is that of Art. 294, when the motion 
of the body is so started that H^ = BK. From the equations 

Aw-? + Bw,' + Oa)3^ = K, A^<o? + B'wi + G'w,^ = H\ 

we obtain 

__<o^__ K-Bto^ ^ W 
C{G-B)~AG{G-A) A{B-Ay 



,£.,=y<^^^^.lz-B...). 



which may be written in the form 




W2 = 


= ^(n»- 


-<)• 


Integrating 


this equat 


ion, we 


find that 




tOo. 


Fe>^t- 


-1 




n 


-^e«H 


rl' 



where X = 2w/i, and .F is a constant determined by the initial 
valne of £03. 

The value of co^ gradually approaches to n, and is ulti- 
mately equal to it, and observing that, if ai = 71" = KjB, as^ 
and 6)3 are both zero, it follows that the resultant axis of 
rotation approaches to and ultimately coincides with the 
mean axis of the momental ellipsoid. 

307. It will be seen that what is effected by Euler's 
equations is the determination of the angular velocities 
about axes fixed in the body, and that the equations are 
applicable only to the motion of a single body, and not to 
the motion of a system of bodies. 

For further developments in the case of the motion of a 
rigid body about a fixed point, we refer the student to 
Poinsot's Novmelle TMorie de la Rotation des Corps Solides, 
to Dr Routh's Advanced Rigid Dynamics, and to other 
treatises. 
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1. A regular pyramid which is moveable about its centre 
of gravity is set in motion in any manner; determine its 
subsequent motion. 

2. An uniform rod is in motion under the action of 
gravity alone, shew that the equation for determining its 
inclination 6 to the vertical at time t is 

[di) =« + &«^°^^' 
where a and b are constants. 

3. A smooth homogeneous heavy cone is placed within 
a fixed hollow sphere circumscribing it, and set rotating 
about its axis of figure with a given angular velocity ; find 
the condition for steady motion. 

4. A plane mirror whose thickness may be neglected 
and whose centre of gravity is fixed, moves under the action 
of no forces so that its invariable plane is horizontal ; prove 
that the image of any luminous point on the invariable 
line moves on the surface of a sphere so that its zenith 
distance (6) and azimuth (i/r) are connected by the equation 

d-vtr 1 ^ 

-J- = m + n cosec" ^ 0. 
at 2 

f 

5. A ring of wire of radius c rests on the top of a smooth 
fixed sphere of radius a, and is set rotating about the vertical 
diameter of the sphere. If the ring is slightly displaced, 
prove that the motion is unstable if the angular velocity is 
less than 
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6. A circular wire ring of radius a rolls on a rough 
horizontal plane, so that its plane maintains a constant in- 
clination (a) to the vertical ; if to be the angular velocity of 
the ring, and fi the azimuthal motion of its centre, prove 
that 

4aajll cos a — aH^ sin a cos a = 2g sin a. 

7. A hollow cone, the internal surface of which is 
perfectly rough, is fixed in a position in which its axis is 
inclined at an angle a to the vertical, and a solid cone of 
smaller vertical angle is placed inside, its vertex coinciding 
with the vertex of the fixed cone, and allowed to perform 
small oscillations; prove that the length of the simple 
isochronous pendulum is 

^k'' sin (/3 — 7)/3A; sin a sin" 7, 

2a and £7 being the vertical angles, h the height of the 
moving cone, and k its radius of gyration about a generating 
line. 

8. A solid body, rotating with uniform velocity m about 
a fixed axis, contains a closed tubular channel of small 
uniform section filled with an incompressible fluid in relative 
equilibrium ; if the rotation of the solid body were suddenly 
destroyed, the fluid would move in the tube with a velocity 
2Aa>ll, where A is the area of the projection of the axis of 
the tube on a plane perpendicular to the axis of rotation, and 
I is the whole length of the tube. 

9. The vertex of a cone is fixed at a given distance from 
a rough inclined plane, and its base rolls on the plane ; deter- 
mine the motion. 

10. A solid cube is in motion about an angular point 
which is fixed. If eoj, Wj, 0)3 be the angular velocities about 
the three edges through the fixed angular point, and there be 
no extraneous forces in action prove that a)i + 0)^ + 0)3 and 
0)1" + (o^ + w^ are each constant. 
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11. If a rectangular parallelepiped (edges 2a, 2a, 2b) 
move freely about its centre of gravity under no forces: 
shew that its angular velocity about one principal axis is 
constant and about the other principal axes is periodic, the 
period being to the period of revolution about the first- 
mentioned principal axis as l^ + a^ : b' — a'. 

12. A homogeneous sphere of radius a is loaded at a 
point of its surface by a particle whose mass is 1/wth of its 
own ; if it move steadily on a smooth horizontal plane, the 
diameter through the particle making a constant angle a 
with the vertical, and the sphere rotating about it with 
uniform angular velocity a, prove that a" must be not less 
than 

5g cos a. (2n + 7)/an (n + 1), 

and shew that the particle will revolve round the vertical in 
one or other of two periods whose sum is 4!Tmaw/5g. 

13. A smooth circular tube, of radius a, has its centre 
fixed at a height h above a fixed horizontal plane, which it 
touches, a particle of mass m is placed within it at a distance 
below the horizontal plane through the centre of the tube 
which becomes z at the time t, prove that, if the moment of 
inertia of the tube about a diameter be nma" 

o:'z^[nh? + A» - z"] = 2g{z- c)(h^ - z%nh'' + a" - z% 

14. A man walks on a rough sphere, radius a, which rolls 
on a rough horizontal plane, so as to be always at the same 
angular distance a from the vertex of the sphere, and to make 
it roll round uniformly in a circle. If D, be the angular 
velocity of the centre of the sphere, and c the radius of the 
circle described by the point of contact on the plane, prove 
the relation 



Xl^ ] *lMc + 10/ra cos'' I (c - a sin a) 



■ = omg sm a. 



M, m being the masses of the sphere and the man. 
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15. A rigid lamina, in the form of a loop of a lemniscate, 
not acted on by any force, is started with a given angular 
velocity about one of the tangent lines through its nodal 
point, the nodal point being fixed. Prove that its greatest 
angular velocity has to its least angular velocity the ratio 

(37r + 4)* iCStt)^. 

16. A smooth rigid circular tube is connected with its 
centre by a light rigid framework. It contains within it a 
particle whose mass is 1/wth of its own. This particle being 
set moving the tube is placed with its centre on a fixed pivot 
and its plane initially horizontal. Investigate equations 
sufficient to determine the motion, and prove that if ili be 
the angular velocity of the vertical plane through the normal 
to the plane of the tube, fla that of the particle relative to 
the tube, the rate of increase of 9 the inclination of the 
plane of the tube to the horizon, and (j) the angle between 
two planes through the normal containing the vertical and 
the particle respectively, at any time, 

D,, (2 cos= e + 2 sin'' <^ sin" ^+»isin= 6) + 2n,., cos d+d sin 6 sin 2</) 
is constant throughout the motion. 

17. The ends of the axis of a gyrostat slide freely on 
two intersecting rods at right angles to each other, one of 
which is fixed and vertical, and the other revolves freely 
about it, their point of intersection being fixed. An angular 
velocity \, about the vertical rod, is impressed on the system, 
while the gyrostat spins with an angular velocity n about its 
axis, which is initially inclined at an angle a to the vertical. 

Prove the equations 
(Ma'' + A)^jr sin^ ^ + Cn cos ^ = (Ma' + A) sin^a + Gn cos a, 
(Ma' + A){e--^smdcos0) + Cn^jr sin = - Mga sin 0, 
where is the inclination of the axis to the vertical, 2a the 
length of the axis, and i/r the azimuthal motion. 

18. A perfectly rough circular disc, of which the centre 
is fixed, is constrained to roll with its edge on a horizontal 
plane, so that the point of contact moves with angular 
velocity n. 
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A sphere is placed on the disc in contact with a horizontal 
diameter, and in a state of relative rest. Obtain the 
equations of motion, and shew that the sphere moves down 
the disc as if that were at rest and the sphere a smooth 
heavy particle, and that the trace of the point of contact on 
the disc, referred to axes in its plane, that of y being 
horizontal, is the curve 

- = cosh {2a; cos a/^}" ; 
c 

the disc being inclined at an angle a to the vertical, and c 
being the initial value of y. 

19. At a point P of the earth's surface a sphere has its 
centre fixed and by means of pegs at the extremity (7 of a 
diameter, the diameter OG is compelled to move in the 
meridian at P; if originally 00 be parallel to the axis of 
the earth and the sphere have angular velocity about 00; 
prove that if the sphere be disturbed 00 will oscillate in the 
meridian in a time 

27r/vww 
where to is the angular velocity of the earth about its 
axis, and n is the angular velocity relative to the meridian. 

20. A solid of revolution has a point in the circum- 
ference of its base fixed and receives a blow in a direction 
passing through its centre of gravity and parallel to the 
tangent line to the base at 0. If the principal moments of 
inertia at G in directions perpendicular to the blow are 
proportional to those about parallel axes through 0, prove 
that the instantaneous axis and OG are equally inclined to 
the plane of the base. 

21. If a constant couple be applied about the axis of 
symmetry of a body supported at its centre of inertia, and 
initially rotating about an axis perpendicular to that of 
symmetry, determine the motion completely ; and shew that 
the cone described in the body by the instantaneous axis has 
the equation 

_^a)_ A-G XW z' 

2/~ A • 2N -x' + y^' 
where iV is the couple, il the initial angular velocity. 
B. D. 27 
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22. A gyrostat has a point in its axis attached by a 
universal joint and a string of length Z to a fixed point ; an 
angular velocity co is given to the body, and n is the angular 
velocity of the centre of gravity about the vertical, d the 
angle which the string, (f> that which the axis of the body 
makes with the vertical, a the distance between the centre of 
gravity and the point of suspension ; G being the moment of 
inertia about the axis of figure. Shew that when the motion 
is steady 

nsux(f> {C(o — An cos (/>) cos 6 = Mga sin (^ — ff), 

n^(Zsin ^ + a sin 0) =g tan d. 

23. A rigid body is in motion about a fixed point and 
there are no forces. If a, /8, 7 be the angles which the pro- 
jection of the instantaneous axis on the invariable plane 
make with the principal axes, and if dA-i,, dA^ and dA^ be 
the areas described in time dt upon the planes perpendicular 
to these axes by that radius of the momental ellipsoid with 
which the instantaneous axis coincides, prove that 

dJ.1 : dAi : dA^ :: Acosa : B cos yS : (7 cos 7. 

24. Four equal gyrostats have for axes the sides of a 
light rhombus ODEF, formed of rods jointed together, which 
hangs from 0, and all four are set spinning with equal 
angular velocities n, and in such a way that all would be 
spinning in the same direction if the angles at and E were 
zero. The mass of each gyrostat is M, and a mass M is 
suspended from E ; prove that if the angles at and E are 
each 2a the whole can move with a steady precession Q,, 
provided 

{A + Maf) D? cos a - GnO. -ga{2M + M') = 0, 

where A and G are the principal moments of inertia of 
each gyrostat. 

Also find the period of the oscillation about this state of 
steady motion. 

25. Six equal gyrostats have for axes the sides of a 
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light hexagon OABGDE, formed of equal light rods jointed 
together, which hangs from 0, and all six are set spinning 
with equal angular velocities n, and in such a way that all 
would be spinning in the same direction if the angles at 
and G were zero. A given mass being suspended from 0, 
find the conditions that there may be a steady motion when 
the angles at and G are each 2a, and fi is the precessional 
motion. 

26. If a mass of fluid be moving in any manner, and a 
small spherical element of it be solidified, prove that the 
kinetic energy lost is equal to 

A^du dv dwV Aifdv dwV fdw duV /du dvV 
4 \da; dv dz) 8 ]\dz dy) \dx dz) \dy dx) 



. /dv dw dw du du dv 
\dy dz dz dx dx dy 

A being the moment of inertia of the solidified element, and 
u, V, w the components, parallel to the axes, of the velocity 
before solidification of the particle whose coordinates are 
x, y, z. 

27. A rigid body moves about a fixed point under the 
■action of a couple producing motion such that the kinetic 
energy is proportional to the square of the angular momentum. 
Prove that the plane containing the axis of resultant angular 
momentum and the axis of the couple is at right angles to 
the plane containing the former axis and the instantaneous 
axis. 

28. If the square of the angular momentum is equal to 
IB X the kinetic energy, prove that the first-mentioned plane 
is fixed in the body, and coincides with one or other of the 
planes whose equations referred to the principal axes are 



xslGiA -B) = ±z '^A{B-G). 

Prove also that the plane through the invariable line 
and the mean axis rotates uniformly in space, and that, if 9 

27—2 
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be the inclination of the mean axis to the invariable line at 
the time t, 

log tan ^ = log tan ^ — ^ ^ , — - Gt, 

where A, B, G are the principal moments of inertia of the 
body, Q its angular momentum, and a. the initial value of 0. 

29. A sphere is rotating within a spherical concentric 
light shell of radius a, placed on a rough horizontal plane, 
about an axis through the common centre ; find the motion. 
If 6 be the inclination of the axis to the vertical, Wj the 

velocity of rotation of the sphere about the axis, and i^ the 
angular velocity of the vertical plane through the axis, prove 
that i|r sin^ B+tOg cos 6 is constant. 

Shew that a state of steady motion is possible in which 
the centre of the sphere describes a circle of radius r with 
velocity v, while spinning with velocity co, if the axis is 
inclined to the vertical at an angle a given by the equation, 

k' sin a {v cos a — rco) = var, 

where k is the radius of gyration of the sphere about a 
diameter. 

30. A circular rough disc of mass M and radius a, 
inclined to the horizontal at an angle /8, is capable of rotation 
about a fixed normal axis through its centre. A solid 
circular cone, rotating with angular velocity a> about its axis, 
is placed on the disc with its vertex at the centre of the disc, 
its axis downwards, and a slant side in contact with the line 
of greatest slope on the disc. The mass of the cone is m: 
the distance of its centre of gravity from the vertex is h : its 
equatorial and axial moments of inertia at the vertex are 
A, G. Prove that the angular velocity of the cone about its 
axis is changed in the ratio 

C {2A + Mo? cos^ a) : 2u4(7 + Ma? {A sin= a + (7 cos" a), 

and that the cone will not roll round the disc unless 
co^ G'^M^a* BVD? a cos a is greater than 

4!mgh sin ^{2G + Ma^ sin» a) {2 A G + Ma'' (A sin'' a + G cos'' a)}. 
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31. A worm of length I is coiled in an endless tube of 
small uniform transverse section of the same length, volume, 
and mass as the worm itself If the worm crawl along the 
tube with a uniform velocity v relatively to the tube, prove 
that the component couples acting on the tube in its principal 
planes through its centre of gravity will be 

{b - i) (t) ^'^' Q) - 1) (t) ^'^' (1 - 1) (t) ^'^' 

where m is the mass of the tube. A, B, G its principal 
moments of inertia, and Ai, h^, h, the areas of its projections 
on its principal planes. 

32. A uniform solid sphere of radius a, spinning with 
angular velocity n about a vertical diameter is placed gently 
on the top of a fixed rough sphere of radius h. Shew that it 
will leave the sphere or will not according as 

34aV < or > 35 . 27 ^ (a + 6). 

33. A solid bounded by a tore (anchor ring) moves 
steadily on a rough horizontal plane, the axis of figure of the 
tore making a constant angle a with the vertical, and the 
point of contact describing upon the plane a circle of radius 
c with constant angular velocity to. The radius of the 
circular axis of the tore is a, and that of the section made 
by a plane through the axis of figure is h. Prove that, if fl 
be the constant angular velocity of the solid about its axis of 
figure, 

ay'{c-a cos a) (4a^ + 136=' + 8a6 sin a) 

+ iioj {(4a'' + &=) & sin a - cf (4a= + b¥}] = %gah cos a. 

34. A smooth solid ellipsoid is spinning with angular 
velocity Xi about its least axis and rests on a smooth table ; 
shew that the coordinates of the point of contact of the 
slightly disturbed ellipsoid are given by the equations 

h' (a= + 0^)00- 2a'c'ny + If (a" - d') 

a' {¥ + c") y + 26 Vfiaj + a" (6" - c^ 
and find the periods of the oscillations. 
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CHAPTER XVIL 



THE LAGRANGE EQUATIONS. 



308. In any motion of a system there are a certain 
number of independent variables, which can be chosen in 
different ways, and which completely represent the position 
and configuration of the system. 

Such a set of variables is called a set of generalised 
coordinates, and the number of them represents the number 
of degrees of freedom of the system. 

Let them be ^, ^, i^,... so that the coordinates of any 
particle of the system will be functions of t, 6, jt,'^,... 

i.e. X =/(t, d,(f),ylr,... ), etc. 

It must be understood however that this method is only 
adapted to those cases in which x, y, and z are independent 
of 6, <^, ■\/r, etc. 

The system of time-fluxes of momenta, or of effective 
forces, is the exact equivalent of the system of acting forces, 
and therefore if, at any instant, a slight displacement of the 
configuration be imagined, the virtual work of the effective 
forces will be equal to that of the acting forces, that is t& 
the loss of potential energy of the system. 

Expressed in mathematical symbols this statement gives 
the equation 

2m [icBx + y^y + z^z] = — S F, 
where V is the potential energy of the system. 
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Now, V being a function of 6, ^, T|r, ..., 

Therefore, observing that Sd, 8^, are arbitrary quantities, 
r, /..dx ..dy ..dz\ dV 

^'^{fdd+yde'''Te)=-Te' 

with similar equations in terms of (f>, i/^,.... 

. . . Bx dx dx i dx ; 

Again, ^=_ = _ + _0+_<^4-... 

dec jDoo 

the symbol -j- representing the partial i-flux of x, and y- 

the complete i-flux. 

dx _dx 

■'■ dd~de' 

, dF .^ ^..dx ..dy ..di\ 

<^i? V cifl de del ■ 

D ^ ( .dx ^ \ ^ [ . D dx , \ 

Dt \ d0 J \ DtdO I 

I> ~ f . dx , \ ^ f . D dx 



=^^tm(x 



(.dx , \ ^ (. D dx \ 
[x — : + ... I — 2,m as -=- ^j7, + .... 
\ dd I \ Dtde^ J 



^ , D (dx\ _ d'x d^x X d^x • 

^"* DiKdeJ-dedi^M'^-^ded^'P-^- 



_ d /dx ,dxi \ _ <^^ 
~de[di'^d9 '^•■Tdd- 
dV D „ /.dx \ ^ f.dx , \ 
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Now let T be the kinetic energy, so that 
2r=2m(a;= + jr'' + iO; 



dm \ ,dT ^ (.dx \ 

:^7; + ... and — ^ = 2<m\x — : + ..., 
dd^ J dd \ dd J 



dT ^ (.dx . \ :,dT ^ f.dx 



dV D (dT\ dT 



f«^V 

dd Dt\de) d,^' 



^(d^_dT__dV 

' Dt\de) dd- dd' 



, . ., , D/dT\ dT dV ^ 

and similarly ^r; — ■ \ — n — — rr ■ etc. 

■' BtKdj)/ # # 

these are Lagrange's equations. 

309. We now proceed to illustrate the use of these 
equations by the solution of some examples. 

Ex. 1. Two heavy rods AB, BG, jointed at B, and 
swinging in a vertical plane about the fixed end A. 

If 6 and ^ are the inclinations of AB and BG to the 
vertical, these are a set of generalised coordinates. 

If m, rnf are the masses, 2a, 26 the lengths, and x, y, the 
coordinates of 0, the centre of gravity of BG, 

— F = mga cos 6 + m'g (2a cos + 6 cos (f), 

where x = 2acosd -\-h cos 0, y = 2a sin ^ + 6 sin <^. 

.-. 2r= {^n}£i? + 4m'o'') &' ^- f m'i''^^ + im'ab0<f) cos (</> - 0), 
and Lagrange's equations become 

^U^ + mi] 4u^e + 2m'ab4) cos {<f> - d)\ - 2m'abe^ sin (^ - 9) 
= — mga sin 6 — 2m'ga sin 6 (a). 
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liim'kiM _1_ On 

dt 



J 

-^ {|m'6=(j. + 2m'a&^ cos (^ - 6)] + 2m'abe^ sin (^ - 0) 



= — m'5'6sin (p (jS). 

A solution by means of the time-fluxes of momenta is 
given in art. 251. 

The equation (/3) is the same as that obtained by taking 
moments about B, and, if we add together (a) and (;S), we 
get the equation of moments about A. 

Small oscillations of these two rods. 

If we neglect small quantities of the second order, the 
equations (a) and (^) take the forms, 

(^ + m' j ia'd + 2m'ahlf> = -(in + 2m') ga9, 

2m'abd + ^m'¥^ = - m'ghj,. 
Writing these equations in the forms, 

(D" -\-a?)e + ^W<f> = 0, (2)2 + X')(j, + /M^B'd = 0, 
-we obtain {(D^ + a'') (D^ + X^) - /3>='X»^} 6 = 0. 

It will be found that the values of p" obtained from the 
auxiliary equation 

are real and negative. 

It follows therefore that if these values are — n\ and 
— n'", the solution of the equation is of the form 

^ = .4 cos (nt +e) + B cos (n't + e). 

Or, if we multiply the second of these equations by k, 
and add it to the first, and assume that 

^^ + k\^ = k (a' + kfi% 

we have two equations of the form, 

D^ (d + k<j)) + (a» + V) (^ + ^<l>) = 0. 

leading to the same result. 
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Ex. 2. To deduce the equations of motion of a particle in 
polar coordinates. 

In the figure of Art. 30, let mP, mQ, mR be the forces 
acting on the particle in the directions OP, FT, and per- 
pendicular to the plane ZOP ; then 

— dV= mPdr + mQrdd + mRr sin 6d^, 
also 2r = m {r^ + r^6» + r^^ sin^" 0<^»}, 

where r, 6, ^, are the generalised coordinates. 
We then obtain, from the Lagrange equations, 
r-re^-r<}y'siD.''d = P, 
r'e + 2rd - r(j)^ sin dcos6 = Q, 
r^ sin 6 + 2r^ sin 6 + 2rd^ cos d = R. 

The left-hand members of these equations are, it will be- 
seen, identical with the expressions obtained in Art. 30 for 
the accelerations. 

Ex. 3. Motion of a heavy rod inside a smooth spherical 
shell. 

For the simplification of formulae we will take the case in 
which the rod subtends an angle of 120° at the centre of the- 
shell. 

If PQ is the rod, take for axes of (1), (2) and (3) the 
radius OA parallel to the rod, the radius OB bisecting it at 
right angles, and the radius OG perpendicular to the plane 
OPQ. 

It A, B,G are the principal moments of inertia at G the- 
centre of the rod, and if a is the radius of the inner surface- 
of the shell, 

A=0, B = G=lma\ 

Let u, V, w be the component velocities, parallel to the= 
moving axes, of G, the centre of gravity of the rod. 
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Then, the coordinates of being (0, \a, 0), 
M = — ^awj, D = 0, w = ^ao)i. 
.'. 2T=m {v? + v^ + iJif)+A mi" + Bwi + Ga^ 
= Jma^ {6^ + -^^ sin" ^ + 2 (^ + 1^ cos df], 
employing the formulae of art. 304. 

Since cos ZB = sin 6 sin 0, it follows that 

V= \mga sin sio-^ + To, 

and we can therefore at once write down the Lagrange 
equations, which are 

- 1^= sin cos + 2 (<i) + 1^ cos 6) sin 6 

2ff 
= — ^cos 6 sin d) ... (a) 

2 4 (<|> + ^ cos e) = - ?2 sin ^ cos ^ . . . (/3) 

j{^siv?e + 2{^ + -^cose)coae] = (7). 

Multiply (a) by 26 and (/3) by 2^ and add the two equations- 
together ; then observing that 

^ +-\^ cos 6 = eos, 

and taking account of (7), we obtain 

02 + -i-" sin=i ^ + 2a)/ = -^ sin 6* sin (i + i). 

This is in fact the equation of energy and might have- 
been written down at once. 

Also we obtain from (7) 

•x^ sin= d + 2a)3 cos e=E, 

and (/3) takes the form 

d E-<ra\xi?e 2o . , 

T-. —pi = — ^sm^cosffl. 

at CQ&d a ^ 
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310. Deduction of Euler's equations from the Lagrange 
equations. 

Employing the figure of Art. 304, the general coordinates 
are 6, ^, and i|r, and the angular velocities about the prin- 
cipal axes A, B, G are given by the equations, 

a)i= 6 sin (p — ^jr sin 6 cos <^, a)^=d cos <f> + '^ sin d sin (f>, 

<0s = <!> + V*" ^^^ ^• 
Since 2T=Aa)i' + Ba^' + C(o,' , 

the Lagrange equations are 

jT (^ffljsin ^+ jB&)2COS(^)+^Q)ii|rcos0cos^— 5(B2-«^cos0sin<^ 

fJV 
+ Gco,ylrsine=~ (1). 

Observing that 

T-T = Aa>i (6 cos^+ •v^ sin 6 sin ^)+-B6)2(— flsinr^+i^sin^cos^) 

= {A — 5)a)iW2, 
the other equations are 

|.^»3-(^-5).... = -^ (2) 

J- (— J.£Oi sin cos ^ + Boa^ sin sin + Ga, cos 0) 

d^|r ^^> 

The equation (2) is itself one of Euler's equations ; to obtain 
the others, arrange the equation (1) in the form 



sin 



<j> f ^ . Aeoj, - Bw^uA + cos ^ Irr- . Bw^-^ Aco^wA 



+ Gm^^sm0 = -'^ (4) 

and equation (3) in the form 
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— sin 6 cos ^ f -^ . Aa>i — Bas^mA + sin Q sin<^ i-j.Bw^ + J.Q>sa)i) 

+ (5 - J.) «! 0)2 cos + cos ^ T- . (7(1)8 - <7o)3 sin ^ = - VT- , 

at dyjr 

which, by means of (2), becomes 

— sin cos <f> (-^ . Am^ - 5a)2Q)3 j + sin sin^ (-=- . Baji + AmimA 

-CcoJ smd = -~ + cosd^ (5). 

From (4) and (5) we obtain 
sindl-r-. Ami — (B -G) <»2a>s[ 

= — -Trt sin sin (^ + -jy cos (^ — -jj- cos cos </> . . .(6) 



sm 



^|^.5a),-(0-^)o)3a,j 



= — -^ sm ^ cos (^ - -T-7 sm ^ + -7^ COS ^ sm ^ (7). 

Taking L, M, N as the moments of the forces aboiit the 
principal axes, and resolving these moments about the axes 
G, F, and Z respectively (see the figure of art. 304), we 
obtain the equations, 

dV .^ dV ^ . ^ ,^ ^ 

— rr = -iV, Tn = X/ sm + iH cos 0, 

d<l> do ^ ^ 

— -ry = — Lsmdcos<f)+M sin sin + iV cos 0. 

From these equations we find that Zsin^, and Jlfsin^ 
are respectively equal to the right-hand members of equations 
(6) and (7), and hence Euler's equations follow at once. 
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It is instructive to notice the interpretation of the equa- 
tions (1), (2), and (3) ; they represent the equalities of the 
rates of change of the angular momenta about the axes 00, 
OF, and OZ, and of the moments of forces about those axes. 

Thus the angular momentum about Z, is 

— Acoi sin 9 cos (f> + Bm^ sin 6 sin <f> + Co), cos 6, 

from which the equation (3) follows at once, the axis Z being 

dV 
fixed, and — tt the moment of forces about it. 
dyjr 

For the equation (1), observe that in the figure, K is 
the intersection of ZG with XY, and that F, the intersection 

of AB and XY, is the pole of ZC; and hence that -^ is the 

Cut 

rate of rotation of the axes K and F, 

Let P and Q be the angular momenta about these axes, 
then 

P= Acoicos cos cf) — Bco^ cos ^ sin ^ + Owj sin 0, 

and Q = Acoi sin ^+Ba}2 cos ^-j 

but the rate of change of the angular momentum about the 
moving axis OF, is 

dQ,pd±. 

dt'^ dt' 

dV 
hence, equating this to —-to > ^^ obtain equation (1). 

Lastly, the equation (2) follows from the expression for 
the rate of change of angular momentum about 00, i.e. 



d.Gws 



dt 
which must be equated to — -j-r 



Acoi . 0)2 + B(o.2 . ail, 
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Having obtained equation (2) we might at once have 
written down the other two Euler's equations from considera- 
tions of symmetry. 

The complete investigation however has been given in 
order to illustrate the action of the Lagrange equations, and 
also for the sake of the final interpretations in the language 
of momenta. 

[Quarterly Journal of Pure and Applied Matliematics, 1871.] 

311. Accelerations relative to an orthogonal system. 

Let /(a!,y,z) = a, (^ («, y, 0) = /3, y}r{x,'y,z) = y be the 
equations, referred to rectangular axes, of three orthogonal 
surfaces, and let P be the point of intersection of the three 
surfaces. 

The direction cosines of the normal to the first are 

1 da I da 1 da 
hidx' hi dy' hi dz ' 

, „ /day /day /daV 

Then, x, y, z being the coordinates of P, and 8s an element 
PQ of the normal at P drawn outwards, 

dx . 1 da dy _1 da dz _ 1 da 
ds~ hidx' ds hi dy' ds hidz' 

Multiplying by 





JL- •/ tj 




dx 
d's' 


dy 
ds' 


dz 
5i 




and 


adding 


we 


obtain 


da 
^ds' 












.'. ds = p 


, and 


ls = 





Similarly the component velocities of P perpendicular to 
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the second and third surfaces are t- and y-, and therefore, 

ftj As 

for a particle of mass m, 

Also, if P; Q, R are the components in the directions of 
the normals, of the acting forces, 

th Aj rtj 

Hence one of the Lagrange equations is 

dt VV/ V da hi da. hg" da h^' m' 

The left-hand member of this equation, multiplied by h^, 
is therefore the acceleration of the particle in the direction 
of the normal to the first surface, and similar forms give the 
accelerations in the directions of the normals to the other 
surfaces. 

As a particular case, take the orthogonal system, 
r=a, e = ^, </>=7, 
r, 6, <j> being the polar coordinates of a point, so that 



V^+f + ^^a, tan-^ ^^-^ = ^, tan-^^ 



z X ' 



Then Aj = l, ^2 = -, A3 — 



r- ' " r sin ' 
and the acceleration normal to the first surface is 

|w + r3^^(-i)+.^sin3^<^=(--^). 

or r- rd^ - r^^ sin'' d, 

which is the expression obtained in Art. 30 for the radial 
acceleration. 
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The other two Lagrange equations will give the other 
two expressions in Art. 30. 

312. The Lagrange Equations for Impulsive Forces. 

The system of applied impulses is the exact equivalent of 
the system of changes of momenta, or of effective momenta, 
and therefore it follows that for any imagined geometrical 
displacement the virtual work of the one system is equal to 
that of the other. 

Now take A^d, BS(f>,... to represent respectively the 
virtual works of the applied impulses corresponding to the 
displacements SO, B(f>,... and let 

SQ='ABe + BS<}>+... 

If X, y, z are the coordinates of a particle m of the 
system, and if u, v, w are the velocities of m just before, and 
u, v', w' just after the application of the impulses, the virtual 
work of the system of changes of momenta 

= 2m {(u' — u) Bx + (v —v)Sy + (w' — w) Bz}. 

Take do> <j>a>--- as the values of d, <^,... just before and 
6, ^,... as the values just after the application of the im- 
pulses. 

Since 2T, = 'S,m(u^ + v' + w''), 

, dTo ^ / du , dv , dw\ 

we have -73- = 2m w j-r + v jt-' + w-t^- I. 
dda \ dda ttPo ddj 



Now the expression 
2m {uBx + vBy + wBz) 



but 



' dx . dy 


....) 


Bd + (u 


dx 
dj>'^ 


M = 


dx 
■ dt 


dx A 

du 
' d0o' 


dx 

~d9' 


o+... 



.)8<|. + ...}; 



B. D. 28 



434 LAGRANGE EQUATIONS 

J dTo ^ ( dx ^ dy , dz\ 

dT dT 

Hence Sm (wSa; + nSy + w^z) = — r Bd -\ — ^ S(^ + . . . 

and similarly 

dT rIT 

2m {u'Bx + v'By + w'Bz) = ^Be + ~B^ + ... 

dO d^ 

Equating the virtual work of the applied impulses to the 
virtual work of the changes of momenta, we obtain 

('^.-^)BeU''-^-'MB^+...^ABe + BB<f> + ... 

\d0 dej \d<}> d,j>J ^ ^ 

' ■ dd ddo de 

dT_d_T,^^^d^ 
d^ d^o # 

and these are Lagrange's equations for impulsive forces. 

313. Ex. 1. As an illustration take the simple case of a 
heavy rod rotating in a vertical plane, and falling on a smooth 
inelastic horizontal plane. 

Let u, CO represent the linear and angular velocities just 
before the impact. 

Taking y to represent the distance from the plane of the 
centre of gravity, and taking d as the inclination to the 
vertical, we have, if P is the impulsive reaction of the plane, 

BQ = PBy + Pa sin eB9, 
and 2T = w.f- + ^ma'd^ 

The Lagi-ange equations give 

'^{y- Vo) = P, ima' {e-e„) = Pa sin d. 
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Now y^ = -u, 60 = CO, and y + ai9 sin ^ = ; 
.-, ae (3 sin' 9 + l) = aco + Su sin 9, 
and P(Ssm'd + l)=m(it-aeosmd). 

Ex. 2. Two equal rods AB, AG, freely jointed at A, and 
■equally inclined to the vertical, fall vertically with the joint A 
downwards, without rotation, and impinge symmetrically on 
two smooth pegs in the same horizontal plane. 

Taking to be the centre of gravity of AB, and D the 
peg upon which AB impinges, let 

AO = a, and AD = c. 

During the fall, let y be the height of the centre of 
gravity of the system above the line of the pegs, and let 29 
represent the angle BAG. 

Then, if P is the impulsive reaction of each peg, 
ZQ = 2P sin 9By- '2,P cos9.c cos 989 + 2P sin 9. (a - c) sin 989 

= 2P sin 9By + 2P (a sin^ 9-c) 89. 
Also 
2T= 2my^ + 2mxi'9' cos= 9 + ^ma'8^ and 2r„ = 2m?/o°, 
so that the Lagrange equations give 

2m{y-yo) = 2P8m9, 
2mxj? (cos" ^ + ^) ^ = 2P (a sin'' 9 - c). 

Also, observing that the horizontal velocity of G after the 
impact is a9 cos 9, and expressing the fact that the point of 
the rod in contact with B has no velocity perpendicular to 
the rod, we have the condition 

^ sin 5 - a9 cos" 9 + {a-G)9 = 0f 

or ysai9 = {c — a sin" 9) 6. 

Observing that, if u is the velocity of the centre of gravity 
■of the system just before the impact, yo = —u, these equations 
determine y, 9, and P. 

28—2 
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Ex. 3. Case of a framework of twelve equal uniform 
rods jointed together, so as to form a rhombohedron, which is 
held up with a diagonal vei'tical, and then let fall on a hard 
horizontal plane. 

Imagining the figure of Art. 284 to be that of a rhonabo- 
hedron, let uD be the diagonal which falls vertically, the 
end being that which is downwards and strikes the hori- 
zontal plane. 

Let H be the middle point of OG and G the middle 
point of OD. 

Also let 6 be the inclination of OD to each edge of the 
framework at any time during the fall, and z the height of 
above the horizontal plane. 

We shall now determine the velocities of H, K, and L, 
relative to G, in the direction OB and perpendicular to OD. 

For H, these are 

— -t: (2a cos 6) and -r, (a sin 6), or 2a6 sin 6, and ad cos 6, 

and for L, they are 

T- (2a cos ^) and -r-(asind), or — 2a^sin^, and a^cos^. 

The velocity of K, relative to G, in the direction OD, is 
zero. 

The velocity of K perpendicular to OD is compounded of 
its velocity, relative to G perpendicular to OD, and of the 
velocity of G perpendicular to OD. 

These are ad cos 6 in the plane parallel to AOD, and 
2a^ cos 6 in the plane GOD. The planes AOD, COD being 
inclined to each other at the angle 27r/3, the resultant 
velocity of K perpendicular to OD is a6 VS cos 6. 

We therefore have 

2T= 3m {(i + 2a^ sin Oy + a=0» cos' 6] 
+ 3m {(i - 2.a6 sin 0^ + a'fi'' cos" 6] 
+ 6m {P + Sa"^' cos» d]. 
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and .-. 2T=12mz' + 28ma^d'. 

Also SQ = PB2 + P(-S. 3a cos d) 

=- P{Bz + Sa sin 6S6). 

We then obtain, from the Lagrange equations, 

1 2ma> — 12maic = P 

28ma'd - 28ma'6o = P.'ia sin 6. 

But, since the point has its motion destroyed, 

X + 3a0 sin 6 = 0. 

These equations determine P, x and d. 

If the framework be let fall without any angular motions, 
and if u be the velocity of at the instant before impact, 

Xo = — u and 6^ = 0, 

and we then obtain 

(27 sin" ^ + 7) a^ = 9« sm 0, (27 sin'' e + 7)P = Simu, 

and (27 sin'' ^ + 7) a; = - 27m sin" 0. 

If the form in felling be that of a cube, we then find 
that 

18 „ 84 .. 3V6 

x = — -irzu, P = ^r:^ mu, aa = -z—- u. 
2o 2o 2o 

314. Small oscillations of a system. 

Ingeneral 2T = Ae'+Bf + ... 2K0^ + ..., 
where A, B,...K, ... are functions of ^, ^, ..., so that 

Suppose now that 0, (p,... are so measured as to vanish 
in the position of equilibrium ; then for small oscillations, 
6, ^,... and 0, (p,... are always small. 
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Hence, to the first order of small quantities, 

dd "' d^, "'••• 

dT dT 
and, in the expressions for "77 > jj^,..., A, B, K,... are con- 
stant. 

Therefore, for small oscillations, Lagrange's equations 
take the forms 

ddT dV ^ ddT d7 ^ , 
dt dd dO dtd<j> d(f> 

dV dV 
Further, since -^ , -ji,--- vanish in the position of 

equilibrium, 

2V=2V, + A'e^ + B'<lx' + K'e<^+ ..., 
and the equations become 

Ae-irB'^+...=A'6 + B'<^+... 
G9 + B4> + ... = G'e + B'<f> + ..Mc. 
To solve these equations, put 

^ = Psin(r« + 7), (/> = Q sin (r J + 7), &c. 

Eliminate P, Q, &c., and we then obtain a determinant 
for the determination of the values of r. 

If these values are ri, rj,... then, finally, 

= Pi sin (rji + 7i) + P^ sin (rj; + 72) + . .. 

(^ = Qi sin {rj: + y^) + Q.^ sin {rj; + 72) + . . . 

&c. = &c. 

315. Ex. 1. A rhombus, formed of four equal heavy 
rods jointed together, is placed over a fixed smooth sphere, in a 
vertical plane through its centre, so as to be in equilibriwm 
with tJiefour rods equally inclined to the vertical. 
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If 2a is the length of each rod, c the radius of the sphere, 
and a the inclination of each rod to the vertical in the 
position of equilibrium, 

ccosa= 2a sin' a (i). 

During the small symmetrical oscillations of the system, 
let 6 represent the inclination of each rod to the vertical, 
and let^^ = a+<p, where ^ is a small quantity. 

Measuring y and tj downwards from the centre of the 
sphere, let x and y be the coordinates of the centroid of one 
of the upper rods, and ^, r] of the centroid of one of the lower 
rods. 

Then a; = a sin ^, y = acosd — c cosec 6, 

f = o sin 0, 7) = Sa cos 6 — c cosec 0, 

and, taking account of (i), it will be found that 

a>''+y' = a''6^ = ^^ + '^'. 

Hence it follows that 

Also -dV= 2mg (dy + d7]) 

= img (— 2a sin ^ + c cosec 6 cot 0) dd. 
The Lagrange equation is 
i§-rrw?'^ + iimg {2a sin {a + <f)-c cos (a + 0) cosec" (a + 0)} = 0, 
which reduces to 

2a^ cos a + ^gj) (1+2 cos" a) = 0, 
so that the length of the equivalent simple pendulum is 
2a cos OLJ^g (1 + 2 cos"a). 

Ex. 2. Tlie ends of a fine string of length 2a are fastened 
to the ends of a rod of length 2a, which is moving on a smooth 
horizontal plane, and the string passes round and is in contact 
with a smooth vertical peg. 
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The rod being in motion with the string tightened, it is 
clear that the peg (P) is always in contact with the arc of a 
given ellipse, the foci of which are the ends of the rod. 

There are two degrees of freedom, and we take for coordi- 
nates the inclination, <^, of the rod to a fixed line in the 
plane, and the eccentric angle, 0, of the peg with regard to 
the ellipse. 

If a; and y are the coordinates of P with regard to the 
axes of the ellipse, they are also the coordinates of G, the 
centre of the rod, with regard to axes through P, which are 
turning round with the angular velocity <j>. 

The velocities of G are therefore 

d; — yj> and y + x<p, 

or —ad sin 6 — b(p sin 6 and bd cos + a^ cos 0, 

where 6^ = a" — c\ 

Hence 

2T/m = (O' sin" + b' cos" 0) 6' + (6= sin» + a' cos» 0) ^^ 

+ 2abd4> + k-'^\ 

and the Lagrange equations are 

T- ((a»Bin=^+ ¥005^0) 6 + ab^]-{a? - 6^) {0-^ - ^') sin cos = 0, 



dt 



J 

-J {(6" sin'' + a? cos= 0)^ + ah0 + k'ji] = 0. 



dt 

For small oscillations about the configuration, ^ = 0, 
<^ = 0), put ^ = a + yfr, and then we obtain 

b''d + ab^ + eo^c'0 = O, 
abe + (a'+k^)-!}r = 0. 

Hence (a= - c") + o)" (3a» + c^ ^ = 0, 

and the time of oscillation is 

27rVa''-cVwV3a^-|-c'. 



FOR OSCILLATIONS. 441 

This question can also be dealt with by observing that 
the kinetic energy and the angular momentum are constant. 

The expression for the latter is 

'm{x{y + x(^) — y(x — yj>) + k^^] 

and making this constant, we obtain the same result as that 
given by the second Lagrange equation. 

Ex. 3. Two uniform thin smooth rings pass through 
each other ; the radius of each is equal to a, and their masses 
are equal. One of the rings is free to turn about a fixed point, 
and rests with the diameter through that point vertically down- 
luards ; the other ring rests in contact with the first ring at its 
lowest point, the planes of the two rings being perpendicular to 
each other. The system receives a small displacement in the 
plane of the upper ring. 

In this case there are three degrees of freedom. 

Let 0, <^, "^ be the inclinations to the vertical of the 
radius through the ftxed point of the upper ring, of the 
radius of the upper ring through the point of contact of the 
lower ring, and of the plane of the lower ring. 

Then, x, y being the horizontal and vertical coordinates 
of the centre of the lower ring, 

x = a (sin + sin <^ + sin -^y), y = a (cos ^ + cos ^ + cos i/r). 

2T = 2ma^6'' + m {x" + y= + ^a^^f"), 

= ma" {2^= + ii/r" + (^ + + ■fy], 

and dV=mg (2a sin 6dd + a sin cpd^ + a sin ^{rd-Jr). 

The Lagrange equations are 

sd + A + <lr + -^e = o, 

a 

e + <f> + -^+^ ^=0, 
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Putting 

^ = ^ sin (X* + a), <f) = B sin (Kt + a), ^jr = G sin (\t + a), 
in these equations, eliminating A, B, and G, and writing n 
for gjaX?, 

we obtain the determinantal equation, 

2n - 3, - 1, - 1 

- 1, n - 1, - 1 =0, 

-2, -2, 2?i-3 
which reduces to 

47i'-16?i» + 13?i-2 = 0. 

If Ui, ria, Tis are the roots of this equation, the motion 
consists of three coexistent harmonic oscillations, the periods 
of which are 

27rv'nia/^, lir'^n^ajg, ^ir'fn^g. 

Ex. 4. In ike case of the system of twelve rods in Art. 
384, take the string OD to be elastic, and, the system being 
suspended from the point 0, let a be the inclination of each 
rod to the vertical when there is equilibrium. 

To determine the small oscillations which ensue when 
the comer D is displaced vertically, we observe that, as in 
Art. 313, 

2T=12m{u' + ^a'e'). 

In this case u = -^-l-^ cos 6] , 

2T= ma'^B^ (27 sin= 6 + 28). 
Also, if I is the natural length of the string, 
y=h\ (3a cos d-iy- 18mga cos 0, 
we then obtain the equation 

{ma'' e (27 sin" 6 + 28)} - 27ma=^= sin 6 cos 6 



dt 

Za\ sin 6 



(3a cos 6 — 1) — ISmga sin 0. 
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li = a + <j), where <j) is small, we shall obtain an equation 
of the form 

4> + n'^ = 0. 

In the particular case in which l = a cos a, it will be found 
that the length of the equivalent simple pendulum is 

a cos a (27 sin" a + 28)/27 sin" a. 



EXAMPLES. 

1. Apply Lagrange's equations to the case of a given 
sphere of mass m rolling down the rough surface of a given 
wedge of mass M which is capable of moving on a smooth 
horizontal plane ; everything being symmetrical with respect 
to a vertical plane. 

2. Two points A, D are fixed on a smooth table at a 
distance 3a apart ; AB, BG and CD are three equal elastic 
strings whose unstretched lengths are a,, and tension in 
equilibrium T; if equal particles be fixed at B and G and the 
system be disturbed then the potential energy producing 
small vibrations will be either 

\ a-ao J \ a )' 

according as the displacements x, y of B and G be wholly 
longitudmal or wholly transversal and find the periods of 
vibration in both cases. 

3. A tube of mass Jlf in the form of a circle of radius a 
lies on a smooth horizontal table. An elastic string whose 
natural length is aa (a < 27r) is fastened at one extremity to 
a point A of the tube and the other to a particle of mass 7n, 
the string lies along the inside of the tube and stretched 
until m coincides with A ; if tube and string be now set free 
shew that the string will slacken in the time 

7rV2il/maa/2V\(ilf + 2m), 

\ being the modulus of elasticity. 
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4. A homogeneous heavy sphere moves on a rough 
horizontal plane under the action of a force varying inversely 
as the square of the distance from a fixed point in the plane 
of motion of its centre; prove that the centre describes a 
conic section. 

5. Two equal uniform rods are jointed together at points 
equidistant from the end of each, and are placed in a vertical 
plane on a horizontal peg. A smooth disc is placed between 
them above the peg, with its plane coinciding with the plane 
of the rods. Find the time of oscillation about the position > 
of equilibrium. 

6. A massless string of length 2a is attached to two 
fixed points distant 2c apart in the same horizontal line and 
a bead of mass m can slide on the string. A string of length 
I is attached to the bead and carries a particle of mass m'. 
When the system is hanging symmetrically a slight displace- 
ment is made in the vertical plane. Shew that the lengths 
L of the simple equivalent pendulums for the two types of 
oscillation that ensue, are the roots of the equation 

(1 + m/m') {bL - a?) (1-1)= a% 

where b'' = a'' — c\ 

7. A smooth straight tube can turn in a horizontal plane 
about one end, which is fixed, and contains a particle of one 
thii'd its mass, which is attached to the fixed end of the tube 
by an elastic string of natural length I. Find the angular 
velocity with which the tube must rotate in order that there 
may be a steady motion when the length of the string is c, 
and shew that the time of a small oscillation about the steady 
motion is 27r/p where 

Icp" = jr (4c» + Z (4a'' - 3c'')/(c= + 4a=). 

the modulus of the string being equal to the weight of the 
particle. 

8. A spherical shell of mass m, whose outer surface is 
rough and of radius a, has its inner surface smooth and of 
radius 6 ; a particle of mass m moves inside while the shell 
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rolls on a rough table, shew that if the excursions of the 
particle be « on either side of the vertical, then 

[M (a' + k') + ma» sin'' 6] bS' 

= 2g [Mia' + k') + ma'] [cos d - cos a]. 

9. Four equal uniform rods, connected at their ex- 
tremities by hinges to form a rhombus, rotate with uniform 
angular velocity round a vertical diagonal, which is fixed. 
Find the position of relative equilibrium, and if the system 
be slightly displaced so that the vertical axis remains vertical, 
shew that the length of the simple equivalent pendulum for 
the consequent small oscillation is 

2a cos a (1 + 3 sin= a)/(3 + 9 cos" a), 

2a being the length of a rod, and 2a the angle between the 
two higher rods. 

10. A rhombus of mass M rests on a smooth table and is 
held in shape (a) by two elastic strings joining opposite 
angular points. Shew that oscillations about the configura- 
tion of equilibrium are synchronous with those of a simple 
pendulum of length 

^ aj{fi sin' a sec a + 1/ cos- a cosec a), 

where the moduluses of the strings are respectively jti times 
and V times the weight of the rhombus, and 2a is the length 
of a side. 

11. Two equal rods AB and BG are in a vertical plane 
and the line AG is horizontal. A is fixed and G can slide on 
AC, B is a joint. The rods can move relatively to each other 
in the plane ABG and the plane in which they move can 
rotate about the vertical. The system is set in motion by 
equal blows at B and G, the first perpendicular to the plane 
ABG and the second in the direction AG. If AB be initially 
inclined at an angle 45° to the horizontal, prove that the 
ratio of the angular velocity of the rods in the plane ABG 
to the angular velocity of the plane ABG = f . 

12. A rhombus formed of four equal uniform rods of 
length 2a smoothly jointed at the four corners lies on a smooth 
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horizontal table. It is struck by a blow P perpendicularly to 
one of its sides at a point distant x from its middle point ; 
shew that the angular velocity of that side instantly becomes 

3Pa;/2ma", 
where m is the mass of the four rods. 

13. A prolate spheroid is placed, with its axis vertical, 
on a smooth fixed horizontal plane; determine the least 
angular velocity of rotation about the axis, that this position 
may be one of stable relative equilibrium. 

14. A system is in motion under no forces and its kinetic 
energy is 

where A and B are functions of 6 alone ; shew that a steady 
motion is possible in which B = a. and (f> = n, provided B in 
the position d = a be a maximum or minimum, and further 
this state of motion is stable provided 5 be a maximum and 
unstable if a minimum. 

15. A uniform rod of mass M and length 2a can turn 
about one end 0, to the other end A a string is attached 
which passes through a smooth pulley B i-n the same hori- 
zontal plane as and distant b from it; the string is fastened 
to a particle of mass m and the system is in equilibrium when 
the rod makes an angle a with the vertical and the length 
AB is r. Shew that if it now receive any small displacement 
there will be a double oscillation and that the lengths of the 
corresponding equivalent pendula are 

^a cos a and |a cos a (2r + 3b sin a cos a) r~^. 

16. A sphere, mass M', is connected by means of a string 
with another sphere, mass M, whose centre is fixed, the string 
being attached to their surfaces. Find the time of a small 
oscillation of the system under the action of gravity, in a 
vertical plane : and if the radius of the sphere whose centre 
is fixed be a, and of the other sphere be c, and the length of 
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2Ma/5M' + a- g/X", 


b, 


c 


a, 


b-glX\ 


c 


a, 


b, 


7c/5- 



the string be b, then the time of a small oscillation, 27r/A,, is 
given by 



= 0. 



17. A smooth curve has its concavity upwards, is sym- 
metrical about the vertical and the tangent at its lowest 
point is horizontal ; a rod of length 2a passes through a 
smooth ring situated at a distance b measured inwards on the 
normal at the lowest point, shew that if the rod be slightly 
displaced the length of the corresponding simple pendulum is 

r{a' + 3(b-ay]/3(b'-ar), 

where r is the radius of curvature at the lowest point. 

18. The position of a moving particle is given by the 
parameters \, fi, of the orthogonal system, 



^. + -- 



y' 



,=1. 






y 



■ \ 



prove that, if the mass of the particle is the unit of mass, 

Prove also that if the particle is acted upon by two 
repulsive forces P, Q from the foci of the ellipses 

-dV={P + Q)d\ + {P-Q)d^. 

19. A particle moves under two central forces glr'\ g'/r'" 
tending to the foci of a system of elliptic coordinates, prove 
that 






+ ■ 



c'—v 






= A + 2 
= B + 2 



Jl—V tJ'+Vj 

fi-v H' + vj'^ ^ 
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20. If a, /8 are two functions of the rectangular co- 
ordinates X and y such that a + /SV — 1 is a function of 
x + y^ — l, shew that the component velocities of a moving 
particle along the curves for which a and ^ are constants 
(these curves being drawn through its position at a time t) 
are 0/h, d/h respectively where k' = {dajixf + {d^jdyy. Shew 
also that the component accelerations in the same directions 

^^^ dt[hV pli' p'h" 

and a similar expression, p, p being the radii of curvature of 

the two curves at the point. 

21. A particle moves in orthogonal space and the square 
of its velocity is A^a? + B%^ + C'c° ; prove that its acceleration 
is equivalent to three components 

respectively normal to the three surfaces that define the 
position of the particle, when 0i, 6^, 6^ are respectively 

c_dG^_hdB adA c^dG h dB _a_dA 
Bdb~Cdc' G do Ada' A da B db ' 

22. If the motion of a point be referred to a system of 
orthogonal confocal parabolas, and u, v, be the velocities along 
the normals to the two curves which meet in any point, prove 
that the accelerations in the same directioas are 

• , , /a Jg\ ■ , T « /i3 &\ 

" + *V(l+/8/«)U /ay' '^ + *V(l + a/;8)l/3 J' 

4a and 4y3 being the latera recta of the two parabolas which 
meet in the point. 

Apply the equations of motion in terms of these co- 
ordinates to obtain the equation of the path of a particle 
under the action of a force to the focus varying inversely as 
the square of the distance, and projected from any point with 
the velocity from infinity. 
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Translation by E. J. L. Soott, M.A. Ss. 6d. 

Horace. The Odes and Carmen Saculare. In English Verse by 
J. Oonington, M.A. llth editioa. Foap. 8to. Ss. 6d. 

, The Satires and Epistles. In English Verse by J. Coning- 

ton, M.A. 8th edition. 3s. 6d. 

Plato. Gorgias. Translated by E.M. Cope, M.A. 8vo. 2nd Ed. 7«. 

Prudentlus, Selections from. Text, with Verse Translation, In- 
troduction, &c., by the Rev. F. St. J. Thaokei-ay. Grown 8vo. 7s. 6d. 

Sophooles. Oedipus Tyrannus. By Dr. Kennedy. Is. 

The Dramas of. Eendered into English Verse by Sir 

George Yonng, Bart., M.A. 8vo. 12s. 6d. 

Theocritus. In English Verse, by 0. S. Oalverley, M.A. 3rd 

Edition, Grown 8to. 7». 6d. 
Translations into English and Latin. By 0. S. Oalverley, M.A. 

Post 8vo. 7s. 6d. 
TranslationsintoEnglish.Latin, and Greek. By B.C. Jebb,Litt.D., 

H. Jackson, Litt.D., and W. E. Onrrey, M.A. Second Edition. 8s. 
Folia SUvuls, sive Eologee Poetarum Anglioomm in Latmnm et 

Grteomn oonverste. By H. A. Holden, LL.D. 8to. Vol. II. 4s. 6d. 
Sabrinae Corolla in Hortulis Regiae Scholae Salopiensia 

Oontexnernnt Tres Viri Horibua Legendis. Fourth Edition, thoroughly 

Refised and Rearranged. Large post 8yo. 10s. 6d. 
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LOWER FORM SERIES. 

With Notes and Vocabularies. 

Virgil's iSneid. Book L Abridged from Conington'B Edition, 

With Vooabtdary by W. F. E. Shilleto. Is. 6d. 
Ceesar de Belle GaUico. Books I., 11., and HL With Notes by 

George Long, M.A., and Vocabulary by W. F. B. Sbilleto. Is. 6ii each. 
Horace. Book I. Macleane's Edition, with Vocabulary by 

A. E. Dennis. Is. 6i2. 
Frost. Eologs Latinsa ; oi. First Iiatin Beading-Book, with English 

Notes and a Dictionary, By the late Ber. F. Frost, II.A, New Edition. 

Fcap, 8to. Is. 6d. 
A Latin Verse-Book. An Introdnotory Work on Hexa- 
meters and Pentameters. New Edition, Foap. 8to, 2i, Key (for Tutors 

only), 58, 

Analeota Gtrssoa Minora, with Introductory SentenceSi 



English Notes, and a Dictionary, New Edition. Foap. Sto. 
WeUs. Tales for Latin Frose Composition. With Notes and 

Vooabnlaiy. By G. H. Wells, M.A. 2s. 
Stedman. Latin Vocabularies for Repetition. By A. M. M, 

Btedman, M.A, 2nd Edition, rerised. Fcap. 8ro. Is. 6i. 
Easy Latin Passages for Unseen Translation, Fcap. 

Sto, Is. ei. 

Greek Testament Selections. 2nd Edition, enlarged, 



with Notes and Vocabulary. Fcap. 8to, 



CLASSICAL TABLES. 

Latin Aooidenoe. By the Bev. F, Frost, M.A, 1(. 

Latin Versification. 1<, 

Notabllia Qvuedam; or the Principal Tenses of most ol the 

Irregular Greek Verbs and Elementary Greek, Latin, and French Oon- 

Btmotion. New Edition, Is, 
Richmond Rules for the OTldlanDlBtloh,&o, By J. Tate, M.A, li. 
The Frlnolples of Latin Syntax. It, 
G-reek Verbs. A Catalogue of Verbs, Irregular and Defective, By 

J. S. Baird, T.O.D. 8th Edition. 2s. 6d. 
Qreek Aooents (Notes on). By A. Barry, D.D. New Edition, It. 
Homeric Dialect. Its Leading Forms and Peculiarities, By J. S. 

Baird, T.O.D. New Edition, by W. G. Buthertord, LL.D. Is. 

Greek Accidence. By the Bey. P, Frost, M.A. New Edition. It, 

LATIN AND QREEK CLASS-BOOKS. 

Baddeley. Ausllia Latlna. A Series of Progressive Latin 
Exercises. By II. J, B. Baddeley, M.A. Fcap. 8to. Fart I., Accidence. 
Sth Edition. 2s. Part IL 5th Edition, 2s. Key to Fart II., 2s. 6i. 

Churoh. Latin Prose Lessons. By Prof, Church, M,A. 9th 
Edition. Fcap. 8to. 2s. Si. 

Collins. Latin ^zeroises and Grammar Papers. By T. CoUins, 
M.A., H. M. of the Latin School, Newport, Balop. 7th Edit. Fcap. 870. 
^6. 6d. 

Unseen Papers in Latin Prose and Verse. With Ex- 
amination Questions. 6th Edition. Fcap. Sto. 2s. 6d. 

■ Unseen Papers in Greek Prose and Verse. With Ex- 

amination Qnestions. Srd Edition. Fcap. Sto. Ss. 
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Collins. Kaey Trauslatio&a &om Nepos, Cnsar, Cicero, Livy, 

&c., for EetranBlatioa into Latin. With Notes. 28. 
Compton. Rudiments of Attio Construction and Idiom. By 

tte Rev. W. 0. Oompton, M.A., Head Master of Dover College. 8s. 
Clapin. A Latin Primer. By Eev. A. 0. Clapin, M.A. Is. 
Frost. Eologse Latinse ; or, First Latin Beading Book. With 

Notes and Vocabulary by the late Eev. P. Frost, M.A. New Edition. 

Fcap. 8vo. Is. 6d. 
Analeota G-rseca Minora. With Notes and Dictionary. 

New Edition. Fcap. 8vo. 28. 

Materials for Latin Frose Composition. By the late Bey. 



P. Frost, M.A. New Edition. Foap. 8vo. 2?. Key (for Tutors only), 4s. 

A Latin Verse Book, New Edition. Fcap. 8vo. 2s. 

Key (for Tutors only), 5s. 

Materials for Greek Prose Composition. New Edition. 



Foap. Svo. 2s. 6d. Key (for Tutors only), 5s. 
Harkness. A Latin Grammar. By Albert Harkness. Post Svo. 

6s. 

Key. A Latin Grammar. By T. H. Key, M.A., F.E.S. 6th 
Thousand. Post Svo. 8s. 

A Short Latin Grammar for Schools. 16th Edition. 

Post Svo. 3s. ed. 

Holden. Foliorum Silvula. Part I. Passages for Translation 
into Latin Elegiac and Heroic Verse, By H. A. Holden, LL.D. 12th Edit. 
Post Svo. 7s. ed. 

FoUorum Silvuia. Part II. Select Passages for Trans- 
lation into Latin Lyric and Comic Iambic Terse. 3rd Edition. Post Svo. 

58. 

Foliorum Centuries. Select Passages foe Translation 



into Latin and Greek Prose. 10th Edition. Post 870. 
Jebb, Jackson, and Cmrey. Extracts for Translation in Greek, 
Latin, and English. By R. C. Jebb, Litt. D., LL.D., H. Jackson, Litt. D., 
and W. B. Currey, M.A. 4s. 6d. 

Mason. Analytical Latin Exercises. By 0. P. Mason, B.A. 

4th Edition. Part I., Is. 6d. Part II., 2s. 6d. 

Nettleship. Passages for Translation into Latin Prose. By 
Prof. H. Nettleship, M.A. 3s. Key (for Tutors only), 4s. 6d. 

' The introduction ought to be studied by every teacher of Latin.' 

Guardian. 

Palsy. Greek Particles and their Combmations according to 

Attic Usage. A Short Treatise. By F. A. Paley, M.A., LL.D. 2s. 6d. 
Penrose. Latin Elegiac Verse, Easy Exercises in. By the Eev. 

J. Penrose. New Edition. 2s. (Key, 3s. 6d.) 
Preston. Greek Verse Composition. By G. Preston, M.A. 

Sth Edition. Crown Svo. 4«. 6d. 
Seager. Faciliora. An Elementary Latin Book on a new 

principle. By the Eev. J. L. Seager, M.A. 2s. 6d. 
Stedman (A. M. M.). First Latin Lessons. By A. M. M. 

Stedman, M.A., Wadham College, Oxford. Second Edition, enlarged. 

Crown Svo. 2s. 
First Latin Reader. With Notes adapted to the Shorter 

Latin Primor and Vocabulary. Crown Svo. Is. 6d. 

Easy Latin Passages for Unseen Translation. 2nd and 



enlarged Edition. Fcap. Svo. Is. 6d. 

Easy Latin Exercises on the Syntax of the Shorter and 

Eevised Latin Primers. With Vocabulary. 3rd Edition. Crown Svo. 
2<. Gd. 
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Stedman (A. M. M.) Notanda Queedam. Misoellaneons Latin 
Exercises on Oommon Rules and Idioms. Fcap. 8to. Is. 6d, 

Latin Vooabiilaries for Repetition : arranged according 

to Subjects. 4tli Edition. Pcap. 8to. Is. 6d. 

First Greek Lessons. [In preparation. 

Easy Greek Passages for Unseen Translation. Foap. 



8to. Is. M. 

Easy Greek Exercises on Elementary Syntax. 

[In preparaiiou. 

Greek Vocabularies for Repetition. Foap. 8vo. Is. 6d. 

Greek Testament Selections for the Use of Schools. 



2nd Edit. With Introduction, Notes, and Tooabulary. Foap. 8to. 2s, 6d. 
Thackeray. Anthologia GrBsoa. A Selection of Greek Poetry, 

with Notes. B7 F. St. John Thackeray. 5th Edition. 16mo. 4s. 6d. 
Anthologia Latina. A Selection of Latin Poetry, from 

NioYins to BoethiuE, with Notes. By Ber. F. St. J. Thackeray. 5th Edit. 

16mo. 4t. 6d. 

WeUs. Tales for Latin Prose Composition. With Notes and 
Vocabulary. By G. H. Wells, M.A. Fcap. 8to. 2s. 

Donaldson. The Theatre of the Greeks. By J. W. Donaldson, 

D.D. 10th Edition. Post 8to. 6s. 

Kelghtley. The Mythology of Greece and Italy. By Thomas 

Eeightley. 4th Edition, BeTised by L. Sohmitz, Fh.D., LL.D. 5s, 
Mayor. A Guide to the Choice of Classical Books. By J. B. 

Mayor, M.A. 3rd Edition. Crown 8vo. 4s. 6d. 
Teuffel. A History of Roman Literature. By Prof. W. S. 
TeuSel. 5th Edition, revised by Prof. L. Schwabe, and translated by 
Prof. Q-. 0. W. Warr, of King's College. 2 vols, medium 8to. 15s. each. 

CAMBRIDGE MATHEMATICAL SERIES. 

Arithmetic for Schools. By 0. Fendlebnry, M.A. Sth Edition, 
stereotyped, with or without answers, 4s. 6d. Or in two parts, 2s. 6d. each. 
Fart 2 contains the Commercial Arithmetio, A Key to Part 2 in preparation. 

Examples (nearly 8000), without answers, in a separate toL 3a. 
In use at St. Paul's, Winchester, Wellington, Marlborough, Charterhouse, 
Merchant Taylors', Christ's Hospital, Sherborne, Shrewsbury, dec. &c. 
Algebra. Choice and Chance. By W. A. Whitworth, M.A. 4th 

Edition. 6s. 

Euclid. Kewly translated from the Greek Text, \rith Supple- 



mentary Propositions, Chapters on Modem Geometry, and numerouB 
Exercises. By Horace Deignton, M.A,, Head Master of Harrison College, 
Barbados. New Edition, Eeyised, with Symbols and Abbreviations. 



Grown Svo. 4t, 60I. 

Book I U I Books I. to III. ... 2s. 6d. 

Books I. and n. ... Is. 6d. | Books III. and IT. Is. 6d. 
Euclid. Exercises on Enclld and in Modern Geometry. By 

J. McDowell, M.A. 4th Edition. 6s. 
Elementary Trigonometry. By J. M. Dyer, M.A., and Bby. 

E. H. Whitcombe, M.A., Assistant Masters, Eton College. 4s. 6d. 
Trigonometry. Plane. By Boy. T.Vyvyan, M.A. 3rd Edit. S«. 6d. 
Geometrloal Conlo Secfioiia. By H. G. Willis, M.A. Ss. 
OonioB. The Elementary Geometi7 of, 7th Edition, revised and 

enlarged. By C. Taylor, D.D. 4s. 6d. 

Solid Geomotry. By W. 8. Aldis, M.A. 4th Edit, revised. 6«. 
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<3-eometrioal Optica. By W. S. Aldis, M.A. 3rd Edition, is. 
Higid Dynamics. By W. S. Aldis, M.A. is. 
Elementary Dynamics. By'W.Garnett,M.A.,D.C.L. 5th Ed. 6». 
Dynamics. A Treatise on. By W. H. Beeaut, So.D., F.E.S. 7». 6d. 
Heat. An Elementary Treatise. By W. Gamett, M.A., D.C.L. 5th 

Bdition, revised and enlarged. 4s. 6d. 
Elementary Physios. Examples in. By W. Gallatly, M.A. is. 
Elementary Hydrostatics. By W. H. Eesant, So.D., ¥.E. S. 16th 

Edition, rewritten. Crown 8vo. 4s. 6d. 

Hydromeohanios. By W. H. Besant, ScD., F.E,8. 5th Edition. 

Fart 1. Hydrostatics. 55. 
Mathematical Examples. By J. M. Dyer, M.A., Eton College, 

and B. Frowde Smith, M.A., Cheltenham ColIef?e. 6e. 
Mechanics. Problems in Elementary. By W. Walton, M.A. 6j. 
Notes on Roulettes and G-lissettes. By W. H. Besant, So.D., 

I'.B.S. 2nd Edition, enlarged. Crown 8to. Ss. 



CAMBRIDGE SCHOOL AND COLLEGE 
TEXT-BOOKS. 

A Series of Elementary Treatises for the me of Students.- 
Arithmetio. By Bev.O.Blsee, M.A. Fcap. 8yo. 14th Edit. ai.Gd. 

'. By A. Wiigley, M.A. 3s. %d. 

, A Progressive Course of Examples. With Answers. By 

J. Watson, M.A. 7th Edition, revised. By W. P. Goudie, B.A. 28. Sd. 
Algebra. By the Eev. 0. Elsee, M.A. 8th Edit. is. 
Progressive Cottrsa ol Examples. By Eev. W. P. 

M'Miohael, M.A., and E.Prowde Smith, M.A. 4th Edition, 3s. 6d. With 

Answers. 4s. 6d. 
Plane Astronomy, An Introduction to. By P. T. Main, M.A. 

6th Edition, revised. 4s. 
Oonio Sections treated Geometrically. By W. H. Besant, Sc.D. 

8th Edition. 4s. 6d. Solution to the Examples. 4s. 

Enunciations and Figures Separately. Is. 

Statics, Elementary. By Eev. H. Goodwin, D.D. 2nd Edit. 3s. 
Mensuration, AnElementary Treatise on. By B.T.Moore,M.A.3s.6d. 
Newton's Principia, The First Three Sections of, with an Appen- 

diii and the Ninth and Eleventh Sections. By J. H. Evans, M.A. 5th 

Edition, by P. T. Main, M.A. 4s. 
Analytical Geometry for Schools. ByT.G.Vyvyan. 5th Edit. is.6d. 
areek Testament, Companion to the. By A, 0. Barrett, M.A. 

5th Edition, revised. Fcap. 8vo. Ss. 
Book of Common Prayer, An Historical and Explanatory Treatise 

on the. By W. G. Humphry, B.D. 6th Edition. Poap. 8vo.2»6d 
Music, Text-book of. By Professor H. C, Banister. 15th Edition, 

.^-^° Concise History of. By Eev. H. G. Bonavia Hunt, 
MuB. Doc. Duhlinj 12th Edition, revised. 3s. M. 

a2 
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ARITHMETIC, i^'' "^o "^ two foregoing Seriei.) 
Elementary Arithmetlo. By Charles Pendlebury, M.A., Senior 
Mathematical Master, St. Paul's School; and W. S. Beard, F.R.Q.S., 
Assistant Master, Chrisfs Hospital. With 2500 Examples, Written and 
OraL Crown 8to. Is. 6d. With or without Answers. 
Arithmetio, Examination Papers in. Consisting of 140 papers, 
eaxih containing 7 questions. 357 more difficult problems follow. A col- 
lection of recent Public Examination Papers are appended. By 0. 
Pendlebury, M.A. 2s. 6d. Key, for Masters only, Sa. 
Graduated Exercises in Addition (Simple and Compound). By 
W. S. Beard, 0. S. Department Rochester Mathematical School. 1>. For 
Candidates for Commercial Certificates and Civil Serrice Exams. 

B O OK-KEEPIN G. 

Book-keeping Papers, set at various Publio Examinations. 
Collected and Written by J. 1. Medhurst, Lecturer on Book-keeping in 
the City of London College. 2nd Edition. 35. 

GEOMETRY AND EUCLID. 

Euclid. Books I.-YI. and part of XL A New Translation. By 

H. Deighton. (Seep. 8.) 
The Definitions of, 'with Explanations and Exercises, 

and an Appendix of Bxerdses on the Mrst Book. By B. Webb, M.A. 

Crown Sto. Is. 6d. 

Book I. With Kotes and Exercises for the use of Pre- 



paratory Schools, &c. By Braithwaite Amett, M.A. 8ro. 4:. 6d, 

The First Two Books explained to Beginners. By C. P. 



Mason, B.A, 2nd Edition. Fcap. Svo. 2s. 6d. 
The Enunciations suid Figures to Euclid's Elements. By Bev, 

J. Brasse, D.D. New Edition. Fcap. 8to. Is. Without the Figures, 6iI. 
Exercises on Euclid. By J. McDowell, M.A. (See p. 8.) 
Mensuration. By B. T. Moore, M.A. 3s. 6d. (See p. 9.) 
Geometrical Conic Sections. By H, G. Willis, M.A. (See p. 8.) 
Geometrical Conic Sections. By W. E. Besant, ScD. (See p. 9.) 
Elementary Geometry of Conlos. By 0. Taylor, D.D, (See p. 8.) 
An Introduction to Ancient and Modem Geometry of ConlcB. 

By 0. Taylor, D.D., Master of St. John's ColL, Oamb, 8to. 15>. 
An Introduction to Analytical Plane Geometry. By W. F, 

Tumbnll, U.A. Svo. 12s. 
Problems on the Prlnoiples of Plane Oo-ordlnate Geometry. 

By W. Walton, M.A. Svo. 16i. 
Trlllnear Co-ordinates, and Modem Analytical Geometry of 

Two Dimensioni. By W. A. Whitworth, M.A. Svo. 16s, 
An Elementary Treatise on Solid Geometry. By W. S. Aldis, 

M.A, 4th Edition revised. Cr. Svo. 68. 
Elliptic Functions, Elementary Treatise on. By A. CayIey,D.Sc. 

Professor of Pure Mathematics at Cambridge TTniversity. Demy Svo. ISs. 

TRIGONOMETRY. 

Trigonometry. By Bev. T. G. Vyvyan. 3s. 6i (See p. 8.) 
Trigonometry, Elementary. By J. M. Dyer, M.A., and Eev. E. H. 

Whitcombe, M.A., Asst. Masters, Eton College. 48. 6d. (See p. 8.) 
Trigonometry, Examination Papers in. By G. H. Ward, M.A., 

Assistant Master at St. Panl's School. Crown Svo. 28. 6d, 
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MECHANICS & NATURAL PHILOSOPHY. 

Statioa, Elementary. By H. Goodwin, D.D. Foap. 8to. 2nd 

Edition. Ss. 
Dynamics, A Treatise on Elementary. By W. Oamett, M.A., 

D.O.L. 5th Edition. Crown Sto. 6s. 
Dynamics, Eigid. By W. S. Aldis, M.A. 4j, 
Dynamics, A Treatise on. By W.H. Besant, So.D.,F.E.S. 7s. 6d. 
Elementary Meohanlos, Problems in. By W. Walton, M.A. New 

Edition. Grown 8to. 68. 
Theoretical MeohEmlcs, Problems in. By W. Walton, H.A. 3rd 

Edition. Demy 8to. 16a. 
Structural Mechanics. By E. M. Parkinson, Assoc. M.I.O.E. 

Crown 8vo. 48. 6d. 

Elementary Mechanics. Stages I. and II. By J. C. Horobin, B.A. 
Is. &S,. eaoh. 

Theoretical Mechanics. Division I. (for Science and Art Ex- 
aminations). By 3. C. Horobin, B.A. Crown 8to. 2e. 6d. 

Hydrostatics. By W.H.Besant,Sc.D. Or.Svo. 16th Edit. ii.Bd. 

Hydromechanics, A Treatise on. By W. H. Besant, Sc.D., P.B.S. 
8to. 5th Edition, revised. Fart I. Hydrostatics, .'is. 

Hydrodynamics, A Treatise on. Vol. I., 10«. 6d. ; Vol. II., 12!. 6d. 
A. B. Basset, M.A., F.B.S. 

Hydrodynamics and Sound, An Elementary Treatise on. By 
A. B. Basset, M.A., F.B.S. Demy 8vo. 73. 6i. 

Physical Optics, A Treatise on. By A. B. Basset, M.A., F.E.S. 
Demy 8vo. 168. 

Optics, Geometrical. By W. S. Aldis, M.A. Crown 8to. 3rd 

Edition. 4s. 

Double Befraotion, A Chapter on Fresnel's Theory of. By W, S. 

AldlB, M.A. 8to. 2a. 
Roulettes and aiissettes. By W. H. Besant, Sc.D., P.E.S. 2nd 

Edition, 53. 
Heat, An Elementary Treatise on. By W. Gamett, M.A., D.G.L. 

Crown 8to. 5th Edition, 43, 6d, 
Elementary Physios, Examples and Examination Papers in. By 

W. Gallatly, M.A. 4s. 
Newton s Prlncipia, The First Three Sections of, with an Appen- 
dix ; and the Ninth and Eleventh Sections. By J. H. Evans, M.A. Stii 

Edition. Edited by P. T. Main, M.A. 48. 
Astronomy, An Introduction to Plane. By F. T, Main, M.A. 

Fcap. 8ro. cloth. 6th Edition. 4a. 

Practical and Spherical. By B. Main, M.A. 8to. lit. 

Mathematical Examples. Pure and Mixed. ByJ. M.Dyer, M.A. , 

and B. Frowde Smith, M.A. 6s. 
Pure Mathematics and Natural Philosophy, A Compendium of 

Facts and Formnls9 in. By Q. B. Smalley. 2iid Edition, revised by 

J. McDowell, M.A. Foap. 8vo. 28. 
Elementary Course of Mathematloa. By H. Goodwin, D.D. 

6th Edition. 8vo. 16a. 
A Collection of Examples and Problems in Arithmetic, 
Algebra, Geometry, Lopraritfams, Trigonometry, Conic Sections, Mechanics, 
&c., with Answers. By Eev. A. Wrigley. 20th Thousand, 88. 6i 
Key. 10s. ed. 
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FOREIGN CLASSICS.^ 

A Series for use in Schools, with English Notes, grammatical akd 

explanatory, and renderings of difficult idiomatic expressions. 

Fcap. 8vo. 

Sohlller's Wcdlensteln. By Dr. A. Bnchheim. 5th Sdi*. 6s, 

Oi the Lager and Ficoolomini, 2a. 6cl. WallesBtein's Tod, 2s. 6d. 
Maid of Orleans. By Dr. W. Wagner. 2nd Edit. Is. 6a!. 



. Maria Stuart. By V. Eastner. 3i;d Edition. 1>. 6(2. 



Goethe's Hermann and Dorothea. By E. Bell, M.A., and 

B. Wolfel. New Edition, Revised. Is. 64. 
German Ballads, from tFhland, Qoethe, and Schiller. By C. L. 

Bielefeld. Sth Edition. Is. 6(1. 
Charles ZII., par Voltaire. By L. Direy. 7th Edition. Is. 6d. 
Aventures de T^Umaque, par F6nelon. By 0. J. Delille. 4th 

Edition. 2s. 6d. 
Select Fables oi La Fontaine. ByF.E.A.Oaeo. 18th Edit. Is. 6<2. 
Floolola, by X.B. Saintine. By Dr.Dnbnc. 16th Thousand. Is. 6d. 
Xiamartine's Le TaJUeur de Fierres de Saint-Folnt. By 

J. Boielle, 6tli Thousand. Fcap. 8to. Is. 6(!. 

Italiac Frimer. By Bev. A. C, Glapin, M.A, Fcap. 8vo. 1(. 



FRENCH CLASS-BOOKS. 

French Oranimar for Public Schools. By Bev. A. 0. Clapin, M.A. 

Fcap. Svo. 13th Edition. 2s. 6d. 
French Primer. ByBev.A.C,OIapiu, M.A. Fcap. Svo. 9th Ed. Is. 
Primer of French Philology. By Bev. A. C. Clapin. Fcap. Svo. 

5th Edit. Is. 
Le Nouveau Tr^sor; or, French Student's Companion. By 

U. E. 8. 19th Edition. Fcap. Svo. Is. 6d. 
French Papers for the Prelim. Army Ezams. Collected by 

J. F. Davis, D.Lit. 2s. 6ct. 
French Exannination Papers in Miscellaneous Grammar and 

Idioms. Oompiled by A. M. U. Stedman, M.A. 4th Edition. Orown 

Svo. 2s. 6d. Key. Ss. (For Teachers or Private Btadents only.) 

Manual of French Prosody. By Arthur Gosset, M.A. Crown 

Sto. Ss. 
Lexicon of Conversational French. By A. Holloway. 3rd 
Edition. Crown Svo. Ss. Sd. 

PROP. A. BAEBEEE'S FEENCH COUESE. 

Junior Graduated French Course. Crown 8to. Is. 6<J. 

Elements of French Grammar and First Steps in Idiom. 
Grown Svo. 26. 

Precis of Comparative French Grammar. ' 2nd Edition, Crown 

Svo, 3e. 6(1. 
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P. E. A. QASO'S FEENOH OOUESB. 
First French Book. Crown 8vo. 116th Thousand. 1». 
Second French Book. 52nd ThouBand. Foap. 8to. 1«. 6<i. 
Key to First and Second French Books. 6th Edit. Fcp. 8to. 8s. %d. 

French Fables for Beginners, in Prose, with Index. 16th Thousand. 

12mo. Is. 6d. 
Select Fables of La Fontaine. 18th Thousand. Fcap.Svo. 1>. 6d 

Hlstotres Amusantes et Instruotlves. With Notes. 17th Thou- 
sand. Foap, 8vo. 2s. 
Praotloal Guide to Modem French Oonversatlon. 18th Thou- 

sand. Fcap. 8vo. Is. 6d. 
French Poetry for the Toung. With Notes. 6th Ed. Fop. Bto. 8<. 

Materials for French Prose Oomposltloa ; or, Selections from 
the best Bng^lisli Prose Writers. 19tli Thoas. Fcap. 8to. Ss. Key, 6s. 

Prosateurs Oontemporalns. With Notes. 11th Edition, re- 
vised. 12mo. Ss. 6d. 

Le Petit Compagnon ; a French Talk-Book for Little Children. 
ISth Thousand. 16mo. Is. 6d. 

An Improved Modem Pocket Dictionary of the French and 
English Languages. 47fch Thousand. 16mo. 2s. 6cl. 

Modem French-Sngllsh and Snglish-French Dictionary. 6th 
Edition, revised. 10s, 6(1. In use at Harrow, Rugby, Westminster, 
Shrewsbury, Badley, &c. 

The ABO Tourist's French Interpreter of alX Immediate 

Wants. By F. K, A. Gaso. Is. 

MODEBN FEENOH AUTHOES. 

Edited, with Introductions and Notes, by James Boibllb, Senior 
French Master at Dulwioh College. 

Dandet's La Belle Nlvernaise. 2». Gd. For Beginners, 
Hugo's Bug Jargal. 3s. For Advanced Students. 
Balzac's Ursula Mlrouet. 8s. For Advanced Students, 



GOMBEET'S FEENOH DEAMA. 

Being a Selection of the best Tragedies and Comedies of MoliSre. 
Eaoine, Oomeille, and Voltaire. With Arguments and Notes by A, 
Gombert. New Edition, revised by F. B. A. Gaso. Foap. 8vo. 1«. each 
sewed, 6iJ. Oohtbhts. 

MOLitoE — Le Misanthrope. L'Avare. Le Bourgeois Gentilhomme. Le 
TartufEe. Le Malade Imaginaire. Les Femmes Savantes. Les Fourberiea 
de Soapin. Las Pr^oiensee BidiooloB. L'Boole des Fenimea. L'Kcole des 
Maris. Le M^deoin maJgr^ Lui. ., , . ^ «, ., 

KACiNi: :— Ph^dre. Esther. Athalie. Iphigtoe. Les Plaadeors. La 
TMbaJdej ou, Les FrJrea EnnemiB. Andromaque. Bntannioua. 
P. OOBHEiLLii:— LeOid, Horace. Oinna. Polyeuote. 
TouTAiBS:— Zaire. 
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GERMAN CLASS-BOOKS. 

Ulaterials for Gennau Prose Composition. By Dr. Bnohheim 

14th Edition. Fcap. 4s. 6d. Key, Farts I. and 11., Ss. Farts III. and IT., 
Goethe's Faust. Parti. Text, Hay ward's Prose Translation, and 

Notes. Edited by Dr. Bnclilieim, 5s. 
German. The Candidate's Vade Meoum. Five Hundred Easy 

Sentences and Idioms. By an Army Tutor. Clotli, Is. For Army Exams, 
Wortfolge, or Rules and Exercises on the Order of Words In 

German Sentences. By Dr. F. Stock. Is. 6[i. 
A. German Grammar for I>nblio Schools. By the Bev. A. 0. 

OlapinandF. HollMiUler. 5th Edition. Fcap. 2s. 6d. 
A German Primer, with Exercises. By Eev. A, 0. Clapin. 

2nd Edition. Is. 

Eotzebue'B Der Gefangene. With Notes by Dr. W.Stromberg. Is. 

German Examination Papers in Grammar and Idiom. By 
E. J. Morlch. 2nd Edition. 2s. 6d. Key for Tntors only, 58, 

By Fbz. Lange, Ph.D., Professor E.M.A., Woolwich, Examiner 

in German to the Coll. of Preceptors, and also at the 

Victoria University, Manchester. 

A Concise German Granrmaj. In Three Parts. Part I., Ele- 
mentary, 2s. Part II., Intermediate, 2s. Fai-t III., Advanced, 3s. 6d. 
German Examination Course. Elementary, 2s. Intermediate, 2s. 

Advanced, Is. 6d. 

German Reader. Elementary, Is. 6d. Advanced, 3s, 



MODERN GEEMAN SCHOOL CLASSICS. 

Small Crown 8vo. 

Hey's Pabeln Pur Kinder. Edited, with Vocabulary, by Prof. 

F. Lange, Ph.D. Printed in Rmian characters. Is. 6d. 

The same with Phonetic Transcription of Text, &o. 2s. 

Benedix's Dr. Wespe. Edited by P. Lange, Ph.D. 2s. Gd. 
Hoftoan's Melster Martin, der Kiifner. By Prof. F. Lanse, Ph.D. 

U 6d. B . . 

Heyse's Hans Lange. By A. A. Maodonell, M.A., Ph.D. 2s. 
Auerbach's AufWache, and Roquette's Der Gefrorene Kuss. 

By A. A. Macdonell, M.A. 2s. 

Moser's Der BibUothekar. By Prof. F. Lange, Ph.D. 3rd Edi- 
tion. 28. 
Ebers' Elne Frage. By P. Btorr, B.A. 2s. 

Freytag's Die Joumallsten. By Prof. P. Lange, Ph.D. 2nd Edi- 
tion, revised. 2s. 6d. 

Gutzkow's Zopf und Sohwert. By Prof. P. Lange, Ph.D. 2s. 

German Epic Tales. Edited by Kar Neuhaus, Ph.D. 2s. 6d. 

Soheffel's Bkkehard. Edited by Dr. H. Eager 3s. 
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I DIVINITY, MORAL PHILOSOPHY, &c. 

Bt the late Bbt. F. H. Sorivbnbb, A.M., LL,D., D.O.L. 

Novum TeBtamentum O-rseoe. Editio major. Being an enlarged 
Edition, containing the Bladings of Bishop Westcott and Dr. Hort, and 
those adopted b; the BeviserB, &c. Ts. 6d, {For other Editions see page 3.) 

A Plata Introduotiou to the Orltioiam of the New Testament. 

With Forty FatssimileB brom Ancient Uannsciipta. 4th Editlan, rerised 
b7 Bev. B. Miller, M.A. 8to. 18s. 

Codex Bezaa OantabrigienBlB. 4to. 10>. &d. 



The New Testament for English Beaders. By the late H. Alf ord, 
D.D. Vol. I. Part I. Srd Edit. 128. Vol. I. Part 11. 2nd Edit. 10i.6d. 
Vol. n. Part I. 2nd Edit. 168. Vol. II. Fart n. 2nd Edit. 16s. 

The O-reek Testament. By the late H. Alford, D.D. Vol. I. 7th 
Edit. 11. 8s. Vol. II. 8th Edit. II. 48. Vol. III. 10th Edit. 18s. Vol. IV. 
Fart I. Sth Edit. 18s. Vol. IV. Part II. 10th Edit. 148. Vol. IV. 11. 12s. 

Oompanlon to the Q-reek Testament. By A, 0. Barrett, M.A. 

6th Edition, revised. Fcap. 8to. Ss. 

Otdde to the Textual Oritioism of the New Testament. By 
Bbt. E. Miller, M.A. Grown 8to. 48. 

The Book of Psahus. A New Translation, with Introdaction8,&0. 

By the Bt. Bev. J. J. Stewart Perowne, D.D., Bishop of Worcester. 8to. 

Vol. I. Sth Edition, 18s. Vol. n. 7th Edit. 16s. 

Abridged for Schools, 7th Edition. Grown 8to. lOt. 6d. 

History of the Articles of Bellgion. By 0. H. Hardwiok. Srd 

Edition, Post 8vo. 6s, 
History of the Creeds. By Key. FrofesBor Lnmby, D.D. Srd 
Edition. Orown 8to. 7s. 6d. 

Pearson on the Creed. Carefnlly printed from an early edition. 

With Analysis and Index by E. Waif ord, M.A. Post 8to. 5s, 
Liturgies and Offices of the Church, for the Use of English 

Beaders, in Dlnstration of the Book of Common Prayer. By the E«v. 

Edward Burbidge, M.A. Orown Svo. 9s. 

Ati Historical and Explanatory Treatise on the Book of 

Common Prayer. By Bev. W. Q. Humphry, B.D. 6th Edition, enlarged. 
Small Post 8to. 2s. 6d,. ; Cheap Edition, Is. 

A Commentary on the Q-ospels, Epistles, and Acts of the 

Apostles. By Bev. W. Denton, A.M. New Edition. 7 vols. 8to. 98. each. 

Notes on the Catechism. By Bt. Bev. Bishop Barry. 9th Edit. 

Fcap. 2s. 
The Winton Ohnroh Catechiat. Questions and Answers on the 
Teaching of the Chnroh Catechism. ^ the late Bev. J. S. B. Monsell, 
I1L.D. 4th Edition. Cloth, 3s. ; or in Four Parts, sewed. 

The Church Teacher's Manual of Christian lustruotlon. By 
Bey. U. F. Sadler. 43rd Thonsand. 2s. 6d. 
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IilTes of the Queens of England. By A. StrieklaDd. Library 

Bdition, 8 toIb. 7s. 6d. each. Cheaper Edition, 6 voK 5s. each. Abridged 
Bmtion, 1 vol. 6s. ea. Mary Queen of Soots, 2 toIb. 5s. eaoli. Tudor and 
ctoart FnnceBses, 5s. 

The Elements of Oeneral Histoid. By Prof. Tytlor. New 
Edition, brouglit down to 1874. Small Port 8to. 8s. 6d. 

History and Geography Examination Papers. Compiled by 
0. H. Spence, M.A., Clifton College. Crown 8to. 2s. 6d. 

The Schoolmaster and the Law. By Williams and Markwiok. 
Is. 6<J. _ ' 

For other Historical BooTtSt see Catalogue o/Bo7wi's Libraries^ sent free on 
amplication. 



DICTIONARIES. 

WEBSTER'S INTERNATIONAL DICTIONARY of the 

English, Language. Including Scientific, Technical, 
and Biblical Words and Terms, with their Signi- 
fications, Pronunciations, Etymologies, Alternative 
Spellings, Derivations, Synonyms, and numerous i 
illustrative Quotations, vrith various valuable literary / WEBSTER'S 
Appendices and 83 extra pages of Illustrations grouped I INTERNATIONAL i 
and classified, rendering the work a Complete V nTrTTnwAwv 

LiTEBAKT AND SCIEKTIFIC REPEREHCB-BOOK. NbW \ LiU^llUNAHY J 

Mdition (1890), Thoroughly revised and enlarged 

under the supervision of Noah Porter, D.D., LL.D. 

1 vol. (2118 pages, 3500 woodcuts). 4to. cloth, 31s. 6d. ; half calf, 21. 2s. ; 

half russia, 21. 5s. ; calf, 21. 8s. ; full sheep with patent marginal Index, 

21, 8s. ; or in 2 vols, cloth, 11. 14>s. ; half russia, 21. ISs. 

Prospectuses, with specimen ;page3, sent free on application, 

Richardson's Philological Dictionary of the English Language. 
Combining Explanation with Etymology, and copiously illustrated by 
Qnotations from the best Authorities. With a Supplement. 2 vols. 4to. 
S. 14s. 6d. Supplement sepai'ately, 4to. 12s. 

Kluge's Etjrmological Dictionary of the German Language. 
Translated from the 4th German edition by J. F, Davis, D.Lit., M.A, 
(Lond,), Crown 4to. half buckram, 18s. 

Dictionary of the French and English Languages, with more 
than Fifteen Thousand New Words, Senses, &o. By F. B. A. G-aso. With 
New Supplements. 5th Edition, Revised and Enlarged. Demy 8vo. 
10s, 6d. In use at Haehow, Rugbt, SnitEWSBiraY, &o. 

Pocket Dictionary of the French and English Languages. 

By F. B, A. Gasc. Containing more than Five Thousand Modern and 
Current Words, Senses, and Idiomatic Phrases and Renderings, not found 
in any other dictionary of the two languages. New edition, with addi- 
tions and corrections. 47th Thousand. 16mo. Cloth, 2s. 6d, 

Argot and Slang. A new French and English Dictionary of the 
Cant Words, Quaint Expressions, Slang Terms, and Flash Phrases used 
in the high and low life of old and new Paris. By Albert Barrere, OflBcier 
de 1' Instruction Publique. New and Revised Edition, Large Post 8vo. 
10s, 6d. 
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ENGLISH CLASS-BOOKS. 

Oomparatlve Grammar and Philology. By A. 0. Price, M.A., 

AasiBtant Master at Leeds Grammar SohooL 2s. 6cE. 
The Elements of the English Language. By B. Adams, Ph.D. 
25th Edition. Kevisedby J. !■. Davis, D.Lit., M.A. PostSTO. it.6i. 

The Rudiments of English O-rammar and AnalyalB. By 

E. Adams, Ph.D. 19th Thonsand. Foap. 8vo. 1«. 
A Concise System of Parsing. By L. K. Adams, B.A. Is. 6d, 
Examples for Grammatloal Analysis (Verse and Prose). Se- 
lected, bo., by P. Edwards, New edition, Oloth, Is. 
Notes on Shakespeare's Playa. By T. Duff Barnett, B.A. 
MiDSiTMMEn Night's Deeah, Is. ; Julius Oasib, Is. : Henkt V., Is. ; 
Tempest, Is, J Macbeth, Is.; Meeohakt of Vehioe, Is.j Haulet, Is. ; 
• RicHAOD II., Is. i KnjQ John, Is. j Kiue Leah, Is. ; Ooeiolahus, Is, 

GRAMMARS. 
By 0, P. Mabos, Fellow of Dniv. OoU, London. 
First Notions of arammar for Tonng Leamers. Foap. 8to. 
67th Thousand. Revised and enlarged. Oloth. Is. 

First Steps in English Grammar for Junior Olasses. Demy 

18mo. 5ith Thonsand. Is, 

Outlines of English Grammar for the Use of Junior Olasses. 

87th Thonsand. Grown 8vo. 28. 
English Grammar, including the Principles of Grammatical 

Analysis. 33rd Edition. 137th Thonsand, Grown 8vo. 8s. 6d. 
Practice and Help in the Analysis of Sentences. 2s. 
A Shorter English Grammar, with copious Ezeroises. 44th 

to 4Sth Thonsand. Grown 8vo. Ss. 6d. 
English Grammar Fraotioe, being the Exercises separately. Is, 
Code Standard Grammars. Parts I. and II., 2(2. each. Farts III., 

IV., and v., 3d. each. 

Notes of Lessons, their Preparation, &a. By JosS Bickard, 
Park Lane Board School, Leeds, and A, H, Taylor, Bodley Board 
School, Leeds. 2nd Edition. Grown 8vo, 28. 6d, 

A Syllabic System of Teaching to Bead, combining the advan- 
tages of the 'Phonic 'and the' Look-and-Say' Systems, GrovniSvo. Is. 

Fraotioal Hints on Teaching. By Bev, J, Menet, M,A. 6th Edit, 
revised. Crown 8vo. paper, 28. 

Test Lessons in Dictation. 4th Edition. Paper cover. Is. 6(1. 

Picture School-Books. With numerous Illastrations. Boyal 16mo, 
The Infant's Primer, . 3d.— School Primer. 6d.— School Header. By J, 

Tilleard. Is.— Poetry Book for Schools. Is.— The Life of Joseph. Is.- The 

Scripture Parables. By the Rev. J. E. Olarke. Is.— The Scripture Miracles, 

By the Bev. J. B. Glarke. Is.- The New Testament History. By the Rev. 

J. G. Wood, M.A. Is,- The Old Testament History. By the Rev. J. G. 

Wood, M.A. Is. — The Life of Martin Luther. By Sarah Orompton. Is, 

Helps' Course of Poetry, for Schools. A Kew Selection from 
the English Poets, carefully compiled and adapted to the several BtandardB 
by E. X Helps, one of H.M. Inspectors of Schools. 

Book I. Infants and Standards I. and II. 134 pp. small 870, 9i, 
Book II. Standards III. and 17. 224 pp. crown Svo. Is. 6d. 
Book in. Standards 7., YI., and TIL 352 pp. post Svo. 2s. 
In FARTS. Infants, 2d.; Stand, t, 2il. ; Stand. II., 2d.; Stand. lit, 4cl. 
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BOOKS FOR YOUNQ READERS. 

A Series qf Reading Boohs designed to facilitate the acquisition o/thepov" 
of Reading by very young Children, In 11 wis. limp cloth, Gd. each 

Those with an asterisk have a Frontispieoe or other lUnstrationB. 

*The Old Boathouse. Bell and Fan; or, A Cold Dip. \ 
»Tot and the Cat. A Bit of Cake. The Jay. The ] 

Black Hen's Nest. Tom and Ned. Mrs. Bee. I SuiiaJjU 

*The Oat and the Hen. Sam and hla Dog Redleg. / ^1°^, 

Bob and Tom Lee. A Wreok. mjams. 

*The New-bom Lamb. The Rosewood Box. Poor J 

Fan. Sheep Dog. 

•The Two Parrots. A Tale ol the Jubilee. By M. B, 

Wintle. 9 lllnstrations. 

*The Story of Three Monkeys. 
»Story of a Cat. Told by HeraeU. 



Sm-iahU 

for 

Standards 

I. & II. 



The Blind Boy. The Mute airl. A New Tale of 

Babes in a Wood. 
*Queen Bee and Busy Bee. 
*Grull'8 Crag. 

Syllabic SpeUing. By 0. Barton. In Two Parts. Infants, 3d. 
Standard I., 3d. 

GEOGRAPHICAL READING-BOOKS. 
By M. J. BAEEiNaTON Waed, M.A. With numerous Illustrations. 

The Child's Geography. For the Use of Schools and for Home 

Tuition. 6iJ. 
The Map and the Compass. A Eeading-Book of Geography. 

For Standard I. New Edition, revised. 8d. cloth. 

The Kound World. A Eeading-Book of Geography. For 

Standard II. New Edition, revised and enlarged. lOd. 

About England. A Eeading-Book of Geography for Standard 
III. With niimerons Illustrations and Coloured Map. Is. id. 

The Child's O-eography of England. With Introductory Exer- 
cises on the British Isles and Empire, with Questions. 2s. Gi. 



ELEMENTARY MECHANICS. 
By J. 0. HoEOBiN, B.A., Principal of Homerton Training College. 

Stage I. With nwrnerous Illustrations. Is. 6d. 
Stage II. With nvmerom ninstraMonf. Is. 6iJ. 
Stage III, [Preparinj. 
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BELL'S READING-BOOKS. 

FOB SCHOOLS AND FABOOHIAL LIBBARIES. 
Noa Ready. PostSvo. Strongly boimd in cloth, U. each. 
•Adventtires of a Donlcey. 
''Life of Colvunbus. 
*G-rlmrn'B O-erman Tales. 
'Andersen's Danish Tales. 
* Qreat Englishmen. Short Lives for Toong Children, 

Q-reat Englishwomen. Short Lives of. 

areat Scotsmen. Short Lives of. 

Parables firom Nature. (Selected.) By Mrs. Qatty, 
*£:dgeworth's Tales. (A Selection.) , 



(Seleoted.) 
ninstrated. 



(Selected.) 



SvitabU 

for 
Standards 
in.ilV. 



"Scott's Talisman. (Abridged.) 

'Friends in Fur and Feathers. By Gwynfryn. 

*Poor Tack. By Captain Marryat, E.N. Abgd. 

♦Dickens's Llttie Nell. Abridged from the ' The Old 

Omiosity Shop." 
•Oliver Twist. By Charles Dickens. (Abridged.) 
*Masterman Ready. ByCapt. Marryat, Illus. (Abgd.) 
•O-uUiver's Travels. (Abridged.) 
'Arabian Nights. (A Selection Bewritten.) 

•The Vicar of Wakefield. 

Lamb's Tales from Shakespeare. (Selected.) 
'Robinson Orusoe. Illustrated. 
'Settlers in Canada. By Capt. Marryat. (Abridged.) 

Poetry for Boys. Seleoted by D. Munro. 1 

'Southey's Life of Nelson. (Abridged.) / 

'Life of the Duke of Wellington, withMaps trndPIane. 
'Sir Roger de Coverley and other Essays from the 

Tales of the Coast. By J, Kunoiman. Bpectator.j 

*Th6Be VoVwmes are tllustrated. 



Standards 
IV. iV. 



Standards 

r.,rT.,i 

711. 



Vnifmm with the Seriei, in limp cloth, 6d. each. 

Shakespeare's Plays. Kemble's Beading Edition. With Ex- 
planatory Notes for School TJee. 
JTTLinS O^SAR. THE MBBOHAST OT VENICE. KITSQ JOHN. 
HBNBY THE FIFTH. MACBETH. AS YOV LIKE IT. 



London: GEORGE BELL & SONS, York Street, Covent Garden. 



